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PREFACE 


This book had its origin when Professor Neville in 1929 passed 
on to me some papers left to the Mathematical Association by 
Professor Genese. These contained lecture notes and examples 
on Grassmann’s methods. Though the notes themselves have 
been used but little, a large number of examples from thi^oprce 
have been incorporated in the earlier chapters (77, 46, 4, 6, 16 
in Chapters i-v respectively). As I had been interested in this 
field for years, I thought it might be worth while to extend the 
work beyond the strictly elementary field covered in Genese* s 
notes, and to give a coherent account of Grassmann*s methqsds, 
with a number of applications sufficient togustify their use. 

The emphasis on identities is my own, and my aim has been 
to express geometric theorems as identities, involving not 
co-ordinates but the geometric entities themselves which appear 
in the theorems. 

It should be mentioned that the methods in the papers quoted 
are frequently very different from those in this book, and that 
my debt to Baker’s Principles is far greater than that indicated 
by the references to that work. • »* f 

Numerous accidents have delayed publication. When I left 
England in December 1933, the book was ready in the rough. 
The duties of a new and congenial post, and, it must be added, 
residence in a country where there are no mathematical libraries 
and where the external conditions of life, for the newcomer, 
severely hamper any sustained mental effort, together made 
revision a much longer task than I had anticipated, and printing 
did not begin till the spring of the fateful year 1939. 

I desire to acknowledge my gratitude to the Library of 
University College, London, which for many years was my main 
link with scientific literature, to the Library of Hull University 
College, to the Library of the Mathematical Association and its 
Librarian, and to the Council of Auckland University College 
for the help they have given to the Library here, and for the 
interest they have shewn in the research work of members of 
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the College, to Professor Saddler for criticism of part of the 
MS, to my colleague Dr Bullen for valuable assistance with the 
proof-reading, to Professor Mehmke for off-prints of papers not 
accessible to me. 

To Professor Neville my debt is unusually heavy. Not only 
was he, perhaps unwittingly, the instigator of the project, but 
his criticism of the first draft led me to make considerable 
changes in the text, and while the sheets were passing through 
the Press, he was untiring, in spite of the troubles of the times, 
in detecting errors and misprints, in suggesting amendments, 
in verifying and supplying references inaccessible to me here, 
and generally, in using his, in some respects, more fortunate 
geographical position, to soften my antipodean disadvantages. 

Once again it is a pleasure to express gratitude to the Syndics 
of the University Press in undertaking to publish such a book 
and in such days as these, and to the Staff for the pains they have 
taken in the complicated task of printing it. 

, H. G. F. 

September 1940 

UNIVERSITY COLLEGE 
AUCKLAND 
NEW ZEALAND 
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Etsi otnnis methodus licita est^ tamen non omnis expedit 

Leibniz, quoted by Grassmann 
as motto of his Geometrische Analyse 



INTRODUCTION 

Grassmann’s Calculus of Extension is an abstract algebra with 
a wide range of applications ; we shall be mainly concerned with 
its use in Geometry. In this field it has the same value that 
vector methods have in Physics. In the usual analytical geometry 
coordinates are used, and geometric entities are represented by 
equations involving these coordinates. As a rule, the use of these 
coordinates introduces geometric entities, such as axes of refer- 
ence, which are strictly foreign to the purpose in hand. In the 
method of this book, we use equations involving the geometric 
entities themselves, such as points, lines, circles, or quadrics, 
and not their coordinates; to prove a geometric theorem is to 
prove such an equation, and as in most cases the equation turns 
out to be an identity, we have an automatic method for proving 
geometric theorems. 

Before we can construct such equations we must introduce 
operations, which we call addition and multiplication, in the set 
of geometric entities, and must find the laws governing these 
operations. A simple case is furnished by the ordinary vector 
algebra in which vectors are added and multiplied scalarwise 
and vectorwise. The addition of points in our work is not unlike 
the addition of vectors in vector algebra, but it is more funda- 
mental, and the vector algebra can be deduced from the point 
algebra, a vector being merely the difference of two points. It is 
the multiplication of points which introduces the essentially 
novel feature. The product \ab\ of two points a, b is interpreted 
as the vector tied down to the line aby and having a magnitude 
equal to the length of the interval aby and a direction from a to i. 
Calling a tied vector a ‘rotor’, it is necessary, before we can go 
further, to define the addition of rotors. The theory of this 
addition is essentially the theory of statics, these rotors being 
analogous to forces. The present algebra, unlike the vector 
algebra, distinguishes between vectors, which are differences of 
points, and rotors, which are products of points. 
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In the first chapter we consider geometry in the plane, in the 
second chapter geometry in space, and in setting up the laws 
of our algebra we use some simple geometric theorems which 
are stated as they are needed. Once the fundamental laws of 
calculation have been established, the algebra may be used to 
deduce further geometric propositions. Just. as the product [aft] 
of two points denotes an interval with a sense along the line 
aft, so the product [aftr] of three non-collinear points denotes 
an area with a sense on the plane aftr, and it becomes evident 
that there is no need to restrict the work to three dimen- 
sions. These products [aft], [aft^:] are called ‘progressive outer 
products’ to distinguish them from products introduced 
later. 

In dealing with metric and projective geometry we need 
another type of product, the ‘inner product’, of which the scalar 
product of vectors is the simplest case. If a, v be vectors, the 
inner product of w, v is denoted by [u\v\ and may be regarded 
as the vector product of u and \v when is a vector perpen- 
dicular to Vy called the ‘supplement’ of v. The generalisation of 
this point of view leads to the definition of the supplement |a 
of any geometric entity a and to the extension of the notion of 
inner product. In metric geometry of three dimensions, the 
supplement of a vector is a ‘bivector’, a quantity analogous to 
the outer product of three points but not anchored to a special 
plane, but associated with any one of a set of parallel planes; in 
projective geometry of three dimensions, the supplement of a 
point can be interpreted as the polar plane of the point with 
respect to a fixed quadric. 

The method of presentation is this: We first apply the 
algebra to metric and projective geometry; in dealing with 
metric geometry we assume a few propositions and so shew 
how the algebra must proceed. We build up the projective 
geometry from the bottom, running it parallel with the algebra, 
but at one or two places we use some work from the usual 
analytical geometry. Our aim at first is to shew the algebra at 
work, to illustrate its power and its range. When this has been 
done, the later chapters give a logical systematic account of 
the algebra in n dimensions; in that portion we can rely on 
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Grassmann’s own work,* which was a general theory with prac- 
tically no applications of the kind found in this book. 

The calculus can be applied to certain parts of algebra and 
we illustrate its use in the theory of determinants. It can also 
be applied to differential geometry, but as there it practically 
coincides with the ordinary vector algebra we omit this applica- 
tion. Another important field in which it is of use, is the theory 
of Pfaffian differential forms; we do not treat these here. 

In dealing with differentiation, in order to avoid the discussion 
of points not strictly related to our subject, an old-fashioned 
point of view is taken. The difficulties that remain are in no 
way different from those in ordinary analysis. 

After the general theory has been developed we sketch the 
theory of matrices in the service of geometry, and apply the 
general theory to circles, ordinary and oriented, and to line 
geometry. Finally we introduce the notion of ‘ algebraic 
product’ of geometric entities and illustrate its use. 

The algebra of vectors created by Grassmann and Hamilton 
has at last won an established place in Physics. Grassmann’s 
methods are of equal use in Geometry, but this application is 
less widely appreciated. It is hoped that this book will redress 
the balance. 

* Particularly the second version of the Ausdehnungslehre (1862), quoted 
as A2. 



NOTATION 


Entities of the same kind are denoted by letters of the same 
kind, as follows: 

Scalars: small roman letters, 

particularly k, 1. 

Points, vectors, extensives of step one: small italics, by v. 

Lines, rotors, bivectors: capital italics. Ay L. 

Planes, leaves: small greek, a, n. 

Transformations, matrices: gothic 21, 93, a, b. 

In order to avoid extra brackets, ^[ ] [ ] is frequently printed 
instead of ^{[] []}, where [] stands for expressions in our 
algebra. 



CHAPTER I 


PLANE GEOMETRY 

§ I . Addition of extensives and multiplication by scalars. 

The algebra we use in this book is due to Grassmann; it is 
an abstract algebra which furnishes useful methods for attacking 
geometric questions; it employs an operation called ^ addition\ 
and several kinds of ^ multiplication\ In an interpretation of the 
algebra, the elements a^ c^ ... of the algebra may represent 
points, lines, oriented circles, conics, and so on. In our first 
interpretations, they represent points. 

In the abstract development of the algebra, we shall call the 
elements 'extensives'. The result of the 'addition' of extensives 
ay b is denoted hy a -\-b. 

The fundamental assumptions for the operation of addition 
in the abstract algebra are: 

I . If a, 6 be any extensives, then -f i is an extensive which 
exists and is unique. 

(This assumption is subject to a limitation later, §4, p. 13. 
At present we ignore the limitation.) 

/ 2. If a, b be any extensives, then a + 6 = 6-l-a. 

v'3. If Uy by c be any extensives, then (a-h6)-f£: = a-f (6 + c). 

Thus we may write a -f- 6 + c for (a -f 6) + c, without confusion. 

4. If a, b be any given extensives, there is a unique extensive 
Cy such that a-\-c = b. 

This extensive is denoted hy b — a. 

Thus a-\-{b — a) = by (6 — a) + a = 6. If a + c = a + dy then 
c = d. 

From these assumptions it follows that, if a, b be any exten- 
sives, then a — a = b — b. For, by 4, there are unique elements 
Cy Oj, O2 such that a-f = a, 6 + O2 = ^1 (i + c = b. Then, using 
2, 3, we have 

b + 0i=a + c-\-0i=a + 0i+c = a-\-c = b = b-\-02- 
Hence by 4, Oj =02* 
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Thus by the definition in 4, — a = 6 — 6. It will cause no 

confusion if we denote a — a\yj the same symbol o, as is used 
for the arithmetic zero. 

Then, for all extensives a, a-\-o = o-\-a = a. 

We can ‘ multiply ’ an extensive a hy 2i scalar k, and write the 
product as ka. 

This multiplication is to satisfy the following assumptions, 
where k, k^, k2 are scalars, and a, b extensives: 

5. ka is an extensive. 6. ia = a. 

7. (kik2) ^2 = ki(k2a). 8. (ki +k2) = kia + k2^. 

9. k(^^ + 6) = ktz + kb. 

In 8 take kj = i , k2 = o ; thence by 4, oa = a — a = o. 

With subtraction defined by 4, we may define —a as o — a; 
it then follows that ( — i) a = — a, ( — k) « = — ka. 

The above assumptions give the whole theory of addition and 
subtraction of extensives and of multiplication of extensives by 
scalars, and they exhibit the analogy with ordinary algebra. 

By a ‘scalar’ we shall in the first instance mean a real number, 
later we shall include complex numbers among scalars. 

§ 2. Interpretation of extensives as points of a Euclidean plane. 

1. We give an interpretation of the algebra in which a point 
is represented by an extensive a, and where ka represents the 
same point with a weight k attached, as in statics. A point in the 
usual sense must then be regarded as having a unit weight 
attached to it, and if a is the point, we may write it either as a 
or as la. The difference a — boi two points of unit weight will 
be interpreted as the vector from b to a. The usual vector 
algebra, as far as it concerns addition of vectors, will be included 
as a case in this section. In order that it should be seen what 
properties are taken from geometry in this interpretation, it is 
best to begin, not with addition, but with subtraction. 

2. If a, b be points of a Euclidean plane, « — 6 is to represent 
the vector from b to a\ its magnitude is given by the length of 
the interval between the points. If tr, d be two points such that 
the interval dc is parallel to and equal in length to the interval 
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bUy and if the intervals (supposed directed) have the same sense, 
the vectors represented hy a — b and c — d are identified. 

Thus a — b = c — d means that the directed intervals aby cd 
are congruent, parallel, and in the same sense. If now we 
assume that the geometric relations of congruence and paral- 
lelism between intervals are symmetric and transitive, then the 
sign = has the usual properties, namely : 


If a — b — c — dy then c — d = a — b, (i) 

If a — b = c — dy and c — d = then a — b = e—f. (2) 


We now assume the fundamental theorems that if aby cd be 
congruent parallel intervals in the same sense, so are ba and dcy 
and so are ac and bd. Symbolically: 

If a — b = c — dy then b — a = d—c and a — c = b — d. (3) 


We further assume: if ab be any interval, and c any point, 
then there is just one interval cd from c, congruent to, parallel 
to, and in the same sense as ab. This gives : 

If ay by c be points, there is just one point dy such that 

a — b — c — d, (4) 


Thus 


a — b = a — Cy if and only if b = c\ 
a — b = d — by if and only ii a = d. 


(5) 


We use the letters w, Vy w to represent vectors. 

3. Addition of a point and a vector. If a is a point, u a vector, 
then a-\-u and u-k- a are defined as the point d such that d — a — u. 

Thus {a + u) — a = Uy 

a + {d—a) = dy - (6) 

(a + m) — a = (6 + w) — b. 

If a + u — a + Vy then u = v, (7) 


Take u = b — c\ then the equations 

d—a = b — c and d = a-\-{b — c) 


are equivalent. 
Also, by (6), (3), 


{a+u)—{b+u) = a—b. 


( 8 ) 
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4. Addition of vectors. If m, v be vectors, a a point, then a + u 
is a point, + is a point. 

Also [{a-{-u) + v'\ — a — [(b + u) + v] — b. 


For, by (8), 

+ + + + = {a + u) — {b + u) =^a-b. 

The result follows by (3). 

Hence, for all points a, + + « is the same vector. 

We denote this vector by w + z;. Then, 

by this definition, e d 

(a-\-u) + v = a-\-(u-hv). 

We may write these expressions ^ u h c 
as a + u + v. 

If u = b — Gy V = d—Cy take e so that d—c = e — by and we have 


a + u — by a + u + v — b-^-v = b + {e — b) = By u + v = e — a. 

Thus we have the usual parallelogram law for the addition 
of vectors. 

Also {b — a) + {e — b) = e — a, (9) 

Take / so th^t d—c =/— a, then a + = /, a + v + u = f-^u = e, 
since /—a = e — b gives e—f= b — a = u. 

Thus a + (w + z;) = a + (z; + m). Hence, by (7), 

w + z; = z? + w. (10) 

Hence, by (9), {e — b)-¥{b — a) = e — a, (ii) 

By (4), if Uy Vy w be any vectors, a any point, we can find points 
by Cy d such that u = a — by v = b — Cy w = c — d. Then (ii) gives 

(w + z;)4-w = {a — c)-{-{c — d) = a — dy 
u-\-{v + tv) = {a — b) + {b — d) = a — d. 

Hence (m -f z;) + w = w -f (z; + zc;) ; we write these expressions as 
u + v + w. 


5. The nul vector. If a, b be any points, then a — b — a — b 
gives, by (3), a — a = b — b. We call a — a the nul vector, or zero 
vector, and denote it by o. 

By (ii), {a-b)-\-{b-a) = o. 

If M = — 6, we denote 6 — a by —u\ thence w 4- ( — «) = o. 

We define w — z? as w + ( — z;). Thusw-'W = o. 
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6. We now assume that if k be any scalar (real number), 
and ab a directed interval, then there is just one point c on the 
line aby such that ac:ab = k, where ab, ac here denote lengths, 
taking signs into account. We write, in our notation. 


c — a = k(6 — a). 


7. Sums of points. If a, b be points, x, y scalars, x + y#o, 

then ? is defined to be the point p such that 
x + y ^ ^ 


x{a-p)-\-y{b-p) = o. 

Thus p is the point on the line ab such that the ratio of its 
signed distances from a, b is — y/x; by 6, this point is existent and 
unique if x + y o. It is the ‘ mean centre * of weights x, y at a, 6. 

If a is a point, k a scalar, we regard ka as a ‘weighted’ point, 
a point in the usual sense with a weight attached. We call k the 
weight of ka. Then, if 


xa + yb 
x + y 




(x + y^o), 


X y 

we can define xa + vA as (x + y) p. Hence — a H b=p. 

j \ J/r 

If M is a vector, a a point, k a scalar, we define m + ka, ka + m as 

We can now form sums of vectors and weighted points. The 
assumptions of § i all hold. 

It is now easily shewn that + r = a + c — 6, using our 

geometrical interpretations. Thus it is not now necessary to 
treat {a — b) as a whole. 

For example, from a — b = c — d, it follows that a + d = b-\‘C, 
\{a -\-d) — l[b + c), corresponding to the theorem that the 
diagonals of a parallelogram bisect each other. 

8. If weights x, y, z be attached to points a, b, c, then, if 
x + y#o, x + y + Z7^o, 


xa + yb (x + y) p + zc _ 

x + y x + y + z ^ 

give xa + yi = (x + y) />, (x + y) p + zc = (x + y + z) q, 
Xfl + y6 + zc = (x + y + z) q. 
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If X + y + z ^ o, we can always multiply the weights x, y, z by a 

common scalar k, so that kx + ky + kz = i . This will not change the 

position of q, since that depends only on the ratios x : y : z. We can 

hence take . 7 . / \ 

/) = xfi + yft + zc, x + y + z=i. (12) 


9. We may compare these equations with those used in 
analytical geometry. 

{a) Take Cartesian axes, and let c, p have coordinates 
(kj, Ij), (k2, 12), (k3, 13), (k, 1), then (12) is replaced by the equations 

(x -1- y + z) k = xki + yk2 + zk3, (x + y -f* z) 1 = xlj + yl2 + ZI3, 
and it may be regarded as a shorthand form of the last two 
equations. 

{b) Take moments, round the line bc^ of the three weights 
X, y, z, and of their resultant weight; it is easily found that 
X, y, z are proportional to the areal coordinates of />, the triangle 
abc being the triangle of reference. 

Ifx + y4-z=i, then x, y, z are the actual areal coordinates. 


10. To restrict the work to the plane, we assume: 

If a, by c are distinct non-collinear points, any point p can 
be put in the form 

p = xa-\-yb + zCy x + y + z = i, for suitable x, y, z. 


11. If fl, i, c be non-collinear points, and kj a 4- k^ 6 + k^ c = o, 
then kj = kj = k^ = o. 

If kj + kj 4 - . . . + kn = o, then k, 4 - k^ 4 - . . . 4 - k^ «n is a vector, 
and conversely. 

12. All this work can be extended to space of any dimensions. 
In ordinary space any point p may be written 

p =xa 4 'y 64 -Z(: 4 -W(/, (x4-y4-z4-w= i), 

where by Cy d are independent points, that is, no three are 
collinear, and the four are not coplanar. 


Examples on weighted points 

I. Def, If Uy by ..., p are n points, then (a4-A4- ... +/))/n is their 
^mean centre*. The three medians of a triangle abc meet in a point, 
one-third of the way along each median from its base; this point is 
the mean centre of a, by c. 



I, 2j PLANE GEOMETRY 7 

For, if d is the mid-point of bc^ then d = \(h + c)\ ii g\% 2i point on 
da such that, in the customary notation, dg:ga = i :2, then 

g =^{2d + a) =l{a + h + cy 

2. If abed be a quadrilateral or tetrahedron, the joins of the mid- 
points of edges ab and cdy of be and ad, of ea and bd meet in the mean 
centre of a, by c, d and are there bisected. 

For K« + 6 + c + e/) = i{ 4 (« + ^) + i(c + ^)} 

= MM* +c)+ M« + d)} = MM'^ + «) + M* + d)}. 

3. Menelaus' Theorem, A line cuts the sides bey eay ab of triangle 
abe in points /, w, n. If 

l = xb + x'ey m = ye + y'ay n = za + z'by x + x' = y + y' = z + z' = i, 
then xyz = -x'yV. 

For the weighted point yl — x'm = xyb — x'y'a is in Im and aby and 
hence must be the point n with some weight attached.’’*' This will 
be the case if, and only if, xy:z' = -x'y':z, that is, if xyz = -x'y'z'. 

4. Ceva's Theorem. The lines apy bpy cp cut the opposite sides of 
triangle abe in /, w, n respectively. If 

l^xb + x'ey w=yc + y'a, w = zfl + z'6, 
then xyz = x'y'z'. 

For let /) = kifl + k2^ + k3r, then /)-kia = kg^ + kjC is a weighted 
point on ap and on bcy and hence is the point / with some weight 
attached. Thence (k2 + k3) l = k2b + k^ey w’hence x:x' = k2:k3. 

Similarly y:y' = k3:ki, z:z' = ki:k2; hence xyz = x'y'z'. 

5. If dy e,/be the mid-points of the sides of triangle abey p a point 
in plane abey and if pdy pey pf be divided at /, w, n in the same ratio 
x:y, then al, en are concurrent. 

For let x + y = i, then 

/ = y/) + xi(6 + c). 

Hence ^x.a + l = yp + ix{a + b-\-e). The result now follows by 
symmetry. 

6. If dy ey f be the mid-points of the sides of triangle obey and 
apy bpy ep meet the opposite side-lines in /, my w, then the joins of 
dy ey f to the mid-points of aly Am, en are concurrent. 

For, let p = xa + yb + zc, then (y + z) / = yA + ze. (Cf. Ex. 4.) Also 
d = J(A + e). Thence 

2 x(y + z). J(a + /) + 2 yz.^/ = x(y4-z).a + y(z + x).A4-z(x4-y).c. 

♦ This device is often of use. 
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7. If the incircle of triangle abc touches be in rf, then the incentre 
lies on the join of the mid-points of be and ad, 

8 . Centre of gravity of a quadrilateral area abed. We assume that 
the centre of gravity of a triangle is the mean centre of its vertices. 
Let the areas of triangles abe^ aed be kj, k2 respectively, and let g be 
the centre of gravity required. 

(i) 3(ki+k2)^ = ki(a + 6 + c) + k2(^i + c + t/) 

= (kj + k 2 ) {a b + e d) — (kj + k 2 
= (kj +k2) {a + b-{-e + d-e\ 
where (kj + k2) ^ = kj + k2 b. 

Thus e is a point on bd\ similarly it is on ae, and hence it is at the 
cut of the diagonals ; thus we have the usual rule '^g = a-\-b + e + d — e, 

(ii) 3^ = < 2 4 - ^ +/, where b + d e+f Interpret this. (Berard’s 
construction.) 

(iii) Let ^1, g2 be centres of gravity of the triangles abe^ ade^ and 
let ^1^2 cut ae in /; in g^g^ take m so that g^l and mg^ are equal in- 
tervals in the same sense, then m=g, (Baltzer's construction.) 

For 3(k2^i + ki^2) = + A 4 * r) 4 * ki(a + d + e) 

= (ki 4 -k 2 ) {a + e + e)y 

and these expressions represent a weighted point on gig2 and ae; 
hence we have a-\-e + e = 2l. But 4 -^ 2 *”^ + ^ + hence 

+^ 2 =^ + ^- 

9. Given the centroids of the four triangles into which a quadri- 
lateral a^a2a^a^ is divided by its diagonals, construct it. 

= i(«2 + «3 + ^4)1 and so on. Hence = g2 +g^ +g4 - 2^1- 

10. If abed be any quadrilateral plane or skeWy and r, s divide 
aby de in equal ratioSy and py q divide ady be in equal ratioSy then pqy rs 
eut in a point m sueh that pm :mq = ar:rb and rm\ms — ap \pd. 

For let r = xa 4 -yA, 5 = x</ 4 - yr, (x 4 -y = i), 

/) = x'a + y'rf, q = 1^'b^ry'c, (x'+y' = i). 

Hence x'r — xp = yq—y's. The point represented by the equal ex- 
pressions xp 4 - y^, x'r 4- y's is on both lines pqy rs which must therefore 
cut, even if the quadrilateral is skew. The rest follows at once. 

11. The mid-points a^y ..., a^ of the sides of a polygon are given. 
If n is oddy they determine the polygon; if n is eveny there is either no 
such polygony or there is an infinite number. 
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For let />!, />n be the vertices, then 

Pi ~^p2 “ Pz ■^^3 2 ^ 2 , pj^+ Pi = 

If n is odd, these give + — +aj^; thus and similarly 

all the p are determined. If n is even, and the equations are con- 
sistent, we must have = o. Hence the mean 

centre of ... coincides with that of ^5, .... If this 

condition holds, p^^ may be taken anywhere, and the other p found. 
The figure may be in space. 

12. A triangle whose sides are to pass through three given points 
py qy r and be divided there in given ratios x : i, y : i, z : i is, in general, 
uniquely determined. But if xyz = — i, then either />, r are col- 
linear, and the problem has an infinite number of solutions, or py qy r 
are not collinear, and the problem has no solution. 

Vectors and weighted points 

13. If the point p be on plane ahcy distinct from «, by Cy and the 
parallelograms pblCy pcmUy panb be completed, then the intervals 
aly bniy cn bisect each other. 

For 6-f-c=/) + /, c + a=^ + w, a-\-b^p + n\ 

hence ^{a + /) = J(6 + m) = |(c + n), 

14. Points Py qy r lie on the side-lines of triangle abcy and 

bp\pc = cq\qa = ar\rb'y 

then the centroid of triangle pqr is the centroid of triangle abc. If 
the parallelograms qably racm be completed, then r/, qm are each 
parallel to the median through a. 

For a — r = k{a — 6), b—p — k(^ — c), c — q = k{c — a ) ; k scalar. 
Hence a-\-b-\-c = p+q-\-r. 

Also r -I ^ {r -b)-\-(b-l) - {r -b)-\-{a-q) 

= (i -k) (a-6)4-(i -k) 

= 2(i-k) [a-i{b + c)l 

15. If triangles abc, a!Vc* have their corresponding sides parallely 
the joins of corresponding vertices are concurrent y in the ‘centre of 
perspective ’, or parallel. 

For b-c - c')y c-a = k2(c' a-b = k^{a' -b')\ 

kj, k2, k3 scalars. 

Hence (k2 — k a' -f (kj — kj) 6' + fk^ — k2) d = o. 



10 PLANE GEOMETRY [CHAP. 

Now a\ b\ c' are assumed to be non-collinear; hence the coefficients 
of the last equation vanish. Hence ki=k2 = k3 = k, say. The first 
equations now give a — ka' = b — = c — kc' ; this is a weighted point 

on aa\ bb\ cc\ if k7«^: i, while if k= i, we have the parallel case. 

1 6. If triangles abcy a'b'c\ a’'b''c” have corresponding sides parallel^ 
the centres of perspective of the triangles in pairs are collinear. 

For, if these centres be s, s\ s'\ then, by Ex. 15, we can let 

{i-k)s = a-ka\ (i-k')^' = «'-kV', {i -k") s" =: a" -k"a, 

a^b = k{a'^b'), a'-Z»' = k'(a"-n» a"-b" = k"{a-b). 

Hence kk'k" = i, and Menelaus’ Theorem (Ex. 3) applied to triangle 
aa'a" gives the result. 

17. {Bobillier.) If abed be any quadrilateral, and />, q be points on 
ad, be such that ap\pd — ab\dc — bq\qc, then pq is equally inclined 
to ab, dc. 

For if X, y be the lengths of sides ab, cd, then 

(x + y) p = ya + xd, (x + y) q - yb + xc. 

Hence (x + y) (/> - ^ ) = y{a -b) + x{d - c), 

(x-^ + y~^) {p-q)- x-*(a -b) + y-\d - c). 

But the last two terms represent unit vectors along ba, cd respectively. 
Hence p — q is a vector along the bisector of an angle between ba 
and cd. 

Cor. A bisector of an angle of a triangle divides the opposite 
side in the ratio of the sides containing the angle. 

18. If the triangle pqr has its sides qr, rp, pq respectively parallel to 
da, db, dc, then there is a point f such that fp, fq, fr are respectively 
parallel to be, ca, ab. 

For let d = xa+yb + zc, x + y + z=i, 

then q-r =ki{a-d), r—p = k2{b-d), p-q = kfl^c-d)\ 
kj, k2, k3 scalars. 

Hence o = k^ a + k26 + k3C — (kj + k2 + k3) (xa + y^ + zc). 

But a, b, c are non-collinear, their coefficients, in this equation, 
vanish. Thus 

ki = x(ki + k2 + kj), k2 = y(ki + kg + k3), k3 = z(ki + kg + kj). 
Now consider /= x/>*f y^ + zr, x + y + z=i. 
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We have p-f= y{p + z(/> ““ ^) i 

(ki + kg + kg) {p -/) = k^iP “ ^) + h(P - 0 

= kg k^{c - - kg k3(6 - d) = kg k3(c - b). 

Hence pf is parallel to hc\ and so on. 

19. If X, y, z be lengths of chords of a triangle which meet inside 
the triangle and are parallel to the sides of lengths a, b, c, then 

xa“^ +yb“^ +zc“^ = 2. 

20. Parallel lines are drawn through the vertices of a triangle; the 
intercepts on these parallels between a vertex and the opposite side- 
lines have lengths x, y, z. Then x“^ +y“^ +z“^ = o. 

21. If c be non-collinear points, and 

Xi^-i-yiA + Zi^:, Xgfl + ygi + ZgC 

be vectors (and hence Xj + yi + Zj = Xg + y2 + Zg = o), then they are 
parallel if, and only if, x^x^^ =yiy^^ =ZiZ^*, and then these ratios 
equal the ratio of the magnitudes of the vectors. 

For, let 6 - a = M, c - a = t;, then yj w + Zj = k(ygM + ZgZ;) holds if, 
and only if, the given vectors are parallel. But then, as w is not a 
multiple of we have k=yjy^^ = ZiZ.7^ 

22. Masses x, y, z at a, 6, c are displaced to a', h\ c\ We can 
choose X, y, z so that the centre of gravity is not changed. 

For there are scalars kj, kg such that c — d — ki(a — a')4-kg(6 — ^'). 
Hence kj^j + kgi — = kja' 4-kg6'-c'. 

23. Desargues' Theorem, If abcy a!b'c' be triangles with distinct 
vertices and aa\ bb\ cd meet {in p), then the cuts q^y ^g, ^3 of the corre- 
sponding sides are collineary if these cuts exist. 

For scalars kj, kg, k3 can be chosen so that 

p = kia + (i -ki) a' = kgZ> + (i —kg) b' = k3C + (i -kj) d. 
Thence kg6-k3C = (i — kj) -(i -kg) b'. 

Thus each of these expressions equals (kg-k3)^i, where is the 
cut of be and b'dy if it exists. 

Hence kgft-kj^: = (kg — kj) q^y and so on. Adding these: 

(kg - k3) + (kg — kj) q2 + (kj - kg) q^ = o. 

Hence either q^y ^g, q^ are collinear, or kj =kg = k3 = k, say. In the 
latter case, we have k(6 — c) = (k — i) (6' — c'), and similar equations; 
the corresponding sides of the given triangles are then parallel. 
Investigate the case when k2 = k3^ki. 



12 


PLANE GEOMETRY 


[chap. 


§ 3. Points at infinity. 

1. If a, 6 be points, and x, y positive scalars, x#y, then 
xa — yb is a point, of weight x — y, dividing the interval ab 
externally in the ratio y:x. If this ratio tends to unity, the 
weighted point xa — yb moves off to infinity, and its weight tends 
to zero. This suggests that we make our Euclidean plane pro- 
jective and interpret a — b as the 'point at infinity^ on the line ab. 
This interpretation will be used as well as that in the previous 
section. 

As the weight of — i is zero, there is nothing in this inter- 
pretation which corresponds to the magnitude of a vector. 
Nevertheless, we shall distinguish between the symbols k(a — b) 
and a — 6, though both represent the same point at infinity, just 
as we distinguish between kp and p. The sum of two points at 
infinity is another such point; as all such points (in a plane) are 
sums of two such points with appropriate weights, we shall say 
they lie on a line, the 'line at infinity \ 

For if a — b, a — c, a — d are distinct points at infinity, then 
a, Cy d are non-collinear, and hence there are scalars x, y, z 
such that b = xa-\-yc^zd, x + y + z = i. Then 

a — b = (x4-y + z) a-(xa + yc + zrf) = y{a^c) + z(a — d). 

2. Congruence. If a, b be any extensives, then a = means 
there is a scalar k such that ka = 6. We say a, b are 'con- 
gruenV. 

Two weighted points are congruent when they have the same 
position and differ, if at all, only in their weights. Two vectors 
are congruent, when their directions are parallel, and they differ, 
if at all, only in magnitude or sense, or both. 

Any two non-zero scalars are congruent. 

3 . Graphical theorems. Such a theorem involves only the joining 
of points and the cutting and parallelism of lines (and planes), 
and not, for example, lengths or their ratios, or the measures 
of angles. In proving such theorems, it is useful to ‘absorb 
weights* and denote a weighted point by a single letter. Thus in 
the proof of Desargues* Theorem, which is a graphical theorem, 
in Ex. 23 above, we may absorb weights k^ i — kj into the points 
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a, a\ that is, we may replace kja by Uy and so on. The proof 
then runs as follows: 


abCy a*b*c* are triangles with distinct vertices; aa\ bb'y cc' 
meeting). Hencep = a + a' = b-hb' = c + c\ Hencei~c = c' — 6'. 
This is therefore a weighted point qi at the cut of be and b'c'. 
We have then qi^b — c, and similarly q2 = c — ay q^ = a — b. 
Hence ?i +^2 + 93 = o, and so 91, 92, 93 are collinear. 

By thus absorbing weights the line at infinity is not dis- 
tinguished from any other line. The method is extensively used 
in Baker's Principles of Geometry, 


Example 24. Let a, , . . . , be points in a plane or space of any dimen- 
sions. Let be any point on line ^23 on ..., ^n-i,n 
Gn-i^n* Let be the cut of and b^^a ^ ; be the cut of a^b^^ 
and ^23^4* •••> ^hen a^c^^^y ^12^34* ^123^4 concurrent, and so on. 

For absorb weights, so that 6i2 = <2i+«2» •••» ^n-i.n = ^n-i 
Thence 0^^^ = a^+a^+a^y since this point is on ^12^3 and ^1^235 
C234 a^+a^+a^ The lines mentioned therefore meet in the point 

flj 4 - ^2 + ^3 + ^4* (Mehmke.) 


§ 4. Outer multiplication of two extensives of step one, 

I. We now introduce the distinctive feature of Grassmann's 
algebra. The * outer product^ of two extensives a, 6 is of a dif- 
ferent nature from the extensives themselves, in the sense that 
the product cannot be added to a or to 6. We first proceed 
abstractly, and subject the notion of ‘outer product' to the 
following laws : 

If k, ki, k2 be scalars, and a, fe, c any extensives, then 

1. The ' outer product' of a and 6, taken in this order, exists, 
and is unique, but is of a different nature from a, b in the sense 
that it cannot be added to them, though it may be added to 
similar products. This restriction on addition is the one men- 
tioned in § I. The outer product of a, by in this order, is denoted 
by [aft] or [a. 6]. 

2. [a.kb] = k[ab]. 3. [ka,b]^k[ab], 

4. [a{b + c)] = [ab] + [ac] . 5 • [(^ + ^) ^] = [^^1 • 

6. [aa] = 0. 

7. If a :^Oy then [ab] == [ac] if, and only if, b c. 

From 6, writing a-^b for a, we have + (a4-6)] = o. 
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Hence, by 4, 5, [aa] + [a6] + [6a] + [M] = o, whence, by 6, we 
have 


8. [aft] = -[6a]. 

If 8 be assumed, then only one of 4, 5 need be assumed. 

By 4. 5. 6, {a{a + 6)] = [a6], [(a + 6) a] = [6a]. 

By 2, 3, .[kia.k26] =kik2[a6]. 

If /) = ki + kgft + . . then [pp\ = o. 

Except for 6, 8 and their consequences, these laws are ana- 
logous to the laws of multiplication in ordinary algebra. The 
fundamental extensives, with which we began, are said to be 
of the 'first step'. An outer product [ab] of two of these is an 
extensive of the 'second step'. 

Only extensives of the same step can be added together. 

2. Interpretation when a, b, ... represent points. In this case, 
the product [ab'\ will be interpreted as an interval anywhere on 
the line ab^ but not elsewhere, with a length equal to that of the 
interval ab^ and with a direction from a to b. 

Thus \ab\ = [cd] shall mean that a, 6, r, d are collinear, the 
intervals ab^ cd are of the same length, and the direction from 
^ to 6 is the same as that from c to d. 

If «, 6, c, d are collinear, we shall interpret 
[ab] + [ac'\ as [a^], where the length of the inter- 
val ad, taking signs into account, is the sum of 
those of ab and ac. If a, b, c are not collinear, 
we interpret [ab'\ 4- \ac'\ as \ad], where abdc is a parallelogram. 

Putting it shortly, [ab'\ is interpreted as a vector, anchored to 
a line, with the parallelogram law of addition. Vectors, anchored 
to lines, we call 'rotors'. 

It is now necessary to see that, with these interpretations, the 
assumed laws of outer products are obeyed. 

Of these laws, 2, 3 are definitional, necessary because our 
points may be weighted. 

Let abdc be a parallelogram, p the cut of its diagonals. Since 
the diagonals of a parallelogram bisect each other, [ap"] = Wadi, 
[abl -f [acl = \ad 1 , by our definitions. But hence 

[ap] = [a.^ib+c)] = Mb + c)]. 
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Comparing these, we find that 4 is satisfied in this case. When 
a, b, c are collinear, it is simpler, taking p as the mid-point of 
the interval be. 

A slightly more complicated argument shews that, from our 
intopretation, + . ,k, [,p), 

where (kj + k2)p = kj i 4 - k2C, and k^, k2 are scalars with k^ + k2^ o. 
The case when kj = — k2 is considered later. 

The laws 6, 7 are clearly satisfied in our interpretation. We 
can see 8 independently; if [ba] = [ac]y then a is the mid-point 
of bcy hence [ab] -h [ac] = o, whence 8. 

That the addition of those products, which have a first or a 
last factor common, satisfies the associative and commutative 
laws, follows from 4, 5 and the associative and commutative 
laws for extensives of the first step. Or again, it may be verified 
in the interpretation, since these laws have been shewn for the 
addition of vectors, and hence hold for the addition of rotors 
which proceed from the same point. The addition of rotors in 
general is considered later. 

It is a common practice in geometry, in dealing with intervals in 
the same line, to take one direction as positive, and if ab is an inter- 
val to write ab = — ba. We go further, and regard ab as a product 
of a and b^ and set up laws for the addition of such products. 


3. The method obviously has applications in statics, if we 
interpret [ah'] as a force, represented in magnitude, direction, 
and line of application by the interval ab. If cd is an equal, 
parallel interval with the same sense as ab but not on the line 
ab, then the product [cd] does not represent the same force as 
[ab], but an equal and parallel force; for [ab] represents a rotor, 
tied down to a line. The untied vector is represented by b — a. 
In ordinary vector analysis, the vector and rotor are often not 
distinguished in the symbolism, and the existence of a simple 
notation for each is one of the advantages of the present method. 


4. [ab] -h [be] = [ac] if, and only if, a, b, c are collinear. In 
particular a, b, c need not all be distinct. 

The equation can be written 

[ab] + [be] + [ca] = o. 
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5. Note on notation. As at present we are using only outer 
multiplication of extensives, in addition to their multiplication 
by scalars, we can often omit the bracket [ ] without confusion, 
and write ab instead of [ah']. Later, when other types of multi- 
plication are introduced, it will be necessary to restore the 
bracket. 


Examples. 25. Leibniz^ Theorem. Let 

K^j+K^2 + -+K^n = {K+K + -+K)gy 
where the k are scalars. Multiply by any point p : 

K[a,p]+k^[a2p] + ...+k^[a^p] = (k, -f k, + ... +k,,) [gp]. 

Hence the sum of the rotors kj[«i/>], k^la^p]^ ..., kj^[a^p] is the rotor 
(kj ^kj + ... +k^) [^/)], where ^ is the centre of gravity of weights 
kj at «i, kj at ^3, ..., at 


26. If abpq be any quadrilateral, and /, m the mid-points of ap 

and bq. then , . , , 

^ (fl -\-p) (b + q) — 2l.2m = ^Im. 


27. The mid-points of the diagonals of a complete quadrilateral 
abpq are collineary on the 'diameter* of the quadrilateral. (Cf. 
Ex. 30.) 

For, let aqy bp cut in c, ab^ pq cut in r. Let 

2/ = a +/), 2 m = b + q, 2n = c + r. 

Then ab + aq ^pb -\-pq — {a +/>) {b + q) = 4//W, 

br + qc -^bc '\-qr = (b + q) {c-\-r) = ^mn^ 
ra’\-ca-\-cp+rp ={c + r) {a+p) = ^nl. 

Add these equations, note that ab -{■ br ra = o, since a, by r are col- 
linear, and the similar equations. Thence lm + mn + nl = o, hence 
/, m, n are collinear. 


28. If in the previous example, the parallelograms abdqy arec be 
completed, then the mid-points of ap, ady ae are collinear. Shew this 
directly. 


§ 5. Outer products of three extensives of step one. 

I. In the abstract algebra we form 'outer products* obeying 
the following laws: 

If Uy by c be extensives of step one, and kj, k2, k3 scalars, then 

I. The 'outer product* of a, by c, in this order, exists, is 
unique, and is denoted by [abcl or [a.b.c'\. 
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2. This outer product is also the ' outer product' of [ab\ and r, 
also of a and [Ac] ; in symbols 

\abc\ = [[flA] c] = [«[Ac]], or [abc] = [ab.c] = [a. Ac]. 

3. [k1a.k26.k3c] = kik2k3[a6c]. 

4. [^a'A(c -h d)\ = [«Ac] -f- [abd ] . 

Since [aA] = — [Aa], we can deduce, from 2, 3, [aAc] = — [Aac], 
for [aAc] = [[aA] c] == [ — [Aa] c] = [[( — A) «] c] = — [Aac]. 

Similarly [abc] = — [acA]. Hence we can deduce 

5. [abc] = [Aca] = [cab] = — [bac] = — [cAa] = — [acb]. 

In particular, if two or all of a. A, c are congruent (§ 3*2), then 
[abc] = o. 

From 4, 5, we deduce 

6. [a{b + c) d] = [aArf] + [acdl [{a -f A) erf] = [acd] + [Acrf]. 

We also assume 

7. [a(Ac + df)] = [^lAc] + 

2. Interpretation when a,b,c^ ... are points in one plane. When 
we are dealing with points in one plane, we interpret [flAc], 
[[ab] c] and [fl[Ac]], each as twice the area of the triangle abc, and 
take it as positive or negative, according as the order of a, A, c 
round the triangle is counter-clockwise or clockwise. Thus [aAc] 
is a scalar. The geometric fact which makes this interpretation 
possible is that in any triangle the product of the altitude and 
the base is independent of which line is chosen as the base. 

We must now verify that the above laws hold with the present 
interpretation. Of these 3 is definitional, necessary because we 
use weighted points. 

To verify 4. Let \{c-{-d) — m, and let pi, p2, P3 be the lengths 
of the perpendiculars from m, c, d on to ab, each with its sign; 
then Pi = Kp2 + P3)- If * length of ab, we have 

[abc] = P2I, [abd] = P3I, [abm] = pi 1. 

Hence 4. 

By a similar argument, we can verify, if ki 7^k2, 

[aA(ki ^ "f k2 rf)] = kj [abc] + k2[abd]. 


FCE 


2 
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Our conventions on sign give 5 at once, and 6 follows. As 
those products are scalars, their addition needs no definition. 
We consider 7 below. 

3. If our geometric interpretation is valid, then [abc\ = o, if, 
and only if, a, b, c are collinear. We can deduce this from the 
general rules, if we assume that some products of three exten- 
sives do not vanish. 

For if ay by c be collinear, there are scalars kj, k2 such that 
c = kia-{-k2by and then [abc] = Oy by 3, 4, 5. 

Conversely, if \abc\ = o, and \abd] # o, and hence is a point 
not on the line aby then there are scalars k^, k2, kj such that 
kYa-\‘k2b-{-k^d, Hence, by 3, 4, 

[abc\ = ki[aba]^-k2[abb'\^-k^\abd\ = k^Yabd], 

But [abc\ = o, \abd] ^ o, hence kg = o, so that c is on the line ab. 
As a corollary, note that if {pab'\ = o for all />, then a = i, 
lab]^o. 

4. We have [pab^ = {pcd\ for all p if, and only if, [a6] = \cd\ 
For if {pab'\ — [pcd'\ for all p, then putting /) = a, we have 

\acd^ = o. Hence ay Cy dy and similarly by c, dy are collinear. Hence 
either « = or there are scalars kj, ..., k4, such that 

c = kia-\-k2by d = k^a-\-k^by 

whence 

[cd] = (k,k4-k2k3) [ab], [pcd] = (kik4-k2k3) [pab]. 

Hence, either kik4 — k2k3= i and then [ab] = [cd]y or [pab] = Oy 
for all py and [pcd] — o for all p. The latter alternative gives 
[«6] = o, \cd] = o. 

Conversely, if [ab] = [cd]y then [pab] = [pcd]y for all p, 

5. In the statical interpretation where [ab] is a force or rotor, 
[abc] is its ‘moment* round c, and the laws represent well-known 
theorems on moments in statics. 

6. If a, by Cy d be four (coplanar) points, then 

[abc] d ~ [bed] a + [eda] b — [dab] c = o. 
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For, if all four points are collinear, all the terms vanish, and 
if, say a, b, c are not collinear, then there are scalars kj, k2, k3 
such that ^ = ki a + k2 6 -f k3 c. Then 


[dbc\ = ki[a6^:], \dcd\ = k2[Acfl] = k2[a6r]. 


\dah\ = k^lcab] = \i^[abc\. 


Hence [abc\ d = [dbc\ a + [dcd\ b + [dab'\ c, 

which is equivalent to, and an important variant of, the formula 
to be proved. It can be regarded as a statement of the relation 
between weights and areal coordinates mentioned in § 2*9. 


7. Multiplying the last formula, outer multiplication, by 
[Pdl we have 

\dbc] [pad] + [dca] [pbd] + [dab] [pcd] = o, 
connecting any five coplanar points. 

8. In the last formula of 6 the sum of the coefficients of 
6, c must be [abc]y the coefficient of d. Hence for any four 

coplanar points, 

[abc] = [dbc] + [dca] -f- [dab]. 

This is easily shewn directly, in the geometrical interpretation. 


9. We now consider law 7; in our interpretation, if we sup- 
pose the rotors be, df lie along lines with a common point p, we 
can write them as pq, pr\ and we have to consider 

[a{pq+pr)\ == [apq] + [apr]. 

Let « = !(?+>■)» then since \aee\ = o, 

2e = q + r, [aqe] = [aer], {pqe\ = [per]. 

By 8, 

[pqe\ = [apq] + [aqe] + [aep] = [apq] - [ape] + [aqe], 

[per] = [arp] + [ape] + [aer] = [ape] - [apr] + [aer]. 

Hence [apq] + [<xpf] = ^[ape] — [a . zpe] = [oipq+pr)]- 

For the case when the rotors are parallel, see § 6- 1 1 . 
Notation. We shall at present often write abc for [abc]. 
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Examples, 29. Menelaus' Theorem. Using the notation of Ex. 3, 
p. 7, we have Imn = o, hence 

(xA + x'c) {yc-\-y'a) (za + z'^) = (xyz + x'y'z') [abc\ = 0, 
xyz + x'y'z' = o. 

30. The mid-points of the diagonals of a complete quadrilateral are 
colUnear, 

For, using the notation of Ex. 27, p. 16, 

abr =pqr = aqc =pbc = o. 

Hence S[lmn] = [(a -fp) {b + q){c + r)] = abc + aqr +pbr +pqc 
= {abc — qpc) — {arq —pbr) = o, 

since abc — qpc and arq— pbr each equals twice the area of tVie quadri- 
lateral abpq. 

31. The mean centre of c, q^ r, and of similar sets, lies on the 
diameter of the quadrilateral. 

For (^ + ^) (^ + 0 {b + q-\-c-\-r) = o. 

32. If s is any point on the diameter of the quadrilateral abpq^ 
then sab-^-spq equals the area of the quadrilateral. 

For 4/m = (a +p) {b + ^), slm = o. Hence sab + spq = sqa + sbp^ and 
the sum of these is twice the area of the quadrilateral. 

33. If ab'ca'bc' is a {plane) hexagon^ the diameters of the pairs of 
quadrilaterals {c'ab'ca', ca'bc'a), {ab'ca'b, a'bc'ab')^ {b'ca'bc\ bc'ab'c) 
meet in three points which lie on a line. (The quadrilateral c'ab'ca! is 
the one with sides c'a, ab\ b'cy ca\) 

For let c'a, a'c meet in d^ then the diameters of c'ab'ca\ ca'bc'a are 
respectively ^ ^ ^ ^ ^ 

{a' + c'){b + d)= a'b - be’ + c’d + a'd. 

If the point p is on both these diameters, then by addition : 

[p{Vc + c'a + a'b — be' — ca' — ab')'\ = o. 

Assume that the sum of rotors in the last expression can be re- 
duced to a single rotor. The underlying theory is given shortly. 
Hence, by symmetry, the cuts of the diameters in question lie on 

the line ,, , ,11, , i, 

b c + c a + a b — bc —ca -ab . 

34. The points d, e^ f are the mid-points of the sides of triangle 
abc, any line through a cuts de in n and df in m. Then bm is parallel 
to cn, and bn, cm, ef are concurrent. 
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35. From any point/) in be parallels are drawn to ab, ac forming a 
parallelogram pqar. If pq^ pr cut the median through a in w, w, then 
bm, criy qr are parallel, when q is on ac, r on ab, 

36. If [p{ca-\’ab)'\ = \abc]^ then p lies on be, 

37. If dy By f be the mid-points of the sides of triangle abe^ and p 
be any point in its plane, then pad ^-pbe +pef = o. 

38. The triangles abe^ b^ e^ are coplanar. From a point p vectors 
are drawn : 


M =^1 — a =fl2“"/>> v=bi—b = b2—py w = ei—e = e2-‘p- 
Then twice the area of aicb^aeib, 

_ , , (Mehmke.) 

For take p at a, then 

/ar2^2^2 = (fl + — fl) (« + — b) {a + e^— c) 

= aib^e^ +(aibe + aiea-\-aiab)‘h(aiebi+aib^a-\-ayaei+aieib), 

39. If dy ^,/be points on bey cUy ab dividing these intervals in the 

ratio k : I, then = k^ + i : [k -h i]^ 

If f\ be analogous points with kpi for the ratio, and if 

/, nty n be the cuts of ef and ^j/i, of fd and fid^y of de and d^e^y then 
aly bfTiy en are concurrent if, and only if, kkj = i. 

40. If a^yb^y e^ be variable points on the side-lines of triangle abey 
forming a triangle of constant area, then ii aa^y bb^y ee^ be divided at 

^2» ^2 the same ratio, the triangle a2^2^2 have constant area. 

(Mehmke.) 

41. If ady bey ef are chords of a triangle abe cutting in pairs in 
py qy r, then, denoting lengths by bars, 

(i) defiabe = {bd.ce.af+cd.ae.bf) \ be.ea,ab, 

(ii) pqr : abe = (bd .ce.af—ed.ae, bfY : [ea .ab — ae, af) 

X {ab . be — bf. bd) {be .ea — cd. ce). 

Use bc,d = dc,b + bd.ey and so on. Ceva’s Theorem is a special 
case of (i). 

42. If abed be any quadrilateral, and aby ed cut in /, and bey ad 


cut in By then 


fb,fd : fa,fe = eb,ed : ea,ee. 


For we can find scalars x, y, z, w such that 
xa + y^ + zfT + we/ = o. 

Then / = (xa + yi)/(x + y) = (zc + wrf)/(z + w), 

[fb\ = x(x + y)-* [ab\y [fd] = z(z + w)-i \ed\. 
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43. Area of pedal triangle of ahc. If A, B, C be the angles of tlf| 
triangle, the foot of the altitude from a is 

(cot B.c + cotC. b)l{cot B + cot C). 

Outer multiplication of this and two similar expressions gives the 
2 cos A cos B cos C . [abc], 

44. If r be the in-radius, hj, h2, hg the altitudes of a triangle, then 

r-^ = hf h^' +h^^ 

45. Tangential coordinates. If aa\ bb\ cd be parallel intervals of 
lengths li, I2, 13, and 

/) = xa -f ^ + zr', x + y + z = i, 

then = (liX + l2y + I3Z) z;, where v is the unit vector parallel 
to aa\ 

Hence, if li, Ig, I3 be the distances of a, b, c from any line, then the 
distance of p from that line is liX + l2y 4- I3Z. Thus p with areal 
coordinates (x, y, z) is on the line if liX + ^y + I3Z = o. The ratios of 
the scalars 1|, I2, I3 are the ^tangential coordinates^ of the line. 

Hence the tangential coordinates of any line (the point-coordinates 
being areals) are the ratios of the perpendiculars from a, by c to the line. 

46. Resultant of forces. The resultant of the forces li[^^^]» ^^cd\y 
Igl^J] is along the line whose equation, in areal coordinates, is 

liX + l2y + I3Z = o. 

For the moment of the forces round />, =xa + y^ + zc, is 
\i[pbc]^\2[pca]^\^[pab'\ = (liX + l2y + I3Z) [abc\y 
and this moment vanishes if, and only if, p is on the line of action of 
the resultant. The case when Ij = 12 = 13 is considered! ater. 

47. Determinants, If 

/> = xia + yi6, ^ = x2fl+y2W 

= kj 4" Ij = k2C 4” l2^> I 

then = (xi ki 4 - yi k2) c 4 - (xj li 4 - yi 12) 

q = (X2ki 4-y2k2) c + (x2li 4-y2l2) d,\ 

From (i), 

\pq] = (Xiy2-X2yi) [ab] = (Xiy2-X2yi) (kil2~k2li) [cdi\. 

From (ii), 

\pq] = ((xiki 4-yik2) (X2I1 +y2l2)-(xili +yil2) (X2ki +y2k2)) [cd\. 

Comparing these, we have the usual rule for the multiplication of 
two-rowed determinants. 
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48. If 

/) = Xia + yi^-HZiC, q = X2a+y2^ + Z2r, r = x^a + y^b + z^Cj 
then [/)^r] = Xj yj z^ [abc], 

X2 72 Z2 

X3 73 Z3 

An obvious extension of Ex. 47 gives the rule for the multiplication 
of three-rowed determinants. Also note 

[/>?] =(yiZ2-y2Zi) [Ac]+(z,X 2-Z2X,) [ca] + (xj y2 - X2yi) [ab], 

49. If a,, ..., be any points, not necessarily of unit weight, 

and Cjy Cj, ..., Cn be points of unit weight, and 

(k, 4- . . . 4- k„) a = kj + . . . + k,, fln, (k scalars), 
then Zki k^ k^ [a^ [c^ Zkj k^ [aaj_ a^] [ac^^ c^] . 

If also (kj 4- ... 4-kJ = kjC, 4- ... 4-knCj^, 

then Zkik^afliAj] [ac^c^l — Ek^k^[ca^a^ [^^1^2]- (Neuberg.) 

50. Prove that, if «, 6, c, />, r be points, then 
[abc\ [pqr] = [abq] [crp] + [abr] [cpq] + [acp] [bqr] 

+ [«'■/>] + [bcr] [apq], 

and interpret it as a theorem on determinants. (Use § 5*6.) 

§ 6. Outer products which involve vectors. 

So far we have only considered outer products of points; we 
now consider outer products which involve vectors, thus filling 
gaps left in §§ 4, 5. 

I. Outer product of a point and a vector. If a, 6, c be points 
(of unit weight), then i — is a vector; we define [(i{b — c)] by 
means of the equation 

[a(6-c)] = [a6]-[ac]. (i) 

If [ad] = - [ac], 

then [a{b — c)] = [ab] + [ad] 
and the figure shews that [a{b — c)] must ^ ' 

be interpreted as the rotor through a, 

whose vector is the vector b—c. Note that, if / be the point 
such that f—a = b—c, then [a(f—a)] — [af], and hence 

[a(6 - c)] + [ac] = [a(/- a)] + [ac] = [af] + [ac] 

= W+c)] = [a{a + b)] = [ab]. 
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Our definition gives us therefore the usual relations betweeff 
sums and differences. 

We define [(6 — c)a\ — [bd\ — [ra]. 

Hence, if is a vector, a a point, then [av\ = - [vd\. 

The law, corresponding to §4(7): if 
then a — b — c — dy holds here. 

If a: is a point, v a vector, k a scalar, then {a,kv\ = k[av\. 

If/) is a point, w, v vectors, then [/>(w + ^)] = [pu\ + {pv\. For, 
we can find points a, 6, c such that u — a — b, v = b — c. Thus 
u + v = a — c, and the result follows at once. 

Thus, if k, kj be scalars, then 

[p{ku + kj z;)] = k[pu] + k^lpv]. 

2. Outer product of two vectors. If <2, ft, />, q be points (of unit 
weight), we define the outer product of vectors a — ft, p — q by 
the equation 

[ia-b)ip-q)] = [a(p-9)]-[i(/>-<?)], (2) 

where the right-hand side is the difference of two equal rotors, 
parallel and in the same sense. This difference has not yet been 
introduced; it is a new type of magnitude called a ^bivector\ 
Like the rotor, it is of step two. 

There is a point c such that p — q = a — c, then 

[{a ^b) {a- c)] = [a{a ~ c)] - [b{a -c)] = - [ac] ~ [ba] + [be ] . 
Hence [(a — ft) (a - c)] = [be] + [ca] + [ab ] . (3 ) 

3. If — ft,/) — O' be parallel vectors, then a, ft, c are collinear. 
Hence, by (2), (3) and § 4*4, [(a -ft) (/>-?)] = o. 

The outer product of two parallel vectors is zero. 

Conversely, if [(a-ft) (a — r)] = o, multiply the right-hand 
side of (3) by and we have [abc] = o ; hence a, ft, c are col- 
linear. Hence, if the outer product of two vectors is zeroy they are 
parallel, 

4. If M, V be any vectors, [uv]=^—[vu]y by (3), since 
\pq\ = — [qp] for points. 

Also, if k is a scalar, 

[u , kv] = [ktt . v] = k[uv]. 
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Also, since ku + k!v is a vector, we have 

[{a - b) (kw + k'v)] = [a{ku 4- k'v)] - [b{ku + k'v)] 

= k[au] — k\bu\ + k\av\ - k'[bv] 

= k[{a-b)u]-bk'[{a--b)v]. 

Thus for any vectors m, Vy w, 

[w{ku + k'^;)] = k[wu] 4- k'[wv], 

5. Outer product of a rotor [ab] and a vector v. Since [bv] is 
a rotor, the product [a.bv] is already defined as twice the area 
of the triangle whose vertex is a and whose base is given by 
[6^;]. The geometric interpretation gives at once 

[a.bvl = — [bMv'\, 

We define the product of ab and v by the equation 
[ab^vl = \a,bv'\. 

Then, since [a.fe] = —\b,av\ we have [cLb.v^ = —\ba,v\ 

6. Outer product of a point and a bivector. Using (3) and 
§ 5*8, we have 

[p\a-b) {a-c)] = [p.{bc-{-ca-Vab)\ 

= [pbc'\ 4- [pcd\ 4- [pcd)\ = [abc]. 

This scalar, independent of p, is called the ^momenV or ^magni- 
tude* of the bivector [{a — b) {a — c)\. 

7. Equality of bivectors. Two bivectors i?i, R2 will be regarded 

as equal (and each can be replaced by the other in any equation) 
if [P^i] = points p. 

Thus if the moment of a bivector is zero, the bivector is the 
outer product of any two parallel vectors. 

If abdc is a parallelogram, its area equals the moment of 
[(6-«) (c — a)]. Thus a non-zero bivector can be represented by 
any parallelogram in the plane, with a suitable area and sense. 
Thus [abc] = [apq] and [{b-a) {c-a)\ = [{p-a) (9 -a)] imply 
each other. 

If is a bivector of unit moment, any bivector is of form 
kw, where k is a scalar, its moment. Thus though a bivector is 
not a scalar, any equation between bivectors can be replaced by 
one between scalars, by omitting 6>. 
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8. The sum of two Uvectors, If o) is the unit bivector, the two 
bivectors can be written ^20) (k^, ^2 scalars). Their sum is 
(kj-l-kg) 0 ). 


9. The sum of a bivector and a rotor. If [ah'] be the rotor, then 
by suitable choice of c the bivector can be put in the form 

[{c-a){b-a)] = [c{b--a)]-[a{b-a)l 
while [abl = [(i{b — a)\. Hence we take the sum to be a rotor, 
through c, equal and parallel to [ah]. 

10. The sum of two parallel rotors. If parallel vectors ktt, k'w, 
(k-f k'#o), act at/), q respectively, then since 

[/>«] = [(/>-»•) “] + M. 

the rotors k[/»M], ^'[qu\ can be written 

k[(/) — r) «] + k[rM] and k' [(5 — r) m] + k' [ru] , 
where r is any point. 

[p . ktt] 4- [q . k'«] = k[(/> - r) m ] + k'[(j -»•)«] + k[rM] + k'[rM], 
by 1 , 4, = [(k(/) - r) + k'(9 - r)) u] + [r(kM + k'w)]. 

Take r so that (k + k') r = kp-\-k’q, then 

[/).kM] + b.k'«] = [r.(k + k')«], 

which corresponds to the rule in statics for adding parallel 
rotors, and gives at once 

[p . kw] + [^ . k'«] = [(k/> + k'^) m] , 
which is a case of the distributive law, so far missing. 

11. If a be a point, i?i, R2 parallel rotors, then 

[a(i?i + i?2)] = [«^i] + [«^2]- (i) 

For if 5 be a rotor not parallel to /?j, R^, then R^ — S, R2 + S 
are not parallel; hence, by §5-9, 

+ = [a{R,-S)] + [<S+R2)] 

= - [a5] + + [af?2] = [a^i] + [ai?2]- 

Hence (i) holds for all i?„ i?2- 

12. Sum of any number of rotors. If i?j, R^, ..., be any 

number of rotors, we can find points />, and vectors Uj such that 
i?i = (i= I, •••, n). Then iip be any point 
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Now [(/>! —p) is a bivector and hence equals kj w for some 
scalar kj where o) is the unit bivector. Hence the sum of the 
rotors is 


[/w,] + . . . + [/w„] + k, w + . . . + k„ w 

= l>(®i + . . . + w„)] + (kj + . . . + kJ w. 

The first term is a rotor through />, or zero. If it is not zero, 
we use 9 and find that the total sum is a rotor. If it is zero, the 
sum is the second term, i.e. a bivector, or zero. 


13. If we adopt the interpretation in which b — a represents 
not a vector, but a point at infinity, then h — a^d—c will represent 
the same point at infinity, if and only if ab and cd are parallel. 
From this point of view, it is clear why their product should be 
zero then. If the lines ab, cd be not parallel, then [(6 — a) {d—c)'\ 
will represent a rotor along the line at infinity. Each such rotor 
is a scalar multiple of any fixed rotor along that line. 

14. If i, j be two fixed independent vectors in a plane, and 
w, V any vectors therein, we can find scalars Xj, X2, yi, such that 

u = Xif+yi/, V = X2f+y2y, 

and then [uv] = (xj y2 - X2 y 1 ) [y ] . 

This analytical expression corresponds to the representation of 
a bivector by an area. The moment of \uv\ is the product of the 
magnitudes of w, v and the sine of the angle from u to v. 

1 5. Since [(i -a){c- a)] = [b{c - a)] ~ [a{c - a)], and the two 
terms of the last expression represent equal and opposite parallel 
rotors, therefore bivectors correspond to couples in statics, their 
moments or magnitudes to the moments of couples. 

Examples, 5 1 . The area of the quadrilateral abed is [(a — c){b — ^) 1 , 

52. If ab{c + = cd{a + b), then ad, be are parallel. 

[(b + d){c-^b) (a-(/)] = o. 

53. The parallelograms apqr, abed are of equal area; p is on ab, 
r is on ad\ pq, cd cut in s\ cb, rq cut in t. Then a, s, t are col- 
linear. 
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For {s - a) - a) = {{s -/>) + ~ a)) {{t - 6) + (6 - a)) 

= (s -P) (^ -*) + (/> - a) {b - a) 

+ (s^p) {b-a) + {p^a) {t^b) 

the first two terms vanish; the last two, with the hypothesis, give 
the result. 

54. If abcdef is a hexagon such that aby cdy ef can be displaced along 
themselves so as to form a trianglcy the same is true of bcy de, fa, 

(Hamilton.) 

For, if p is any point, then 
ab + bc-\-cd’{-de-\‘ef -^-fa 

= (fl -p) {b -p) + {b -p) (^ -/>) + ... + (/-/>) (a -p). 

The right-hand side is clearly a bivector; so is ab + cd + efhy hypo- 
thesis; hence so is bc + de+fa. 

55. If abc, ,,qa is any closed (plane) polygon, then ab + bc-h ,,, -{-qa 
is a bivector whose moment is twice the area of the polygon. (If the 
polygon crosses itself, some areas are, of course, reckoned as negative, 
and some positive, according to the sense in which the perimeters 
are described.) 

56. The vertices of two triangles abcy def lie on parallel lines 
ady bey cf Then abc + zdef = aef + bfd + cde, 

57. What inferences can be drawn from the equations? 

(i) p{a -b)- cdy (ii) p{a + 6) = cdy 

(iii) {p ^a){p-b) = (c- a) {c - b), 

58. Through a fixed point a line is drawn to meet two parallel 
lines in />, q. Through/), q parallels are drawn to given lines. Then the 
locus of their cuts is a line. 

59. A line drawn through the vertex a of a parallelogram abed 
cuts cby ed inpy q\2i line through c cuts aby ad in r, s. Then pry qs are 
parallel. 

For let b — a^Uy d—a = Vy 

/) — 6 = kz;, q — d^\Uy r — b^k^Uy s — d=^\^v. 

Then 

o = {p — a) {q — a) = {u-\-kv) {v + \u) = w«; + kl.«;M = (i — kl) [uv'\. 
Hence kl = i. Similarly, kj Ij = i. 

(/)-r) (^-5) = (k^;-klM) (Iw-lii;) = kl[t;w] +kili[ttt;] = o. 
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60. The side-lines ab, cd of a quadrilateral abed meet in e\ ad, be 
meet in /. If the biseetors of the angles at e, f are parallel, they are 
parallel to the biseetors of the angles between ae and bd, 

61. The parallel ease of Pappus' Theorem. If a, b, e, a\ V, e' be any 
points, then 

(a - b') (a' ^b) + (b-e') (b' -e)-h(e^ a') (e' - a) 

= (bY + + a'b') - (be + ea + ab). 

Now, if a, b, e be collinear, and a\ b\ e' be collinear, both terms on 
the right-hand side vanish; hence if be' is parallel to b'e, and ea! 
parallel to e'a, then ab' is parallel to a'b. 

62. To find the resultant of any number of eoplanar forees. 

A rotor is equivalent to a parallel rotor through any arbitrary 
point and a bivector. For 

ab = p{b — a)-h (ab -h bp +pa). 

Let P, Q, R be the forces, and let b-a, e-b, d-e be vectors 
parallel to the vectors of the forces. Let / be any point, and I any 
point on the line of action of P. Draw the line Im parallel to ^ / to 
cut the line of Q in m, say ; draw mn parallel to c -/ to cut the line of 
R in n, say. Through /, n draw parallels to a —/ and d -/respectively. 



Let a-f=u^, b-f=U2y c-f=u^, d-f=u^. 

First, suppose lu^, nu^ cut in s. Since P = l(b — a), and so on, 

P + g + P = l(b-a)’\-m(e-b)-\-n(d-e) 

= /(m 2 ~ Wj) + m(u^ — W2) + ”(^4 — M3) 

= (/ - /w) M2 + (wi - n) M3 + nu^ - lui = nu^ - lu^, 

since Z — w is parallel to M2, and w — w to Uy 

Hence P-^Q-^-R^ s(u^-u^). Thus ^ is a point on the resultant. 
The magnitude and direction of the resultant is given by 

M4 — Mj = ^ — fl. 

Next, if Ml, M4 be parallel, then nu^ — lui is a bivector (or couple). 
Similarly for any number of forces. 
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63. Define a zigzag line as a broken line having alternate parts 
parallel; if two parallel zigzags be inscribed in the same given angle, 
then their intersections lie on another zigzag inscribed in an angle 
with the same vertex. 

64. Construct F = zbc + ^ca-^b; i.e. find the resultant of given 
forces along the sides of a triangle. Let 7/ = 3c + 4Z>, 2m = c + 2a, 
then F = zbc + jla = 6bm + 3ca. Since I is on be, and m on ca, there- 
fore is a rotor through I and m. In fact 2F=2ilm. 


16. If u, V, to be any vectors in a plane, then 

\m6\ u -t- [tow] V + [m»] to~o. (i) 

This is to be interpreted thus: the bivectors [vto], [vm\, [uv] 
are multiples, Ijtu, \^u) of the unit bivector (t>. Then the 
equation means 1, m + 12 ® + 13 w = o. 

Proof. If M, V be not parallel, we can find scalars k,, kj such 
that a; = kj a + k2®. Thence 

[wu] = V2[vu\ = -k2[Ma], [aw] = -ki[M®]. 

These give equation (i), for the left-hand side vanishes when 
they are substituted. 

If u, V be parallel, then [uv\ = o, « = ka for some scalar k. Then 
[®w] u + [tom] V = [aw] ka -I- k[wa] a = o, 
since [aw] = — [wa]. 


17. For four coplanar vectors u, a, to, r we have from (i) 
[aw] [ur] + [wm] [ar] -I- [«a] [wr] = o. (2) 

If they be all of unit length, and ^ = M,a; 0 = a,w; f=w,r, 
then by the end of 14, p. 27, we have, from (2), 

sin sin = sin {d + <p) sin (0 -f ^) - sin 0 sin {6 + ^ + ^). 

If 6 =71 12, this agrees with the addition formula for the cosine. 
If M = Ujf-l-Ujy, (ui, Uj scalars), and so on, then 
[Ma] = (u,V2-U2V,) [i;] 
and (2) gives the identity in scalars: 

(ui V2 - U2 Vi) (w, ra - War,) -I- (v, Wa - Va w,) (u, ra - Ua r,) 

-1- (w, Ua - WaU,) (v, ra - Var,) = o. 
Replacing Uj/Ua by u, and so on, this becomes the identity 
in scalars: 

(u-v)(w-r) + (v-w)(u-r)-l-(w-u) (v-r) = 0. 
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§ 7. Supplements of vectors in a plane, 

1. If w be a vector in a fixed plane, we define its 'supplement' 
in that plane as the vector obtained by rotating it with un- 
changed magnitude, through one right angle in the positive 
direction, and we denote this supplement by \u, 

2. Let iy j be two unit vectors, and \t=j; then, if \\i means 
the supplement of |i, we have* 

\j=-i, \\j=-j. (i) 

If M = Xit-hX2j, easy geometry gives 

|tt = xi|/+x2|y = -X2f+Xiy. 

Thence if z;i, ?;2 be any vectors, kj, k2 any scalars, we have 
I(kl^l+k2^2) = l^lhl+k2|«;2, ] , . 

1(^1 + ^2) = 1^1 + 1(^1 “^2) = 1^1 - 1^2*^ ^ 

With u as above, 

||m= -X2I/+X1 |y= ~Xi/~X2j = -W. 

3. If Uy V are vectors, so are \u and \v\ if ay b he points, we 
write the product of the vectors a — b and \u in the form 
[{a — b) \u\y and we write the product of the point a and the 
vector \u in the form [a\u\. Then, by § 6, 

[{a-b) \u] = [a\u]-[b\u]y [a\(u-v)\ = [a\u]-[a\v]y 

[a I (ki w + k2 v)] = ki [a I w] + k2[a | v ] . 

We have not defined \p when/) is a point, and so zve cannot say 
\{p — q)—\p—\qy when />, q are points, since the right-hand side 
is not defined. 

4. Inner products of vectors. With vectors f, j as above, [y ] 
is the unit bivector; in any equation which involves vectors only, 
it may be replaced by unity. 

If Uy V be vectors, the outer product \u. \v] of the vectors u 
and 1^;, which we shall write [w|t)], may be regarded as arising 
from the vectors u and v; we say it is the 'inner product' of u 

• Thus taking the supplement is analogous to multiplying by in 

the complex plane. For many interesting and ingenious applications of the 
implex variable to geometry see F. Morley and F. V. Morley, Inversive 
Geometry (1933). 



PLANE GEOMETRY 


32 


[chap. 


and V. Since it is the outer product of vectors u and \v, it is a 
bivector, but as \ve shall take [y] = i, it will be found that we 
can treat [u \v] zs a scalar, in all equations in which it enters. 


5. The laws on outer products shew that the inner multi- 
plication of vectors is distributive over addition: 

[u\{v + w)] = [u\v]-\-[u \w ] ; 

also [i'll] = [!>■] = I, [;i>] = -L;il = i, [i|;] = L;‘l*] = o. 

6. Inner multiplication of vectors is commutative, 

[lil®] = [«!«]. 

For, if w = Uii + U2jj v = Vj/ + Vgj, then 
[tt 1®] = [(U1I+U2;) |(v,i + V 2 ;)] 

= [(Uit + U2i) (v,;-V2i)] = UiVi +U2V2. 

Thus this type of multiplication has two of the important pro- 
perties of ordinary algebraic multiplication. But it has not all 
the properties of the latter, since [^ iy]=o, although neither t 
nor j is zero. 

7. If u, V denote the magnitudes of w, Vy and 0 , (f> their 
inclinations to i, then 

w = u cos 0.1-f u sin O.jy v = y cos ^.t + v sin <f>,jy 
[m I?;] = uv(cos d cos </>-\- sin 6 sin (f>) = uv cos — 0). 

The inner product of w, v is the product of the magnitudes 
of Uy V and the cosine of the angle between them. 

The magnitude of a vector is taken always as positive. If 
w = — w', we have [u\v] = — \u'\v\y agreeing with the fact that 

the angles w, v and w', v are supplementary. 

Compare the inner product with the outer (§ 6*14): 

[uv] = uv(cos 0 sin ^ — sin 0 cos (j)) \ij] = uv sin — d). 

The inner product vanishes when the vectors are perpen- 
dicular, the outer when they are parallel ; and only in these cases, 
if the magnitude of neither vector is zero. Also [|m.|z;] = [uv]. 


8. We write for [u |m] ; then is the square of the magni- 
tude of w. Thus if a, b are points, then {a — by means 
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If u, V are vectors, then 

{u — vy = [{u — v)\{u — v)\ = [u\{u — v)\ — [v\{u — v)\ 

= u^ — \u \v] — [v 1«] -f — 1^2 _ 2 [m 
T hus if Cj by c are points, we have the extension of Pythagoras’ 
Theorem : 

{b - cy = by -{-(a- cy - 2[{a -b)\{a- c)], 

§ 8. Identities in vectors. 

Since inner multiplication is distributive and commutative, 
all algebraic identities which involve only two factors in each 
term are true here. 

1 . If , by Cy d are vectors, then 

[(«-A)|(c-rf)] + [(6-c)|(a-^i)] + [(c-a)|(6-rf)] = o. 

As this involves only the differences of vectors, it will also be 
true when a, 6, Cy d are points; for take any fixed point />, then 
a — b^{p — b) — {p — a)y and we can apply the formula to the 
vectors p — ay p — by p — Cy p — d. 

To interpret the formula, take Uy by Cy d as the vertices of a 
quadrilateral; then, if bars denote lengths, 

ab . cd cos (aft, cd) -vbc.ad cos (ftc, ad) ^-ca.bd cos (ca, bd) = o, 

(Carnot.) 

In particular, if aft is perpendicular to cdy and be to ady so is 
ca to bd. 

2. If m,, m^, ..., m^ be scalars, and a^y a^, ..., a^, p be points, 

and ^=(m,a, + m,a, + ... + m„a„)/m, 

where m =mj-f m 3 + ... +mjj/o, 

then + 

= - a,y + . . . + m„(^ - a„)* + m{p-gY. (i) 

This is the theorem of parallel axes for moments of inertia of 
coplanar particles. The formula is easily verified when />, gy a^y 
..., a^ are vectors, and as it only involves their differences, it is 
true when they are points. 

Since m^o, the right-hand side of (i) is not independent 
of py and therefore the locus of a point p which moves so that 
the left-hand side is constant is a circle, centre g. 


FCE 


3 



34 


PLANE GEOMETRY 


[chap. 


If m=o, but the locus is a line, for then 

S mi(/) - a,)^ = S - a^f -{p- a^f) 

i=i i=i 

n— I 

= 2 2 : - K"! + «n)) 1 K - «i)]- 

i=i 

If iTmifl—o, and hence 2*1111 = 0, then 2 in^{p — a^Y is in- 
dependent of p. 

3 . 2[{a - 6) 1 (c - d)] = (a - df -f (A ~ cf - (a - cY ~ (6 - d)\ 
where a, 6, c, d are points or vectors. Hence, for points, 

2ab . cd cos {ab^ cd) = ad"^ + bc^ — ac^ — bd‘^, 

4. ((a-d) + (6-c))2-((a-i) + (c-rf))2 = 4[(a-rf)l(6-r)], 

where a, 6, c, d are points or vectors. Hence, if a, b, c, d be 
a tetrad of orthocentric points, then 

{a + b-c-df = {a-b + c-df = (-a + b+c-df-, 
so that, if n = ^{a + b + c-^d), then 
{n-\ia + d)f = {n-i{b + d)Y 

= („-^(c + d)f = {n-lib+c)f = 
and the mid-points of the six joins of a, i, c, d lie on a circle, 
centre tiy the nine-point circle. 

Since (a-d') + (6“C) = 2[^(a + 6)-|(r + d)], the first formula 
gives: if the joins of the mid-points of the opposite sides of a 
quadrilateral are equal, the diagonals are perpendicular, and 
conversely. 

5. [{a + b-c--d)\{b^d-a-c)\ = {b-cf-{a-df. 

If the joins of the mid-points of opposite sides of a quadri- 
lateral are perpendicular, the diagonals are equal, and conversely. 

It is easy to give the general interpretations of 4, 5. Those of 
6, ,..,9 are clear. 

6. If ^ = \{a + c), / = \{b + d)y then 

« bf + (6 - cf + (c - df + (rf - of 
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7. {a-¥b-¥c + d)'^ + {a+b — c—df 

+ (a— 6+c— </)^ + (— a+6+c— 

= ( — a+6+c+</)^ + (a— 6+c+</)^ 

+ {a+b—c-\-df + {a + b-^c—df 
= 4 (a 2 + 62 + c2 + «f2). 

8. {a-bf^(b-cf + {c-af-\-{a-df + {b-df-\-{c-df 

= ( — a+6+c— rf)2 + (a— 6+c — </)2 + (a+6 — c — rf)2. 

9. 4(a2 + A2+c2 + rf2)-(a+6+c+</)2 

= (a — A)2 + (6— c)2+(c — a)2 

+(a-<i)2+(6-</)2+(t-rf)2. 

The last has an interpretation only for vectors. 

10. If a, by c be collinear points, then 

[a —p'f {b-c) + {b -p)2 (c — a) + (c -py {a — b) 

is a vector along ab which is independent of the position of p. 

(Stewart.) 

11. With the notation of 2, put /»=a„ •••> Oa 

equation (i), and add the resulting equations after multiplica- 
tion by mj, m,, ..., m„ respectively, then 

m S niiig - «i)2 » i; - a^f, (r < s). ( 2 ) 

i=i r,s = i 

Also, by addition of the resulting equations (i): 

S (m, + m,) (a^ - a,y = n S rae(^ - «t)^ + m S (i: - a^y, (r < s). 

r, 8 t t 

This with (2) gives 

m2 S (^ - a^y = m S (m, + mj {a^ - a^y 

r r,8 

- n S m, m,(ar - a^y, (r < s). (Lagrange.) 

r,8 

In particular, for n points of unit weight, 

n S - «r)^ = S («r - «s)^ (r < s). 

r r, s 

12. If A, c, d be points, then (§ 5-6) 

\bcd] a + \cad\ b -f [abd\ c — [abc\ d — 
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The sum of the weights \bcd\y \cad\y \abd\, —\abc\ is zero. 
Hence 11 (z) gives 

[dca] [dab] {b - cf + [dab] [dbc] {c - af + [dbc] [dca] [a - bf 
= [abc] {[dbc] {a - df + [dca] (b - df + [dab] {c - df). 

13. [bed] {a —py + [cad] {b —py + [abd] {c —py 

= [bed] {a - dy + [cad] {b - dy 

+ [abd] {c - dy + [abc] {d -py. 

14. If u is a unit vector, i.e. if m^ = i, and v is any vector, 
then V can be resolved into a vector [m |d] m along «, and a vector 
[uv] \u perpendicular to u. 

For by 6'i6 (1), [iw] u + [wti] v + [mw] tv = 0. 

Put |u for to, then 

[uv] \u = [m \u] v — [v\u]u = v — [v |«] m; 
for since «, \u are both vectors, we have 

[\u.u] = — [m. |m] = —[«!«]. 

Since [uv] may be regarded as a scalar, we may write [mz>|m] 
for [«»] |«. Thence 

v = \v\u]u + [uv\u], iiu^=i. 

15. If w, r be any four (coplanar) vectors, then similarly 

[m I ®] «; + [uv [a;] — [u\w]v+ [««?]«’], 

[u !«)] [a [r] — [mw] [®r] = [u\r][v\w] — [ur] [vto], Cf. 6' 17 (2) 
(m^ + v^) (w^ + r^) = ([m [w] — [a \r\y + ([««)] + [wr])^ 

+ ([« k] - [» k])2 + {[ur] + [w])2. 

If in the last we put 

M = ai + b;, ® = cj + dy, w = aii + bjy, r = Ci* + di7, 
where a, b, c, d are scalars, we have a formula which expresses 
(a^ + b^ + + d^) (af + bf + cf + df) as the sum of four squares. 

Examples. 65. The angle in a semicircle is a right angle. 

For [{p-a) \{p-b)] = {p-l{a + b)y-{\{a-b)y, 

66. If + M2)] = [“1 1“2] ±x,X2, where u, are vectors 

and X), X2 the magnitudes of Uj, U2, then u bisects the angle between 

and u^. If all the vectors proceed from one point, their ends are 
collinear. The internal bisector corresponds to the upper sign. 
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67. A parallel to the base be of a triangle abc cuts ac in e and 
ab in/; then the radical axis of the circles on diameters be^ cf is an 
altitude of the triangle. 

For, if p be either cut of the circles, and 


{c-e) = k(^: - a), {b -/) = k{b - a), 


then 

\.{p-b)\{p-e)\ = o, [(/) 

-01(p-/)] = 

Hence 

[(P- 

b)\{p- 

•c)] + [(p- 

1 

II 

0 


[(P- 

‘^)I(P- 

*)] + [(p- 

‘^)l(*-/)] = o. 

Hence 

[(P 

-b)\(c 

11 

1 

-c)\(b-f)]. 


[(P- 

6)|(c- 

«)] + [(p- 

6 

II 

1 

Hence, by 8 

•I, 

[(P 

1 

1 

)]=o. 


68. Bobillier's Theorem, Ex. 17, p. 10. We have 

(i +k)/) + (i +k) ^ = 64-kc 

for some scalar k. Let «, v be unit vectors along ab and dc^ then 
(l+k) [(p-q){u^v)] = [ia--b){u^v)]-^k[{d^c){u^v)] 

= ^[{a^b)v]^k[{d--c)ul 

Now pq will be equally inclined to ab and dc if the first expression 
vanishes, that is, by the last expression, if ab=:k,dc. 

69. If gy A, s be the centroid, orthocentre and circumcentre of a 
triangle abc^ then g, A, s are collinear. 

(i) (A - sY = (c - sY, (ii) [{a - A) | (A - r)] = o, (iii) 3^ = a + A + c. 
From (i), [(A + c - 25) | (A — r)] = o. Hence (ii), (iii) give: 

[(a + A + c~A- 25 )|(A-t)] =0, [(3^~A~2 ^)|(A-c)] =0. 

Similarly [(3^ A - 2^) | (r - a)] = o, [(3^ - A - 2^) j (a - A)] = o. 

But as a non-zero vector cannot be perpendicular to three (or even 
to two) non-parallel (coplanar) non-zero vectors, we must have 

2g = h + 2s. 

The join of j, g, A is the ^ Euler line' of the triangle. 

70. If four lines be such that the Euler line of the triangle formed by 

the first three is parallel to the fourth^ the same is true for any three of 
the lines and the other line, (Zeeman). 

For let M, V, w be the vectors A~r, c-a^ a-b\ then + = o. 

Now \p\u\ [u\v\ a-\-[u\v] [v\w] b-\-\v\w\ \w\ii\c 

is a weighted point at A, say. We first shew that A is the orthocentre 
of triangle abc. 
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For h — a^[u\v\ {b — a)-\'{v\w\ \w\u\ (c-a), 

[(A -a) |(i-^:)]= — [m|z;] \v\w\ [wIm] 4- [w|w] = o. 

Similarly [{h-h) \(c-a)]=o, [(h-c) \(a-b)]=:o. 

Let / be the vector parallel to the Euler line of the triangle abc ; 
consider the rotor 

L = [v \w] [u |/] [be] + [w \u] [v \q [ca] + [u \v] [w |/] [ab]. 

Then, using the value of h above, 

[Lh]={[u\l] + [v\I] + [w\l]) [abc] = [(u + v + w)\l] [abc] = o. 

Thus L goes through A, and it will be the Euler line of abCy if it also 
goes through a + b-\-Cy that is, if 

[v \w] [u\l] + [w\u] [v\l]-\- [u |z;] [w\l]- o. 

Now this condition is symmetric in «, v,Wyl\ for instance, it can be 
[m|/] [®|a;] + [/|t;] [tt|a)] + [»|«] [/|a>] = o. 

Hence the statement. 

71. Circles of Apollonius, If p moves so that the distances of p 
from fixed points b are in a fixed ratio, then p describes a line or 
circle. 

For, if 5 = J(a + 6), a — s=Uy p — s-Vy [p — by — k{p — a)^y 
k scalar, then 

(m + vY = k(e; - m)^, {v + \uY = (l^ - 1 ) ^2 - constant, 
where 1 = (i 4- k) (i - k)~^ Hence {p — {s — lu)Y is constant. 

72. The circles whose diameters are the diagonals of a complete 
quadrilateral are coaxal. 

For let the sides aby cd of the quadrilateral abdc cut in and let 
acy bd cut in/. There are scalars x, y, z, w such that 

x^ 4- y^ 4- 4- Vfd = 0, x4-y4*z4-w = o. 

Hence xa4-yA = -zc-wrf is a weighted point on ab and cdy that is, 
at e. Hence xa 4- y^ = (x 4- y) e. Similarly xa 4- z^: = (x 4* z) /. 

Let s be either cut of the circles on diameters bcy ady and let 
— j, Aj = b—Sy and so on. Then 

[Ai 1^1] = o, [«! |rf,] = o, xa^ 4-yAi 4-zc, 4-wrfi = o. 

[«1 1/1] = [(x«i + y^i) I (xa, + Zf ,)] = [xa, | (xa, + yb^ + zc,)] 

= ~ [xflj I W^ij] = o. 

Cor, If through a point d in a plane abc perpendiculars are drawn 
to dUy dby dc cutting bCy cay ab in />, r, then />, r are collinear. 
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73. If a, b, c, d be the vectors represented by the sides of a 
quadrilateral, taken in order, and [a|r] = [A|<f], then the diagonals 
are perpendicular, and conversely. 

For [(fl + 6) \{a + d)] = [a \{a + b + d)] + [b\d\ 

= [a |(a + A + c + d)] =0. 


Similarities (74-82) 

74. Directly similar triangles are described on the sides of a 

polygon, taken in order; then the mean centre of the new vertices 
coincides with that of the vertices of the polygon. (Laisant.) 

For, if flj, be vertices of the original polygon, the new 

vertices are 

A, =xa,+yaj + zl(aj-a,), 6, =xaj+ya3+z|(aj-fl,), ..., 
^n=x«„+ya,+z !(«,-«„), 

where x, y, z are scalars, and x + y = i. 

Hence 6, +6, + ... +6„ = (x + y) (a, +aj + ... +aj 

= 4 - 

Cor. =xai+ya2-<2i+z |(^2-«i) = y(^2 + z |(«2““«i)* 

We can write the right side as (a2-a^) 91 , where 91 is an operator, 
which, acting on a vector u, produces yu + z |m, to be denoted by m 91 . 

Clearly {u + z;) = u% + z^ 91 , that is, the operator is distributive over 

addition. 

An operator like 91 , which turns a vector through a fixed angle, and 
multiplies its magnitude by a fixed scalar, is called a ' similarity \ 

75. If pbc, qca, rob be directly similar triangles described extern- 
ally on the sides of triangle abcy then \ap\ + [bq\ + [cr] is a bivector 
(or zero). 

For p = xi + yc + z |(c-^), q = xc-f ya + z !(«--<:), 
r = x« + y64-z \{b-a), 

where x, y, z are scalars. Take any point and let ay = <1 - j, = 6 
and so on, then 

p = (x + y) x^i +yci +z\cy-z\by, [^a] = = -[ajs]. 

Expand [apl = [{s + ay ) />], and similar expressions, then 
[a/>] + [6^] + [cr] = (x + y) [say +sbi’^scy +^1^ + ii^ + Cj5] 

+ (x-y)(J,c,+c,ai+a,A,) 
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76. If u — b—Cy v-c — a, then v^ + [v\w]+zv'^ equals 

the expressions obtained by cycling w, w. Hence the centres of the 
equilateral triangles described externally on the sides of any triangle 
are the vertices of an equilateral triangle. 


77. If the diagonals of abed are equal and perpendicular, the 
vertices of directly similar triangles described on the sides of the 
quadrilateral form a quadrilateral of the same kind. (van Aubel.) 

For a — c=^\{b — d)y\(a — c)=^d — b. The vertices of the new quadri- 
lateral are a-\'{a — b)%y A + c)9l, and so on, where is a simi- 

larity. The joins of opposite vertices are parallel to the vectors 

u = a — c + {a — b — c + d)%y v ^ b — d-\-{b — c — d+a)'ih 
Thence 


\v^\{b^d) + \{{b-c-d+a)%} = {a^c) + {\{b^d)^\{a-c)}% 

^ a — c + {a — b — c + d)% = u. 

We have assumed that, for any vector w, (|et;) ?l= |(a;%). This is 
easily seen to be true. (See § 10, p. 51.) 


78. If py Qy r, s be the centres of squares described externally on the 
sides of any quadrilateral abedy then the intervals pry qs are perpen- 
dicular and equal in length. (van Aubel.) 

Forp = \{a-\-b)'{-\\{a — b)y and so on.* Hence, using \ \v- —Vy 

p — r — \{a-\-b — c — d) + \\{a — b — C’\-d)y 

q-s =^\{b-\-c-d-a)-¥\\{b-c-d+a) = \{p-r). 


79. If dy ey f be the centres of squares described externally on the 
sides of triangle abcy then the mid-points of the sides of abc are the centres 
of squares described internally on the sides of def, (Neuberg.) 

For d = ^(a-hb) + i\{a^b)y e = ^{b + c)-^i\{b-c). 

Hence {d-he) — \{d—e) = a + c. 


80. If abc be a triangle and perpendiculars apy cq be drawn to 

aby cby so that bap = —beqy apiab = cqicby then cpy aq meet on the 
altitude of the triangle from b. 

81. If a^b^c^y a^b^c^y ..., a^b^c^ be directly similar triangles, and 
py qy r be the mean centres of a^y ..., of b^y b^ and of ..., 
then triangle pqr is similar to a^b^c^. 


• We might of course have —Jl instead of +4| throughout. One sign 
corresponds to externally, the other to internally described squares; which 
to which depends on sign of [abc]. 
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82. If a and traverse similar systems, then Og + 
traverses a system similar to them. Consider the following proof. 

If by correspond to a, b, then 

ia-^ay)-{b-^by) = {a-b)-(ay^by)^{a-b) (3 -S), 
where 3— S is an operation on vectors w, such that 
w(3“S) = tv — zvS^ 

Up moves on a line (or circle), and ^ is a fixed point, spq a triangle 
of fixed species, then q moves on a line (or circle). 

83. Fundamental theorem on three-bar -motion. (Cayley and 

Clifford.) The figure is made up of rods jointed at the joins. In the 
first position flj, j, ^2 2 straight line parallel to ab, on which 

Cyy C2 lie. Similarly for the other rods. Then we prove that, during the 
deformation, abc remains similar to a fixed triangle. 



For, let be a similarity which turns Cy — C2 into Cy — j, then 

(62 - 5) = ^2 “ » (^ - ^i) 21 = ^ - ^2* 

{a-b) 21 = {a-Cy ’^Cy -^2 + ^2-^) 21 

= (a-Cy) 2l + (^i -^ 2 ) 21 + (c2“^) 21 
= (^2“'0 + + ^ 

= ^2 + “"^2 

= ^2-^1 +a-b2 + bi-c = a-c. 

Hence, if a, b be fixed in the second figure, then, though s can move, 
c will be fixed. Now, if acy^ CyC2, C2b be three bars jointed at Cj, C2» 
and if a, b be fixed points, then any point, such as s, rigidly attached 
to Cy C2 describes ‘ three-bar-motion \ The above shews that the same 

motion is given by the bars «A2,i2^i> andbythebars6ai,aia2» ^2^* 

Cor. The triangle aby C2 remains similar to a fixed triangle. 

84. Forces at the vertices of triangle abc perpendicular to, and 
proportional to, the opposite sides balance. 
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For let s be any point, and put* aj = a - 5, 6 and so on, 

then b c Cj , . . , . . . . 

a |(6i-Ci) + 6 + \{bi-c^) = {s-a^) |(6i -Ci) + o. 

Cor. Similarly for polygons of an + 1 sides, and, if we draw two 
perpendiculars from each vertex, for polygons of an sides. 


85. If al, bm^ cn be ordinates to some line Imtiy then forces at 
«, b, c parallel and proportional to mw, w/, Im are equivalent to a 
couple of moment [abc\. 


86. Forces at the mid-points of the sides of a polygon perpen- 
dicular to, and proportional to them, balance. Forces at the vertices 
of a polygon perpendicular to, and proportional to the diagonals 
joining adjacent vertices, balance. 


87. Orthologic triangles. If the perpendiculars from the vertices of 
triangle abc on to the sides of triangle pqr meet {in w\ then the perpen- 
diculars from the vertices of triangle pqr on to the sides of triangle abc 
are concurrent. 


For take any origin and let 0—5 = and so on, then 
[(a-ro) K^-r)] =0, [(A-w) |(r -/>)] = o, [(c - w) !(/> - 9)] = o. 
By addition [a | (^ - r)] + [6 |(r -/>)] + [c |(/) - g)] = o. 

Hence [Oj K^, -r,)] + [*i K^i |(/>i -‘ 7 i)] = o, 

which can be written 

[Pi I(*1 - Cl)] + [9, 1 (c, - a,)] + h IK -*i)] = o, 

whence + [^|(^-«)] + [^|(«-”^)] = o- 

Pairs of triangles in this relation are called ‘ orthologic \ The way in 
which the vertices correspond is relevant. 

88. If triangles ^1^2 ^3 ^1^2 ^3 orthologic, and Cj, ^2* ^3 

divide ^2^2, a^b^ in the same ratio, then C1C2C3 is orthologic 
to aia2a^ and 61^2^3, and if i/j, d2, d^ divide fl2^2> ^3^3 ^^e 

same ratio, then c^ C2C^ is orthologic to d^ e/2^3- "Two triangles inversely 
similar are orthologic. (Casey.) 

89. If a\ b\ c\ ..., be the feet of perpendiculars from p to the 
sides ab^ be, ... of a polygon abed ..., then the locus of p such that 
the area of a'V ... ^' is constant is a circle, or line. 

For Wb'p\ + [a'b'b] = 2[a^b'm], (where 2m=p-\-b) 

= 2[m{m — a') (wi — A')]. (i) 

* This method is of frequent use. We say we are taking s as origin. 
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Now {m - a'Y = {m- Vf = {m- bf. 

Hence the magnitude of (i) is \{b—pY sin 2B, where B is the angle 
at b. Hence 

4 area a'b'c' ... -2 area abc ... 

= \ sin 2A . {a -py -f J sin 2B . (A -f . . .. 

Hence the locus of /) is a circle, or line. (§ 8*2, p. 33.) 

90. If a, b, r, d be four points, the perpendicular from the mid- 

point of ab to cd cuts that from the mid-point of he to ad in a point 
collinear with the centroid g of r, d and the circumcentre 

of abc. 

For [(a + A)|(t-^)]-[(A + r)|(«-d)] 

- [(« + b)\{a- 6)] - [(A + r) |(A - c)] = 4 U I (^ - «)] • 

91. Through a fixed point o inside a circle, centre c, radius a, 
two perpendicular lines are drawn to cut the circle in />, q\ if the 
rectangle oprq be completed, then the locus of r is a circle. 

For let />i =/>~o, and so on. Then, if be any variable vector, 
starting from 0, the equation of the circle is 

Hence />i -2[/>i k,] = |c,] = 

But [/>! 1^1] = 0. Hence 

(/»1 + 9i )^ - 2 [(/>! + ) ki] + <^1 = 2a2 - cj ; (r , - C, )2 = 2a2 - cf . 

92. If /), q be any points on a circle, s a fixed point of the plane, 
and the parallelogram psqr be completed, then the perpendicular 
from r to pq goes through a fixed point. 

For take the centre o as origin, and let ^ - 0, and so on. Let 
s' be the reflection of s in 0, then 

s[ = -Si, [(r,+i,) l(/>i-?i)] =/>i-9i =0, 

[ki-^0 K/^i -?i)] = o- 

93. If />, q be points on a circle abc such that 

ip-af + {p- by + {p-cf = {q- af + (9 - bf + (^ - cf, 
then pq is perpendicular to the radius through the centroid of abc. 

94. If 2 {p — aY + {p — by + {p — cY^{a — bY-\‘(a — cy^ and p lies 
on bCy then p is either the mid-point of bcy or the foot of the altitude 
from a. 
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95* If A is the orthocentre of triangle ahc^ and w, Vy w be vectors 
from h to by c, then \v |«;] = [w |i/] = [w |t;] = k, say. If r be a variable 
vector from A, the equations of the circumcircle and nine-point circle 

— [y|(w4-t; + K;)]-|-2k = 0 
r^-\[r\{u-\-v-^w)] +|k = o. 

If g is the centroid of the triangle, the circle on diameter ghy the 
circumcircle, and the nine -point circle are coaxal. 


96. If o is the circumcentre of triangle abCy and «, Vy w vectors from 
0 to CLy by Cy thcH u V w Is the vector of the orthocentre. 


97. If a^y fl2, ^3, be points on a circle, Aj, .... A4 orthocentres of 
^2^3^4> •••> the quadrilaterals A1...A4 and are 

congruent. 


98. Distance between points in areal coordinates. 

If P = ■K^a + y^b + z^c, q^x^a + y^b + z^c, 

Xi+y,+zi =x2 + y2 + Z2 = I, 

then /> - 9 = (x, - X2) a + (y, - y2) A + (z, - z^) c 

= (y i - Ya) {b-a) + (z, - z^) (t - a), 

{p - qf = (y, - (p -af + {z^- z^f {c - af 

+ 2(y I - Yz) (Zi - Z 2 ) [(*-«) I (c - «)] 

= (Yi - yif + (h - 22)^ + 2 (y, - yj) (z, - Z2) be cos A 

= -AYx -yz) (zi -22)-b2(z, -Z2) (x, -X2) 

-c 2 (x,-X 2 ) (y,-y 2 ). 

where a, b, c are the lengths of the sides of the triangle. 

99. Forces whose vectors are 1 «, mr;, nrt> act along the sides of 
triangle abc, in order, where u, v, to are unit vectors along the sides. 
To find the magnitude of the resultant R. 

= (1« + m2> + nw)^ 

= F + + n^ + 2mn cos {n — A) 

+ 2nl cos (tt — B) + 2lm cos (tt — C), 

where A, B, C are the angles of the triangle. 

In trihnear coordinates, the line of action of the resultant is 


Ix+my + nz = o. (Cf. Ex. 46, p. 22.) 

If (x, y, z) be the trilinear coordinates of any point q, the moment 
of the resultant round q is Ixj + my, +nz,. This gives at once the 
formula for the distance of q from the line Ix+my +nz = o. 
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100. If M, V be vectors, and 6 the angle from u to then 

[uv\ = uv sin dy \u\v\ = uv cos 

where w, v are the magnitudes of m, v. Hence cot d = — — 

[uv] 

If V is changed in sign, the right-hand side is not changed in value; 
neither is the left-hand side, since d is increased by ± n. Thus it is 
best to regard d as the measure of the cross between the lines of the 
vectors. Interchange of u and v alters the signs of both sides. 

101, Ifa — 0 = 2/, ^ — o = then the circle aoh is described by the 
end of the vector r from o which satisfies 


- [{u -{■v)\r]= k[(^ ~ , k = cot^aoh. 

For, if p be on the circle, then ^boa = where denotes 

the cross 

[{u-r) [“|p] 

[(M~r)(z;-r)] [uv] ’ 


102. 

then 


If o, a be fixed points, and is a variable unit vector from 0, 
a-[i^a — o)\v]v lies on the circle on diameter oa. 


103. (i) In a triangle abc with angles A, B, C, 

K^: — 6) = cot C,(a — b)-\- cot B . (a — c), cot A = ^ ^ . 

[abc] 

For, if ap is the altitude from a, and k, y, x be the lengths of apy 

bpy cpy then 

I (c - A) = (x 4- y) {a -/>), (x -f y) (a -p) = x(a - 6) + y{a - c). 

(ii) Hence, with areal coordinates x, y, z, the line whose tangential 
coordinates are ((m-n)cotA, (n-l)cotB, (l~m)cotC) is per- 
pendicular to the line whose coordinates are (1, m, n). For the con- 
dition that q is on the former line is 

[^((m-n) cot A.(c — 6) + (n— 1) cot B,{a-c) 

+ (1 - m) cot C . (b-a))] = o. 

104. (i) If b — a Uy c — a = Vy then |(c — A) = kjW where 

_ [U\V]-U^ 

* [uv] ’ * [ttv] • 

(ii) U d = kjA+kjC, kj +k2 = i, then denoting crosses by 
cot^adc = k, cot-^dac + k2 cot-^dai = k, cot<)Ca4c + k2 cot«^acA. 
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For if to = kj « + k2r> = c? — a, then since -^abc = <^(m, » — «), 

ki cot<^fl^c + k2 cot^ach == = cot<^a^/£:. 

(iii) The join of Xia + yi^ + ZjC and X2fl + y2^ + Z2^ makes with be 
an angle where 

cot 6 = ((z2 - Zi) cot C - (y2 - yO cot B) (xg - Xi)-^ 

105. Pothenofs problem. If the sides of triangle abc subtend 
angles ^4, ^ at /) = xa + y^ + zc, (x + y + z = i), then, taking 

[abc\ = i^ u=:c-b, v = a-Cy w = b-a, 
we have x(cot A - cot 0 ) = yzu^ + zxz;^ + xyw;^. 

This and the two analogous equations will determine x, y, z. 

For [uv\ = [vw\ = [wu\ = i, [bc\ + [ca] + [ab] = i, 

[(/> -b)(p- c)] = [/>*] - [/>f] + M 

= x[<i6] — z[bc\ - x[ac] - y [6c] + [6c] 

= x{[bc] + [cd\ + \ab\) = x, 

-[(/»-*) I (P - <^)] = - [(Z“ - xto) I (xw - yw)] 

* = yz . + zx . + xy . + x[«; 1 ?;] , 

since !/ + «; + «; = o, 

cot A = -[w\v], cold = -x-^{yz.u^ + xy .w'^)-[w\v], 

106. Find the locus of points at which two given collinear in- 
tervals subtend (i) equal angles, (ii) supplementary angles. 

107. Chords of a triangle abc are drawn through the isogonal of 
the centroid, {b — cy,a-{-{c — a)^,b + (a-b)'^,c, =j, parallel to the 
sides. Their ends then lie on a circle. If />, g, r be the feet of the 
perpendiculars from 5 to the sides, then s=p + q + r, 

108. If x(b y(c -a)-h z{a — b) is antiparallel to be, then 

{b-af (z-x) = {a-cf (y-x). 

If Xia + y,6 + ZiC and X2a + y26 + Z2C are isogonal conjugates, then 
X, x^lib - cf = yi y2/(c - a)^ = z, zjia - bf. 


109. Brocard points. \ip = {a — hf 


. 6 +: 


{b-cf 

■^pab = pbc = pea = cot“*(cot A + cot B + cot C). 
cot^pab = [(6 -a)\{p- a)] [abp\. 


c, then 


For 
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Let K= i/(c-a)2 + i/(a-6)2 + i/(A-c)2, 

K[(6-a)l(/.-a)] 

= + (^ - + (« - *)^) 

= (^2 ([("-«) l(«-6)] + [(«-*) l(A-c)] + [(6-c) l(c-a)]), 

Hence cot^pah = cot A + cot B + cot C. 

no. A generalisation of Simson's line. Through a variable point p of 
plane abc parallels are drawn to oa, oby ocy where o is a fixed point ; these 
cut bcy cay ab in dy /. To find the locus of p when dy e, / are collinear. 
Take o as the origin of vectors, and let 

a-o^Uy b-o^Vy c-o^Wy i/=/) + kii/, e^p + k^Vy f-p-^-^n^Wy 

then [^^/] = [(/) -f ki w) (/) + k2 1^) (/) + kjft’)] = o. 

But [uw)] = o, hence 

kf ^ \vw] -f k^ ^ \wu\ + ^ [«t;] = o. 

Now d = p + kyti = xa + y 6 -f zc + kj(a~o), (x + y + z = i), 
is independent of a. 

Hence if o = x^a + y^b + z^Cy (xj -hyi H-Zj = i), 

then kj = x(xi - i)“^ = -x(y| +z,)-^ But [vw] =Xj, .... 

Hence the equation of the locus is 

Xi(yi +Zi) x-i +y,(z, +x,) y-' +Z,(x, +y,) z"' =o. 

In particular, if o be the orthocentre, 

Xi :yi :Zi = tan A:tan B:tan C, 
and the equation becomes that of the circumcircle. 

111. If a line through the centroid of triangle abc meets aby ac 
in py Qy then bplpa-\-cqlqa = i. 

1 12. If through any point p parallels to agy bgy eg (where g is the 
centroid of abc) meet bCy cay ab in dy Cy /, then 

pdjag +pelbg ^pfjeg = 3/2. 

1 13. If rf, g, / be the mid-points of Ac, ca, aby and p is any point 
on efy while A/), fd meet in and c/>, de in r, then qr goes through the 
centroid of abc. 
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§ 9. Identities connected with circles. 

1. For any points in a plane, (§ 5*6-8), 

[tnbc\ (a - 5) + \mcd\ (6 - 5) + [tna})\ {c-q) = [abcl {m - q). 
Take q = i(/> + o), and multiply by/) — o, inner multiplication^ 
then _py _ _ 0)2) + {{b -pf -{b- of) [mca\ 

+ ((c -pf -{c- of) [mah\ 

= ((m —pf — {m— of) [abc]. 

If a, b, c are on a circle, centre o, and (a — of = r^, then 
(a —pf \inbc\ + (i — \mcd\ + (c — />)2 [ma&] 

= {{m —pf — {tn — of + r^) [abc\ 

= ((>«-/))2-k)[a6c], (i) 

where k is the power of m in the circle abc. 

If m is also on this circle, then 

(a — pY [mbcl + {b —pY \fncd\ + {c —pY {mah] 

=^{m-pY[abc], (2) 

connecting four concyclic points «, i, r, m and any point p. 

In (i), take m =/), then, if k is the power of m in the circle abc^ 

\i[abc'\ 4- (a — mY {mbc'\ 

+ (6 — mY [mcd\ + (r — mY \mab'\ = o. (3) 

In particular, if m, a, 6, c be concyclic, 

{a — mY [mbc'l 4- (i — mY {mcd\ 4* (c — mY {mab'\ = o. (4) 

2. We can write this in terms of the vectors 

a — m=^u, b—m^Vy c — m^w. 

Since [mftc] = moment of bivector [(6 — m) (<: — w)], we have 
u^vwl 4- 4- w\uv\ = o, (5) 

so that (4) states that the moment of a certain sum of bivectors 
is zero. 

3. We can also deduce (5) from § 6- 16: 

[vw\ u 4- [wu\ V + [uv] w = o. (6) 

Let m' — m = rf, where m' is the point on the circle opposite 
to w, then [u \d] = since 

[u\{u-d)\ = [{a-m) |(a-w')] = o. (Ex. 65, p. 36.) 
Multiply (6) by |rf, and then (5) follows. 
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4. Interpretations of {^)y { 6 ). If we turn m, z;, w in (6) through 
a right angle, 

[vw] \u-\-[wu] \w = o. 

Hence, by (5), 

[uv\ -h [wu\ [vw\ = [wu\ [u\v]-\- [uv] [u 

Hence 

[v\{v — u)\ __ [w\{w — u)\ [^|(^ — ^^)] _ [w\{w — u)\ 

[uv\ [uw\ ' [v{v-u)\ [w{w — u)\ * 

Thus ^mba — <^mcay the fundamental angle property of a circle, 
expressed in terms of crosses. 

Again, if m, a, b, c be in order on a circle, (4) gives 

mb. me. sin bmc .md^ — ma. me .sin ame.mb^ 

4- ma . mb sin amb . nuP- = o. 

But sin feme = 6c: diameter, by the angle- property ; hence if we 
divide the last formula by ma.mb.me^ we obtain Ptolemy’s 
Theorem. 


5. From (4) and § 8-12, we have: if w, 6, e be concyclic 
points, 

\med\ \mab\ . (6 — e)- -f [mab] [mbe] . (c — aY 

-f [mbe] [med\ , (a — bf = o. 

If w = xa + y6”fzc, this gives the usual equation for the 
circumcircle : 

x~^{b — ey + y-^{e — aY + z-^{a — bY = o. 


Examples. 
is constant. 


1 14. If p is any point on the circle abc, then 
{p — df sin 2A + ... + ... 


1 15. If the vectors of a, 6, c from any origin be w, Vy w, then the 
vector of the circumcentre of abc is 

\[(v^-vp) \u + {vp-u-) |a;]^ 

if [abc\ = I. 

The equation of the circumcircle is, if r is a variable vector, 

- {u\r{v - w)] 4* v^[r(zv - 1/)] 4- w^[r(u - z;)]) 

= u-[vw\ +v-[wu]+w^[uv]. 


FCE 


4 
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1 16. If a^y aj, ^3, ^4 be four points in a plane and Aj the power of 
for the circles ^2^3^49 and so on, then 

Al[a2«3«4] = =A3[flifl2«4] = 

1 17. With the same notation A J" ^ ^ + Ag’ ^ + Aj* ^ = o. 

n8. Circles with centres 6, Cy d cut a given circle orthogonally; 
Pi, P2, P3, P are the powers of any point for the circles, then 

^i{bcd\ + ^^^[abd] ^l^\abc]. 


§ 10. Transformations of vectors. 

1. If @ is any operation which turns vectors into vectors, and 
u is any vector, we may denote by ©w, or by 2/©, the vector 
produced by ©. Thus the operation of taking the supplement, 
denoted by |, gives \u when performed on the operation 
denoted by 91 on p. 39 turned a vector through a constant angle 
and multiplied its magnitude by a scalar constant. Whether we 
write ©M or m© is a matter of convenience. The latter is the 
form we shall usually prefer. 

2. If k.w© = kw.©, for all vectors u and scalars k, and 

©, for all vectors Uy Vy then © is a ^linear 
operator \ or ^ linear transformation^ 

3. If ©, 2 , 9 i be operators such that w© + m 2 ; = w 91 for all 
vectors w, we say 91 is the ^sum^ of ©, X, and write © + 2^ = 9t. 

Clearly © + 2 = 3 : + ©, (©+ 2 ) + U = © + ( 2 +U). 

If for all vectors m, (m©) % = we say 91 is the ^sequence- 
product^ of ©, % in that order, and write ©2 = 91 . 

Clearly (@ 2 )U = ©( 2 U), but it is not necessarily true that 

© 2 = 2 ©. 

We have ©(2 + U) = ©2 + ©U, ( 2 +U)@ = 2 © + U©. 

4. A ^direct similarity^ © is a transformation which turns 
figures into directly similar figures. It is always of form such 
that M© = kiM + k2 [w, where kj, kg are scalars. It is determined 
when the transform of one vector u is known. 

If 2 is another direct similarity, and w 2 = liw + l2|w, Ij, Ig 
scalars, then + 3;) = (k, + 1,) « + (kj + 12) \u. 

Hence @ + 2 is a direct similarity. 
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The similarity (3, which is such that = u for all vectors m, 
is called the identity, and is denoted by then @3 = S® “ ® 
for all (3. 

If ©, % be as before, then 


* |(M(3) = ki|M+k2|lw = ki|M-k2tt, 
and 1 m.@ = ki |M-f k 2 Hm = k^ |m — k 2 tt. 

Hence |(w(3) = |w.©. 

Also 


(w®) % = (kiM4-k2lw) % = kiw2; + k2(lM) % = kiMX + k2 l(u3:) 

= ki li M + ki I 2 1 w 4- k2 1 (li « + 12 1 w) 

= (kili-k 2 l 2 ) w + (kil 2 + k 2 li) \u. (i) 

But, by definition, (m®) % = u®I. Hence (B% is a similarity. 

5. A set of operations which is such that the identity ^ is in 
the set, and the product of any two operations is in the set, is 
called a ^group\ when 

{a) For any operations ®, %, U of the set, (@2l) U = ® (3^U). 

{b) If (3 is any operation of the set, there is an operation 
in the set, such that (3®“^ = (3~^® = 

is called the 'inverse' of ©. If for all operations ®, X of 
the set, ®2 = £©, the group is 'abelian' * 

6. The set of direct similarities forms an abelian group. The 
necessary conditions for this all follow at once from (i), except 
(6), which we shew thus: if in (i) we assume that © and hence 
ki, k 2 are given, and we take 1^, I 2 to satisfy 

ll(k? + kl) = ki, l2(kf + ki) = -k2, 
then kil^— k 2 l 2 = i, kil 2 + k 2 li=o. 

Hence w®X=m for all u\ that is, ®3^ = 3. 

7. The operation of taking the supplement is clearly a 
similarity, and if we write instead of |w, the equation 
|w.(3 = |(w@) of 4 becomes (u'iP)® = (w®)^; hence ^© = ®^, 
which is a special case of 6. 


• Subsections 2, 3, 5 are clearly general, and can be taken to refer to 
transformations applied to any extensives. 
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8. If © is a similarity, and v = u<B, then © is fully fixed by 
the vectors v, u, and the fact that © transforms v into u. An 
obvious notation is to vnrite 



Q Q m—. d 

Then = tt ; means that abc, a'b'c' are directly similar 

b—a b —a 

triangles; for this is the case if, and only if, both sides of the 
equation represent the same similarity. 

... c — fl c' — a' , c — a b-a 
Q* Xi / % then — — — - — — — - ^ 

^ b-a b -a c -a b -a 

For, c — a = {b — a) 'B, {c' — a')% = c — a, then 

c'-a’ = {b’-a')B; 

hence 6 - a = (c - a) ©-^ = (c' - a') 3;©-> = {b' - a') ©2©"*. 

But by 6; hence 

©3:©-‘ = 3:©©-' = 3;, {b-a) = {V -a')%. 

10 . If , Cl , Mo, Wo be vectors, and = ff? then each of these 

quotients equals ^ ’ (k,, kj scalars). 

For, if Mi = Cj©, M 2 = ® 2 ®» then 

k,Mi+k2M2 = (k,Cj+k2C2) ®- 

11. The product of the similarities — and — is — . Hence 

«2 “3 “3 

_ ih 'j'hus the symbols for similarities can be multiplied 
like ordinary scalars. 

If - = ©, then - = ©-1. If m 31 = c§8, then - = 9551-'. 

12 . If a, bj a\ b' be points, the point c such that the triangles 
cab, ca!b' are directly similar is c = a -f (6 — a) ©, where 

a! -a 
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For, if there is a similarity @ such that 

c — a = (6 — a) < 3 , c — a' = {b' — a') <S, 
then a'-a = {{b-a)-{b'-a'))<S>, c=^ a + {b-a)<B. 

The first of these gives ©. We also have 

^ ^ 

c = a + (a'-fl)©', where • 

For, take u = (b — d) — (b' — a'), then «© = a' — a, u<B' = b — a, 
and the formulae for c agree, if (6 — a) @ = {a' — a) ©', that is, if 
u<S'<B=u<B<B', which is true by 6. 

13. So far, we have considered similarity transformations on 
vectors only. If a, b, a' , b' be given points in a plane, then the 
correspondence <3 in which the fixed points a, b correspond to 
a', b' respectively, and p corresponds to p', is a 'direct simi- 
larity' if, and only if, the triangles p'a'i' are directly similar. 
We write a® = a', and so on. 

Then, if q, r correspond to q', r', we have, using lo, ii, 

a—p a'—p' a — q a' — q' 

^b~V^V' a-b~a'-b'' 

p-q P'-q' p-r_p'-r' p-q p'-q ' 

a-b~a'-b'' a-b a'-V’ p-r p'-r'' 

Thence the triangles pqr, p'q'r' are directly similar. 

The point c, such that c 3 = c, is the ' self -corresponding' point 
of ®; it is given by 12. 

14. If ax, a^ describe directly similar systems, and axa^a^ be 

directly similar to a fixed triangle, then a^ describes a similar 
system, and the three systems have in pairs the same self-corre- 
sponding point. (Petersen-Schoute.) 

For, let ax, bx, c, be points of the first system, ^2. ^2> ^2 corre- 
sponding points of the second system, and let axa2a^, A16263, 
CXC2C2 be directly similar triangles. 

Let = (a2-«i)®i. 

then *3-^1 = (*2 C2-Cx = {c2-Cx)<Bx. 

Let Cl - fl, = {bx - a,) ®, then C2 - ^2 = ih “ ^2) 
by 13, since the first and second systems are similar. 
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Then 


Co CLo 


:Cl + (C2-Ci) ®1 


= Cl -ai + (C2 -flz) @1 - (Ci -fli) ©1 
= (6i -«,)© + (62 - a^) @@1 - (61 - a,) 

= (*1 - «l) (© - ©©1) + (*2 - «2) ©©1. 

^3 - «3 = (^1 - « i ) + ih - 6 ,) @1 - (^2 - aO ©1 
= (^-«l)(S-©l) + (i2-«2)©l. 

Hence (63 - 03) ® = C3 — a^, since ©©1 = ©1 ©, by 6. 

This proves the first part. 

The self-corresponding point for the first two systems is 

Ai-fl, 


p = ai + {a2-ai) 


(*i-«i)-(*2-«2) 


= <i2+(«i-«2)7i: — ^ — 7I 

The self-corresponding point for the first and third systems is 

This is the same as/), by ii, since 

bi-ai (6i-ai)-(^3-a3) 

(61 — Cl) — (A2 — <*2) b^ — Oi 

ia3-ai)-{b3-bi) 03-01 

((03 — fli) — (63 — 6j)) ©1 * * 02 — Oi 

The self-corresponding point for the second and third systems 

^2 ^2 


is 


^2 "i” (^3 ~ ^2) ; 


(62 — ^2) (^3 ^3) * 

and this can easily be shewn to equal the second expression for p. 


§ 1 1. The regressive product of two rotors in a plane. 

I. Let the lines aby cd meet in />, then \cLbp'\ = [cdp'] = o. Let 
/) = kiC + k2rf, then \ii[abc'\-¥k2[abd] = o, and this gives the ratio 
ki:k2, and hence the position of p. Note the geometrical inter- 
pretation of this result. 

The * regressive product* of any two rotors [aft], [cd] is denoted 
by [ab.cd]y and is defined as follows: 

[ab . cd] = [abd] c - [abc] d. 


(I) 
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Thus if the lines of the rotors meet, this product is their point 
of meeting, with a weight attached equal to 

[aid] -[a6c] = twice ‘area* of quadrilateral acbd-\_{b— a){d- c)\. 

If the lines are parallel, then {abd\ = [abc\y and the product is 
a vector. 

Earlier outer products will be distinguished from this type 
of outer product by being called ^progressive'. The dot on the 
left-hand side of (i) is the symbol for multiplication. 

2. By §5*6, 

\abc\ d = \bcd'\ [cad"] [abd^ c, (2) 

Hence, by (i), [ab,cd'\ = [acdl 6 — [fccrf] a, (3) 

This and (i) are the fundamental formulae, and the only ones 
that need be remembered. From (i), 

[cd.ab]^ = \cdb'\ a — \cd€L\ b = \bcd\ a — {acd'\ b. 

Hence, by (3), \cd,ab'\ = --[ab.cd], (4) 

Since [ah'] = — [Aa], we have, by (i), 

[ab ,cd]^- [ba . cd] - [ba ,dc]. ' (5) 

3. If 5 be rotors, their regressive product is We 

omit the dot when no ambiguity results, and write \AE\, If k 
is a scalar, 

fL 4 .fi] -[^.kB] = k[^jB], I 
[AB] = -[BAl [AA-\ = o] 

If A, B, C be rotors, then, by (i), (3), 

[(^+fi) q = [^c]+[fic],| 

[C(^ + B)] = [C^] + [CB].J 

4. An important special case of (1) is 

[ab.ac] = [abc\ a. 

If we assume this and (6), and the formulae derived by cyclic 
permutation, for one set of non-collinear points, and further 


( 6 ) 

( 7 ) 

( 8 ) 
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that regressive multiplication is distributive over addition, we 
can deduce (i). For let d + Then 

[cd] = x[cfl] [abd]^ = z\cLbc\ 


[ab . cd] = K[ab . cd] + y[ab .ch\ = — ii[ab . ac\ — y[bc . bd\ 
= —x[abc\ a — y\abc\ b — —[abc\ (x^z + y6) 

= [abc\ {zc — d) — [abd] c — [abc\ d. 


5. If we multiply (2), which is an equation between weighted 
points, by a, 

\abc\ [dd\ = \cad^ \bd\ + [abd^ \cd\ 

= [dac][ab]-[dab\[acl 

Write [fl6] = L, [ac\—M, Then, since by (8), 

[LM] = [abc] a, [d,LM] = [abc] [da\ 
we have [d,LM] = [dM]L-[dL\ M. (9) 

As two rotors whose lines meet can always be written in form 
[ab]j [ac\y therefore (9) holds for such rotors. 

\iL=^[ab\ be parallel rotors, then, by (i), [LM] is 

a vector [cd)p\{p — q)\ and [d.LM^ — {abp'\[d[p — q)\ is a rotor 
through d parallel to L and M and of magnitude \abp'\ pq, where 
bars denote lengths. 

We can shew (9) in this case also. 

Let be a rotor whose line cuts the lines of L and M, and 
let P = M—N, The lines of P, L cut. 

Then [LA^] + [LP] = [LM], [dN] + [dP] = [dMl 

[d.LM] = [d.LN] + [d.LP] 

= [W.L] - [dL,N] + [dP.L] - [dL,P] 

= [dM,L]-[dL.Ml 


6. Note that if a, b are points, and L a rotor, then [ab.L\ and 
\a,bL\ are not equal, for the first is a weighted point at the cut 
of [aft] and L, and the second a weighted point at a, since [ftL] 
is scalar. Hence the associative law for multiplication need not 
hold for products which involve both progressive and regressive 
multiplication. 
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7. [be .pa\ -f [ca .pb] + [ab .pc] = 2[abc\ p. (10) 

This follows from [be .pa] = [abe] p — [pbe] a, and similar 
formulae, and 

[abe] p = [pbe] a + [pea] b + [pab] e. 

8 . \[ab . be] . ea] = [ab . \be . ed\] = [abef. (i i) 

For [ab . be] = [abe] \[ab . be] . ea] = [abe] [b . ea] = [abeY, 

[be . ea] = [bed] e = [abe] c, [ab . [be . ed]\ == [abeY- 
We can hence write [ab.be.ed\ for each of these expressions. 

9. If any of the letters in (i) represent vectors, we assume 
this equation as the definition of regressive multiplication in 
this case. For example, if L is a bivector, we can write (i) as 
[L.ed] = [Ld]e — [Le]d. Then, since [Le] = [LdY we find that 
[L . ed] is a vector. If L, M are bivectors, [LM] = o. (Cf. § 14- 1 .) 

10. If L, M, N be rotors or bivectors, then 

[LM.N] = [L.MN]. 

A produet whieh involves only regressive tnultiplieation of exten- 
sives of step two is assoeiative. 

For, if the lines of L, M, N do not have a common point 
(finite or at infinity), this follows by (ii); and if they have such 
a common point /), both products vanish, for then we can find 
points /, tn, n such that L = [pl]y M—[pm]y N—[pn]. Then 

[LM] = [pirn] p, [LM.N] = o, 

[MN] = [pmn] /), [L . MN] = o. 

Conversely, if [LMN] = Oy then the lines L, M, N have a 
common point; for if they met in three distinct non-collinear 
points, then (ii) shews [LMN]t^o. 

[LMN] = -[MLN] = [NLM] = .... (12) 

11. The ‘dual* formulae to (8), (ii) are: if Ay By C be ex- 
tensives of step two, 

[AB.AC]^[ABC] Ay\ 
[AB.BC.CA]^[ABCY. I 


(13) 
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To prove these, let A = [6c], B = [ca], C = [a6], then 
[AB'\ = \bc.cd\ = [dbc\ c, 

[AC\ = [be .ah] = - [ab . 6c] = - [a6c] 6, 

[AB.AC] = [abef [6c]. 

And, by (ii), [ABC\ = [ahcY- 

This proves the first one of (13), the second follows like (ii). 
If A, B, C are concurrent, both sides of both formulae vanish. 

12. We can now write (2) in the form 

[ABC] d = [dA] [BC\ + [dB] [CA] + [dC] [AB]. 

The dual to (2) is 

[ABC] D = [DBC] A + [DC A] B + [DAB] C, (14) 
from which follows, ii A = [6c], and so on, 

[abc] D = [Da] [be] + [Db] [ca] + [De] [a6]. (15) 

With this compare § 5, Ex. 46. We can deduce (14) by taking 
Z) = ki .4 + k2jB+k3C, as in § 5*6 for the case of points. 

13. From (8) we were able to prove (i). Hence, from (13), we 

can deduce . qD] = [ABD] C - [ABC] D (16) 

for any four rotors (or bivectors) in a plane.Thus each formula 
has its dual. 

14. If a, 6 be points, L = [cd], we can write (3) in the form 

[ab.L] = [aL}b-[bL]a. ( 17 ) 

The dual is [AB.l]=^[Al]B-[Bl]A. (Cf. (9).) (18) 

If M is of step two, then, since [a6] is of step two, we have, 
by (12), [[a6.L]M] = [a6.LM], 

and, by (17), [ab.LM] = [aL] [6M]- [6L] [aM]. (19) 

This is self-dual. 

15. From (15), 

[a6c] L = [aL] [6c] + [6L] [ca] + [eL] [ab], 

[abe] [LMN] = [aL] [be . MN] + [6L] [ca . MN] + [eL] [ab . MN] 
= [aL] ([6Af] [cAn-[6An [cM]) + . .. + ... 

= [aL], [aM], [aiV] 

[6L], [bM], [6iV] . 

[cL], [eM], [ciV] 


(20) 
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Examples. 1 19. If a, ft be points, «, v vectors, and the lines au, bv 
cut in c, then [(a -ft)®] , [(ft-a)^] 

[vu] M 

For [au . bv] = [auv] b — [aub] v = [auv] b + [^(6 — a) u] v, 
of weight [uv], Cf. § 6*6. 


120. The centre of gravity g of the quadrilateral abed is 

[{ab + dc) {ad 4- be)] + [ae . bd]. 

12 1. If a, b, c be the lengths of the sides of triangle abe^ then 

\bexd] = ab sin y.c. (y = /Laeb.) 


122. If abed be a cyclic quadrilateral, and Qj, P2, Q2 be unit 
forces along ab^ de, da, eb, then Pi + 0i, P2 + Q2 along the 
bisectors X2 of the interior angles between the opposite sides 
produced. 

If A, B, C, D be the angles of the quadrilateral, 

[Z,X2] = [(P,+(3,)(P,+!32)] 

= [PlP 2 ] + [PlQ 2 ] + lQlQ 2 ] + [QrP 2 ] 

= sin A. a — sin B.6 + sin C.c-sin D.rf 
= 2 sin A.|(a + c)~-2 sin B.|(i + rf). 

Hence the biseetors meet on the diameter of the quadrilateral. They 
cut at right angles, for if is the vector of Pj, and so on, 

[(Pl+?l) \ip 2 + 92 )] = [/>ll/»2] + [/'ll?2] + [ 9 lk 2 ] + [ 9 ll/> 2 ] =0- 

123. If we have two inversely similar polygons, and the joins of 
corresponding vertices be divided in the ratio of corresponding sides, 
the points of division are collinear. 


124. In general [ab.cd.ef] and [abc] [def] are not equal. If, 
however, they are equal, and b, e lie on cd, then bede is a harmonic 
range. 

If [ab.cd.ef] = [a.bcd.ef], then the points [ab.cd], b, a, [ab.ef] 
form a harmonic range. 


§12. Desargues' Theorem, Pappus" Theorem and related theorems. 

When we deal with graphical theorems (p. 12), we shall make 
no distinction between elements at infinity (vectors, bivectors) 
and other elements. In any metric interpretation, the distinction 
must be restored. 
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1. [LMN][bc.L..ca.M,,ab.N] 

= [abc][a.MN..b.NL..c.LM]. (21) 

As always, capitals represent extensives of step two, small 
letters extensives of step one, the repeated dots serve both as a 
sign for multiplication, and as brackets. 

For, by (17), [be . L] = [bL] c - [cL] b. 

Hence the left side (21) equals 

[LMN] [bL.cM.aN-cLMM.bN] [abc]. 

By (9), [a . MN] = [aN] M - [aM] N. 

Hence the right side of (21) equals 

[abc] [aN.bL.cM-aM.bN.cL] [LMN]. 

Hence (21) follows. We can rewrite it, by putting 
L = [b'c'l M=[rV], N=[a'b'l 
then [LMN] = [a'b'cj, 

and [be . Vd . .ca. c'a' . .ab. a'b'] 

= [abc] [a'i'r'] [aa' . bV . cc']. (22) 

If one side vanishes so does the other; hence Desargues’ 
Theorem: if the corresponding sides of two triangles cut in collinear 
points^ then the joins of corresponding vertices are concurrent ^ and 
conversely. 

The presence of the factor [abc] [ab'c'], on one side, shews 
what modifications are needed, if we merely take two triads of 
points. The direct theorem has to be restricted, but not the 
converse theorem. The identity (22) has an interpretation when 
the two sides do not vanish. This is of a metric nature, easily 
obtained from (8), (ii) and Ex. 121, p. 59. 

2. A necessary and sufficient condition for triangles abcy a'b'c' 
to be in perspective, with a, 6, c corresponding to a\ b\ c\ is, 
putting L = [6V'], and so on, 

[aN.bL.cM] = [aM.bN.cL]. 

If they are also in perspective with a, 6, c corresponding to 
b', c', a', then ^ [aN.bL . cM]. 

Hence, then, \aL . bM. ciV] = \aM. bN.cL\, 
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Thus the triangles are then also in perspective with 6, c 
corresponding to c\ a\ b\ 

Hence triangles doubly in perspective in this cyclic way are 
triply in perspective. 

3. The last fact also follows from the identity: 

[aa' , bV . cc'] + [aV . be ' . ca''\ + [ac ' . ba ' . cb'] = o. (23) 
To prove the latter: 

[aa' .bb' ,cc'] = [aa'b'] [bcc'] - [aa' b] [b'cc'] 

==[aa'b'] [bcc']-[cb'c'] [aba']. 

Similarly, or by cycling a, ft, c and a\ c', ft', 

[ft^'.^^'.^ft'] = [be' a'] [cab']--[aa'b'] [bcc'l 
[cb'.ac'.ba'] = [cb'c'] [aba'] -[be' a'] [cab']. 

Adding these equations, we have (23). 

If we had cycled a', ft', c' in the first of the three, we should 
have obtained an expression which does not obviously vanish, 
though by (23) it must do so. 

4. We can also deduce (23) from the following, by cycling 
a'y ft', c' and adding: 

[abc] [aa' .bb' .cc'] 

= [a'ca] [b'ab] [c'bc] - [a'ab] [b'bc] [e'ea]. (24) 

To prove (24): 

[abc] a' = [a'bc] a + [a'ca] b-^[a'ab] c, 

[abc] [aa'] = [a'cd] [aft]-f [a'aft] [ac]. 

Write down the formulae obtained by 
cycling a, by c; then the outer product 
of their left sides, and of their right 
sides, gives (24) if [abc] ^ o. When 

[abc] = o, 

(24) is easily shewn. 

As the figure shews, (23) gives Pap- 
pus’ Theorem: if aa'y ftft', cc' concur and ab'y ftc', ca' concur y then 
ac' y ba'y cb' concur. 

So enunciated, the theorem involves only six points explicitly. 
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5. If we enunciate the theorem so as to bring in all the nine 
points, we have, changing their names: if a, b, c be colUnear, and 
a', b', c' be colUnear, and all distinct, then the cuts of ab', a'b, of 
be', b'c, of ca', c'a are colUnear. 

This follows from the formula 

]bc' .b'c. . ca' . c'a . . ab' . a'b^ 

= [aa'b'] [bb'c'] [cc'a'] [abc] - [abb'] [bcc'] [caa'] [a'b'c']. (25) 

To shew this, use \bc' .b'c] = [bb'c'] c- [bcc'] b', and similar 
formulae ; multiplying these together, we get the left-hand side 
of (25), and the right-hand side together with the following on 
the right-hand side : 

{[aa'b'] [aa'c] [bb'c'] [cc'b]-[bb'c'] [bb'a] [cc'a'] [aa'c]) 

+ two similar expressions. 

This sum cancels out. 

Brianchon’s Theorem for the corresponding special case is of 
course given by the dual formulae, such as 

[AA' . BB' . CC] + [AB' . BC . CA'] 

+ [AC'.BA'.CB'] = o. (25') 

6. We now consider the right-hand side of (25) in detail. 
The sign changes when a', b are interchanged, or b', c are inter- 
changed, or c', a are interchanged. 

If a, b be interchanged, the sum of the old and new expres- 
sions is 

{[aa'b'] [bb'c']-[ba'b'] [ab'c']) [cc'a'] [abc] 

+ {[cac'] [bca']-[bcc'] [caa']) [abV] [a'b'c']. 

Now [aa'b'] b + [a'bb'] a + {bob'] a' = [aa'b] b' . 

Hence [aa'b'] [bb'c'] + [a'bb'][ab'c'] + [bab'] [a'b'c'] = 0. 

Hence the bracket ( ) in the first term equals [abb'] [a'b'c']. 
Similarly, the bracket ( ) in the second term equals - [cc'a'] [abc]. 

Thus the expression vanishes; and so (25) merely changes 
sign when a, b are interchanged. Similarly if b, cot c,a be inter- 
changed. Thus, in all, if any two letters are interchanged, and 
hence if any permutation of the letters is made, (25) changes at 
most in sign. Hence Busche’s Theorem: if a, b, c, a', b' , c' be 
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any six points in the plane ^ then \bcWc. .ca'.c'a. Mb\a*b] is at 
most changed in sign when the points undergo any permutation. 
We can easily deduce Pappus* Theorem again from this. For 
if we interchange A, c\ the left-hand side of (25) becomes 

[c^b.Vc..ca\ba,Mb\a'cy, 

now if a, A, c are collinear, and a\ A', c' are collinear, this is 
congruent to [c'A . A'^: . . c . . A'] = o. Hence the original expression 
then vanishes.* 

The metric interpretation of Busche’s Theorem is : if abca'b'c' 
be a simple hexagon, then the product of the lengths of the sides, 
the sines of the three angles at which the opposite sides cut, and 
the area of the triangle whose vertices are at these cuts, is in- 
dependent of the order in which the points a, ..., r' are taken.f 
(Cf. Ex. 121, p. 59.) 


7. We could have proceeded as follows: Let 

a' = Xia-f YiA + ZiC, A' = X2fl!H-y2A-hZ2r, 
c' = X3a + y3A-i-Z3C, [aAc] = i. 

Then [b'c,bc'] = X2X^,a + x^y2.b-{-X2Z^,c = X2X^.piy 
where pi = « + x^^y2.A + x^*Z3.t:. 

This and similar equations give 

[b'c .be' . . c'a . ca' . . a'b , aA'] = kd, 


where 


k = XiX2X3y,y2y3Z,Z2Z3, 


d = 


yr‘ 

Zl ‘ 


y?' 

H ' 


X3-‘ 

yr* 

H ' 


^2 * Z3 

A permutation of a', b', c' will at most change the sign of d. 
8. Since \aa' . bc\ = [aa'c\ b — [aa'6] c, and so on, we have 
[aa' .be. .bb' .ca. .cc' .ah\ 

= [aa'c'\ [bb'd\ [cc'b] [abc] — [aa'b] [bb’c'\ [cc'a\ [aAc]. (26) 
Dually, we have a similar formula, 

[AA' .B'C .. BB' . C'A' . .CC . A'B'] 

= [AA'C] [BB'A'] [CC'B'] [A' B'C] 

-[AA'B'] [Sfi'C'j [CCA'] [A' B'C']. 


• H. Liebmann, Synthetische Geometric (1934). 
t Mehmke, Prace Mat. Fiss. 29 (1918), p. 67. 
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Now let A = [ic], A' = [6'c'], and so on, then 

[AA'C] = [bc.bY.a'b'] = [bb^c] [a'6V], 

= [ftc.iV.c'a'l = [cc'b] [a'b'c'l 

Hence from these and similar formulae, 

[AA ' . B'C ,.BB\ C'A' ..CC, A'B^] 

= {[bb'c] [cc'a] [aa'b]-[cc'b] [bb'a] [aa'c]) [a'b'c'f. 

By (26), this gives us 

[abc] [AA' .B'C.. BB' . CA' ..CC. A'B'] 

= —[aa' .be. .bV .ca. .cc' .ah] [a'6V]^. 

Hence Bricard’s Theorem: if the cuts of aa\ bb\ cd mth the 
opposite sides of triangle abc are collineary then the joins of the 
points AA\ BB\ CC' with the opposite vertices of the triangle 
a'b'c' concur. 

9. [pa' . be . .pb' . ca . .pc' . ah'] \a'b'c'^ 

= [pa . b'c' . .pb . c'a' . .pc . a'b'^ [abc'\ . (27) 

[pa' . be . .pb' . ca . .pc' . ab'l 

= ([/>^'^] b - [pa'b] c) {[pb'a] c ^ [pb'c] a) {[pc'b] a - [pda] b) 
= {[pa'c] [pb'a] [pc'b] - [pa'b] [pb'c] [pda]) [abc], 

and the first factor is not changed in value when dashed and 
undashed letters are interchanged. 

If abc, a'b'd be coplanar triangles, and p a point such that 
pa', pb', pc' cut be, ca, ab respectively in collinear points, then 
pa, pb, pc cut b'd, da' , a'b' respectively in collinear points. 

10. If pa', pb', pc' cut be, ca, ab respectively in collinear points, 
and also cut ca, ab, be respectively in collinear points, they cut 
ab, be, ca respectively in collinear points. 

For if we put pa' = A',bc = A,..., then (25') shews the theorem. 

1 1 . [abcY [pa . b'd . .a' . . .pb . da' . .b' . . .pc . a'b' . . d] 

+ [a'b'c'Y [pa! .be. .a. . .pb' .ca. .b. . .pc' .ab. .c] = o. 

For [pa . b'd ..a'] = - [pad] [a'b'] - [pab'] [da'], 

[pa. b'd . .a' . . .pb.c'a' . .b' . . .pc. a'b' . .d] 

= [pb'c.pda.pa'b—pbd .pea' .pab'] [a'b'c'Y* 
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Bricard. If the cuts of pUy pby pc with the sides b'c\ c'a\ a'V of 
triangle a'Vd when joined to the opposite vertices give concurrent 
lineSy then the cuts of pa\ pb\ pc' with the sides bcy cUy ab of tri- 
angle abc when joined to the opposite vertices give concurrent lines. 


§13. Sextuply perspective triangles, 

1. Convention for multiplication, A continued multiplication 
like \apMqL\ is always to be interpreted as follows: the first 
factor is multiplied by the second, the product by the third 
factor, the product so resulting by the fourth factor, and so on. 
The associative law need not be true. 

2. Projection in a plane. Points on a line L are projected 
from p as centre on to the line A/, and back again from the point 
q as centre on to L, If ^ is a point on L, it is projected into 
[apM] on My and back again to [apMqL\ on L, 

[apM^ — [aM'\ p — [pM] ay 
[apMq] = [aM] [pq] - [pM] [aq], 

\apMqL\ = [aM] [pqL\ — [/>M] [aqL\ 

= [aM][pqL\-^[pM][qL\a, 
since \aL\ = o. 

Now [pqL\ is a weighted point r, say, at the cut of [pq] and 
L, and [pM] [qL] is a scalar k, say. 

Hence b = [apMqL] = [aM] r+ka; and if a, Oj become b, 6j, 
then la + ljai becomes a point congruent to + 

3. If, by the above process, a becomes b, b becomes c, and 
c becomes a, then 

b = [aM]r + ka, c = [bM]r+'kb, a = [cM]r+kc, (i) 
a = [cM] r+k[bM] r+k 2 [aM] r+k^a. 

Hence k^ = i ; by (1), if k = i, then r is a vector, or point at 
infinity. We have always that c+k6 + k^a is on M, where k® = i. 

4. Sextuply perspective triangles.* We have seen that triangles 
may be triply perspective, and that if triangles abc and a'b'c’ 
are in perspective (corresponding vertices are always written in 
corresponding places), then, omitting bracket [ ], 

aa'b' . bb'c ' . cc'a' — ac'a ' . ba'b' . cb'c'. (2) 

* We assume our field of scalars is complex. 



FCE 


5 



66 


PLANE GEOMETRY 


[chap. 


If also bac and a'Vc* are in perspective, then 
ba'V . aVc ' . = bc^a' . aa'b ' . cb'c\ 

Multiplying together the right-hand sides, and the left-hand 
sides of these, we have an equation which can be written: 

[cc'a'flac'a ' . be' a' . cc'a' = [cb'c'f/ab'c ' . bb'c ' . cb'c\ (3) 

If also eba and a'b'c' are in perspective, in which case so are 
acb and a'b'c' (§ 12-2), then each function equals 

[ca'b'fiaa'b'.ba'b\ca'b'. (4) 

If also bca and ab'c' are in perspective, then so are cab and 
a'b'c'y and from (3), (4), and similar equations, 

[cb'c'f : [cc'aj : [ca'b'f = [ab'c'f : [ac'a'f : [aa'b'V 
=:^[bb'c'f:[bc'aj:[ba'b']\ 

Take c = «'4-6' + r', and [«'6V] = i, then we find [eb'e'^ — i, 
and so on. Hence 

[ab'c'f = [ac'a'f = [aa'b'f ; [bb'cj = [bc'a'f = [ba'b']\ 

Let a = -\-k2b' y b = X^a' , 

then kHki = ki = lHli = li = i. 

Since a, by c are distinct points, if we take k3 = I3 = i , which 
can be secured merely by adjusting weights, we have 

ki=e, k2 = e2, li=e-, 12 = ^, where e^ = i, 

Hence we have the standard case 

a = ea' + e^A'-fr', b = e^a ^-eV -\-c' y c = a' + i' + r'. 

Examples. 125. The triangle whose vertices have areal coordinates 
(x, y, z), (y, z, x), (z, x, y) is triply perspective with the reference 
triangle abc. 

For [a(xa + y6 + zc)] -f [b{ya + z6 + xr)] + [r(zfl + x6 + yr)] = o. 

126. If />t = [62 • ^3 ^i] = [^3 ^j] = [^i • h ^k] he the perspec- 
tive centres of two triply perspective triangles and b^b^b^ 

when i, k, j take the values i, 2, 3; 2, 3, i; 3, i, 2, then pipzp^ is 
triply perspective to both.*^ 

• Jahnke, Crelles Journ. 123 (1901), p. 42. 
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§14. Regressive products involving bivectors in a plane. 

1. As the regressive product of rotors in a plane has been 
defined, the regressive product of bivectors has been implicitly 
defined, since a bivector is the difference of two rotors, and 
multiplication is distributive. But as each bivector is a multiple 
of the unit bivector and as [t<>w] = o, the regressive product of 
two bivectors is always zero. 

2. If (0 be the unit bivector, a, 6, c any points of unit weight, 

[wa] = i, [w6] = i, [w(a-6)] = o, 

[(i ) . abl = [o)b'\ a — [ioa] b = a — b. 

Hence if oj be multiplied by any pointy it gives its weight; if it 
be multiplied by any vector^ it gives zero ; if by any rotor ^ it gives 
the vector of that rotor. 

3. We now consider equations involving vectors and their 
products only, we can hence replace by i. Then if w, v 
be vectors, [uv^ is to be treated as a scalar. We define the supple- 
ment of a scalar as itself, and hence write |[mz;] = [wz;]. Since 
\u is the vector u turned through a positive right angle, we have 

= M = (0 

4. In the spread of vectors, a regressive product is of type 

[mj v^ . W2^2]> factor [wj [w2^’2] is a scalar. The product 

hence equals [wj v^] | [^2^2]? which we usually write as {u^ v^ 1^2 ^^2] 
and by (i) it can be regarded as obtained by multiplying 
[uiv{\ by 1^2 and the result by \v2- 

[uvY = — [w \vYy (2) 

[UiVi \U2V2] = [Ml IMj] [l^i \V2] - [t^i IM2] [Ml |t>2]. (3) 

For, by § 6- 16, 

[wi Vi] w + [vi w] Ui 4- [wui] Vi = o. 

Take w= 1^2, then since [1^2 -^i] = ■“[*^1 N2]» we have 

[Mi®i] |M2 = [Ml IM2] Vi - [Di IM2] Ml. (4) 

Multiply this by |z;2j and we have (3), of which (2) is a special 
case. 


5-2 
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Examples, 127. If is a variable vector, u a fixed vector, and 
[«;|w]=w2, then all points o + where 0 is a fixed point, lie on a 
line perpendicular to u, 

128. To find the cut of the lines given by [«; | m] = and [ec; |?;] = v^y 
where «, v are known vectors from o. The vector to the cut is 
determined by 

Wu\v\ = [Wi 1^] • b = v-.\u — u'^.\v. 

129. If ay b be points, w, v unit vectors, kj, k2 scalars, to find the 
cut of (a + k^u)\u and {b + k2v)\v. 

If (0 is the unit bivector, this cut is, since [ww] = o, 

[{a\u -{-k^o)) (Z>|z; + k2C«;)] = [a\u,b\v] +kj[6>.^|t;] +k2[a\u.(i)]. 

Now is a point c with weight [|w. 1 ^’] = =sin (m, v). 

The second and third terms reduce to —k^\v and k2|M. 

Hence the cut is [uv] c — kj | z; + k2 1 m. 

130. If squares be described on the sides of any triangle abc 
exterior to the triangle, and if their sides which are parallel to the 
sides of the triangle be produced to form a triangle defy then ady bcy cf 
are concurrent. 

For the side opposite to ab is 

[(a + |(« - 6)) (6 -f |(a - ^))] = [ab] + (a- by oj. 

This side cuts the side opposite to ac in 

d = [abc] a + («-c)2 (a - 6) + (a - 6)^ (a-c). 

Thence [do] = (a — cY [ab] + (a — by [ac]y 

and this line goes through 

{b -cy a + ay b + {a- by c, (Cf. Ex. 107, p. 46.) 

§ 15. Supplements of rotors in a plane, 

I. We have already defined the supplements of vectors in 
a plane. We define the supplement of a rotor as the supplement 
of the corresponding vector, but confusion is saved if, for this 
new supplement, we introduce a new sign j. 

^[ab] = \{b — a). 

If Ly My ... be rotors, then 

+ M + ...) == + \M + .... 
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We shall not at present define the supplement of a point, so 
that [LM] has no supplement, unless L, M are parallel, in which 
case [Z/M] is a vector, and has a supplement in the old sen^e. 

2. [L|M] = [M|L]. (i) 

For, if L = \cLb\, M=\cd\y 0 = {ab, cd\ and z; be a vector per- 
pendicular to and equal to d—c^ we have, if bars denote magni- 
tudes, 

[L\M] = [L\{d-c)\ = [abv] 

= ab.v sin (aft, v) = ab. cd cos 6 , 

If a, ft, Cy d be points, then ]^\cd] is a point at infinity, or 


vector; hence 

[a[ft ^^cd]] = [aft ^cd"], (2) 

3. a |[ft^] + ft >|.[aft] = o. (3) 

For this is equivalent to Ex. 84, p. 41. 

If L, M, N be rotors, and so jL, are points at 

infinity, or vectors, then 

[MN |L] = [M ^L] N-[N |L] M. (4) 

We can write Ex. 72, p. 38, as the formula 

[d \ad . bc\ + \d ]^bd . ra] + \d \cd . aft] =0. (5) 


To shew this, since {d | arf] is a line, we have, using (2), 

[d \ad,bc\ — [cd |arf] ft — [bd |ad] c, 

4. Orthopoles,* If By C, L be rotors, then [BC ^^L] is a 
rotor from the cut of B, C perpendicular to L ; hence [BC . L] 
is at the foot of that perpendicular on L: 

[BC^^L.L. ],A\ + [CA\L.L. |B] 

H-[^B|L.L. jC] = o. (6) 

If we put [BC] = a, and so on, (6) says: if py r be the feet 
of perpendiculars from the vertices a, by c of a triangle to any line 
Ly then the perpendiculars from py gy r to bCy cay ab respectively are 
concurrent {or parallel). The point of concurrence is the ^ortho- 
pole^ of L for abc. 

• For this treatment, cf. Daniels, Em. Math. 20 (1918), p. 97. 



70 


PLANE GEOMETPY 


[chap. 


To shew (6), 

[BC iZ] = [B \L] C-[C U] B. 

Hence [BC ^L.L] = [B jZ] [CL] - [C ^Z] [ 5 Z], 

[BC iL.L. i A] = [5 |Z] [CL ^A] - [C \L] [BL ^A] 

= {[B \L] [C 1 ^] - [C jZ] [B ^A]) L 
+ [C \L] [A |Z] B-[A 4Z] [B \L] C, 

from which (6) follows at once. 

The orthopole itself is the regressive product of any two of 
the lines, namely (omitting obvious brackets), 

[A\L.B\L.C],L]{[A\L] [BC] + 

-\-[B\A.C\L-C\A.B],L].[B\L.C [L].[AL]^-. 

A ]fL, B ^L, C \L are linearly dependent, and thus Z occurs 
effectively three times in each term. Thus if the orthopole is 
given, there are three corresponding lines. 

5. Let a, b, c, a', b\ c' be points, and [bc] = A, [b'c'] =A', and 
so on. 

The identity of § i2-3 (23) holds between any six points or 
vectors. Thence 

[a~[A'.biB'.ciC'] + [biA'.ciB'.aiC'] 

+ [ciA'.aiB'.biC'] = 0. (7) 
Hence if a'b'c' be orthologic to abc and to bca, it is so to cab. 

6. Since ^b'c', \c'a', \a'b' are points on the line at infinity, 
therefore, if a, b, c are collinear, the identity § 12-3 (25) gives 

[a ic'a' . b ib'c' . .b [,a'b' .c \c'a' . . c Wc ' . a ^a'6'] = o. (8) 



Let «, i, c be collinear points on the sides b'c\ c'a\ a'b' of 
triangle a'b'c'. Then [a Ic'a'.b \b'c'] is the orthocentre of 
triangle abc'. Thus (8) shews that the orthocentres of triangles 
nAc', bca', cab' are collinear. Similarly, the orthocentre of a'b'c' 
is on this line. 
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If q = b \VcWc\ r = c\VcWc\ then [q\a'b\r is the 
orthopole of the line aVc' for a' be. Since [^ra] = o, we have 
an equation similar to (8) : 


[a . q jiV' . . a \a!V . r \b'c ' . . q [a'V . r — o. 

But = 

thence [a a' . q V'] is the orthocentre of abc ' ; 

[rWc'] = [c\b'c'l 

thence \a \a'V .r \Vc'^ is the orthocentre of [q\a'V .r]^c'a'^ 
is the orthopole of ab'c' for a'bc. 

Hence the orthopole of aVc* for the triangle a'bCy and similarly 
the orthopole of each line for the triangle formed by the other three ^ 
lies on the line of orthocentres. 


7. Through any point p draw perpendiculars Pj, P[ to the 
sides of triangles abc^ a!Vd . Through the vertices of the triangles 
draw lines Q\ perpendicular to the corresponding Pj, P[\ 
then if the concur, so do the 0 \. (Daniels.) 

Such questions as the following are best treated by means of the 
space representation of circles considered later. 

Examples. 13 1. If a line goes through the circumcentre of a 
triangle, its orthopole is on the nine-point circle. 

132. The orthopole of L for abc has the same power in all pedal 
circles of points on L with respect to abc. 
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CHAPTER II 
GEOMETRY IN SPACE 

§ i6. Weighted points in space ^ their sums and products, 

1. The considerations of §2, to the place §2- 10, where we 
restricted the work to one plane, hold in space of any dimensions. 
To restrict the work to three-dimensional space, we define: 

Def. The points a, b, c, d are 'independent' if they are distinct 
and not coplanar. (Hence no three of them are collinear.) 

We then assume (§ 2*12): 

If fl, by Cy d be independent points, and p any point, we can 
find scalars x, y, z, w such that 

(x + y-l-z 4 -w)/) = xa-f yfi-f zc + wrf, x + y + z + w^^o. (i) 

Then p is the centre of gravity of weights x, y, z, w at a, by c, d 
respectively; further x, y, z, w are proportional to the tetra- 
hedral coordinates of p with respect to the tetrahedron abed. 

It follows that, if ..., a^ be any five points, we can find 
scalars kj, ..., kg, not all zero, such that kj^j -j- ... ^-kg^g = o. 

Def, Two weighted points are ' independent' y when they differ 
in position; three weighted points are ' independent' y when they 
are not collinear. 

2. Outer products of two and of three points. These products 
are to obey the laws of §§4, 5. They represent extensives of 
steps two and three. Sums of extensives of the same step are 
to obey the laws of § i . Extensives of different steps are never 
added. 

The outer product \ah\ of two points a, b of unit weight, in 
this order, is an extensive 'of step two'y and shall represent the 
rotor along the line ab in the direction from a to by and of 
magnitude equal to the length of ab. Thus [ab\ = \cd^ if, and 
only if, Uy by Cy d are collinear, the sense from <2 to 6 is the same 
as the sense from c to dy and the intervals ab, cd are equal in 
length. 
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If k be scalar, then \^a,b\ = [a.kft] = k[ai], and each repre- 
sents the rotor [ar], where a, i, c are collinear, the sense from 

to 6 is the same as that from a to r, and the length of the 
interval ac is k times that of the interval ab. 

The work in § 4 on the addition of rotors which proceed 
from the same point requires no change; the sum of two is 
defined by the parallelogram law, the fundamental laws of 
addition are then satisfied, and as before 

[a{b + c)] = [ab] + [ac\y [(A c) a] = [bd\ + [cd\, 

\ab^ = — [bd\, [ad\ = o. 

Sums of rotors, whose lines do not meet, are considered later. 

If a, i, c be non-collinear, and of unit weight, their outer 
product \abc], in this order, is an extensive 'of step three\ and 
shall represent a 'leaf\ that is, a portion of the plane abc 
situated anjrwhere in the plane, with a sense of rotation attached, 
the sense being given by the circuit of triangle abcy when its 
sides are traversed in the order bcy cUy ab\ the magnitude of the 
portion of the plane shall be twice the area of triangle abCy and 
will be called the 'magnitude of the leaf\ 

If Gy by c be collinear, we define \abc'\ to be zero. Conversely, 
if [abc'\ = o, then a, by c are not independent. 

Thus, if Uy by c be non-collinear, then [aftr] = \def'\ if, and only 
if, the six points involved are coplanar, the areas of triangles 
abCy def equal, and the senses of description the same. 

If kj, k^, kg be scalar, then [kja.koft.kgr] = kik2k3[a6r]. 

We regard [aJr] also as the outer product of {ah'] and c, and 
as the outer product of a and [be]. Since [ab] = —[ba]y this 
leads to 

[abc] = [bca] = [cab] = — [bac] = — [eba] = — [acb]y (2) 

in agreement with our conventions connecting sign and sense of 
description. 

We denote leaves by Greek letters a, /?, .... 

3. Sense of a tetrahedron. Let aftrrf be a tetrahedron. Con- 
sider the sense of description when the sides of triangle abc are 
traversed in order bCy cay aby and consider the sense of direction 
from the plane abc to the vertex d. If these two senses are 
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related like the rotation and translation of a right-handed screw, 
we say the volume of the tetrahedron is positive; if in the con- 
trary sense, negative. Thus, for example, abed and chad are to 
be regarded as tetraheda with equal and opposite volumes. 



4. The outer product [cibcd^ of four distinct points «, 6, c^ d of 
unit weight is defined to be the scalar equal to six times the 
volume (taken with its sign) of the tetrahedron abed. 

Hence, if any two letters of [abed] be interchanged, the sign 
of the product is reversed; if three be cyclically permuted, the 
product is not altered ; if four be cyclically permuted one place, 
the sign is reversed. 

For example: 


\cibcd] = — Ipacd] = — [abdc'\ = — [aebd] = — [dbcd\y 
\cLbcd\ = \bcad] = [cabd] = — \cbad'\ 

= — \bacd^ = — [acbdl^ 
Ifibcd^ = — \bcda'\ = [cdab'\ = — [dabc'\. , 


(3) 


The second line should be compared with (2). 

Of the twenty-four permutations of the letters in \abcd'\y 
twelve give a product equal to [abcd]y and twelve a product equal 
to —\abcd\. The first set of permutations result from an even 
number of interchanges, the second from an odd number. 

If a, by Cy d are coplanar, we define [abcdl to be zero. In 
particular, this is the case, if any of the points coincide, or any 
three are collinear. 

Conversely, if [abed] = o, then «, 6, c, d are not independent. 


5. If one of ay by c, d be multiplied by a scalar k, then we assume 
that [abed] is, in consequence, multiplied by k. 


6. Distributive laws. For any points 

[abc{d + e)] = [abed] + [abce]. 
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For if Pj, p2, p be the lengths of perpendiculars from d, e, 
^(d-he) to plane abcy then 2p = Pi + P2- Fut 

[abcdl , [abce \ , [abc . \{d + e)] 

are respectively the products of twice the area of triangle abc by 
Pi, P2, p. Hence, by considering volumes, the result follows. 

Similarly [abc . k j + [abc . k2 ^] = (k j + k2) [abcp] , 
where k^d+k^e p. 

Thus, [ab{e +/) d] = - [abd{e +/)] = - [abde] - [abdf] 

= [abed^ 4 - [abfdly 
[a{b + /) cd] = [abed] + [afcd\ 

[{a +/) bed] = [abed] + [fbed], 

7. The associative law is to hold for our products. Thus 

[abed] = [a, bed] = [ab,ed] = [abc.d] = [a[bc] d]. 

This may be taken as the definition of such products as 
[ab.cd]y [a, bed]. 

That this is possible is a consequence of our sign conventions, 
which allow us to treat, say, [ab] and [cd] as wholes, and the 
distributive laws. 

8. If [abc] = [def]^ then [abcp] — [defp] for all points p. This 
follows from our geometric interpretation. 

Conversely, if [abcp] = [defp] for all points/), then [abc] — [def]. 

For take p=^d, then [abed] = [defd] = o. Hence d, and simi- 
larly /, are on the plane abc. The geometric interpretation 
(volumes and areas) then gives the conclusion. 

9. The sum of two leaves whose planes cut, or coincide. Let the 
planes have the line ab common, then since the leaves may be 
represented by any area of the right size and sense in their 
planes, we may take them to be [abc] and [abd] for suitable 
points c, d. 

If then p = we have for all points q, 

[abeq] + [abdq] = z[abpq\, 

and we define the sum of [abc], [abd] as 2[abp]. Thus we have 
the distributive law 

[abc]-^[abd] = [ab{c-^d)]. 



76 GEOMETRY IN SPACE [CHAP. 

Similarly, if kiC + k2</ = (ki+kj)/^, k,?i— k2, then for all 
poiras q, ^ab.k^dq] = (k, +k2) [abpq], 

and we write 

[ab . kj ^] + [ab . k2^] = (k^ + k2) \abp\, 

10. If n < 5, the points ...,^11 independent if, and 

only if, there are scalars kj, k^, not all zero, such that 

kj^j:j + ...+k„«^ = o, kj + ...+kn = 0. 

For, take n = 4 : if k, 4- . . . + k^ = o and, say, k, o, multi- 
ply by [a^a^a^], then = Thence 

the four points are coplanar. 

If flj, be independent, and depend on them, then 

for some scalars k, (kj4-k2 +k^) = kja^ + k^a^-l-k^a^. Take 

^4 = “(ki + kj+k^). 

If ^j, be not independent, take k^ = o. Treat the cases 

n = 2, 3 like n = 4. 

If n^5, the points are never independent. 

11. The geometric definition of our products gives, for any 

points />, 6, r, 

\pbcd\ — \pacd\ + \pabd'\ — \pabc\ = [abed] (4) 

or [pbed] + [aped] -h [abpd] + [abep] = [abed]. (5) 

Also [abed] p = [pbed] a + [aped] b 4- [abpd] e 4- [abep] d^ (6) 

[abed] p 4- [bedp] a 4- [edpa] b 4- [dpab] e 4- [pabe] d= o. 

We can deduce these without invoking geometry afresh: 

If a, by c, d be independent, we have (i) for some scalars 
X, y, z, w. 

Multiply (i) in turn by [bed]y [aed]y [abd], [abe]y then, if 
s = x4-y4-z4-w, 

^[pbed] = x[abed]y 
s[paed] = y[baed] = — y[abed]y 
s[pabd] = z[eabd] = z[abed]y 
^[pabe] = ^^[dabe] = —vf[abed]. 

Hence s([/>fet:rf] — [pcicd“\ 4- [pabd] — [pabe]^ = s[abed\. 
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If s 9^0, this gives (4). 

If s = o, then \abcd'\ = o. If then, say, w^^o, multiply the 
left-hand side of (4) by w: 

[{pbc —pac -\-pab) ( — xa — yi — zc)] - w[pabc] 

= - ^\j>abc\ — y\_pabc\ - z[pabc\ — y^{pabc\ 

= — ^[pabc\ = o. 

Hence (4) holds generally. 

To deduce (6), multiply equations (7) by —byCy —d 
respectively, and add. Then (6) follows if s^o. The case 
s = o can be treated as before. 

From (6) we deduce, on multiplication by^, [pq\ [pqA^ 

[pbcd] [ap] + [aped] [bp] 

+ [abpd] [cp] + [abep] [dp] = o, (8) 

[pbcd] [apq] + [aped] [bpq] 

+ [abpd] [cpq] + [abep] [dpq] = o, (9) 

[pbcd] [apqr] 4- [aped] \bpqr] 

4 - [abpd] [cpqr] 4- [abep] [dpqr] = 0. (10) 

\{ d=qy we have the oft-used formulae : 

[bepq] [apqr] 4- [capq] [bpqr] 4- [abpq] [cpqr] = 0, (i i) 

[bepq] [apq] 4- [capq] [bpq] 4- [abpq] [cpq] =0. (12) 

Examples, i . The incentre i of a tetrahedron abed is on the join of 
the centroids g, of the tetrahedron and of its surface. 

For, if X, y, z, w be the areas of the faces, and S = x 4 *y 4 -z 4 -w, 

4 ^ = <2 + ^4-c4-e/, St = xa 4 -y^ + zc + w^/, 
s^i = -^C’\-d) + Jy(c + </ + «) + \^(d + a-{-b) + Jw(a 4 - ^ + c). 

Hence 

2. The lines [{a + b){c + rf)], [{a 4- c) (6 + d)], [a{b + c + d)] are con- 
current. 

For they can be written 

[{a + b) {a + b-\-C’{’d)]y [{a-\-c) {a + b + c + d)]y [a{a + b-\‘C + d)], 

Thus the joins of the mid-points of opposite edges of a tetrahedrony 
and the joins of each vertex to the centroid of the opposite facey all go 
through the centroid of the tetrahedron. 



78 GEOMETRY IN SPACE [CHAP. 

3. The line through i^a + yb + zc + vfd which cuts ac and bd is 
[{xa + zc) (yb + w J)] . 

4- If [/»i?i] + [/>292] + [/'393] =0. then the lines of [p^q^, 

[/>3^3] are coplanar, and either concurrent or parallel. 

We have not yet defined the sum of rotors whose lines do not meet. 
At present we treat them formally. Multiply by [pxp‘^, then 
[P\p2pzi^ — ^- Hence ^3, and similarly lie in plane pxp2pz- 

li Piqi and/)2^2 multiplication by a gives [«/>3^3]=o. 

Hence p^q^ goes through a, 

5. If any plane through the centroid ^ of a tetrahedron abed cuts 
the edges ad^ bd^ cd in />, r, then ad.pd~^ -^bd.qd ^ +cd.rd~^ = 4. 
(Bars denote lengths.) 

For, let (i +x)/) = + (i+y)^ = y^ + ^, (i+z) r = z</ + c. 

Then, since [pqrg\ — o, we have 

[{xd + a) {yd + b) {zd+c) {a-\-b + c + d)\ = o, 
whence (i -x-y — z) = o, x + y + z = i. 

Multiply {i+x)p ^xd + ahy d, then (i +x) [pd] = [ad], 

6. Exhibit the leaf 2 [bcd]—^[cad]— 2 [abd] + [abc] as the product 
of three points, and find where its plane cuts the plane of bed. 

The leaf is 

[{a -f 2d) (b - ^d) {c - 2d)] = i[{b- 2C) {c - 2d) {b + 2a)] , 

7. If a, by Cy are collineary and a y A', c' are collineary then the 
diameters of the quadrilaterals aa'bb'y bb'cc'y cc'aa' meet in a point. 

For [(a + b') {a' + b)] + [{b + c') {b' + c)] + [{c + «') (c' + a)] 

= [be] 4- [ea] + [ab] - [bV] - - [a'b'l 

and this is zero on account of the collinearity, 

8. If abed be a skew quadrilateral, and />, r, s points on its sides, 
such that 

p = xa + x'^, q = y^ + yV, 
r = zc + z'dy ^ = wrf + w'a, 

then 

[pqrs] = (x'y'z'w' — xyzw) [abed]. 

Hence pqy rs meet, if and only if 
xyzw = x'y'z'w', 

and this depends only on the ratios in which />, r, s divide the sides. 

If we absorb weights suitably, we can take p = a + by q = b + ey 
r = e + dy s = d + ay the point of meeting m is then a-\-b-\-c + d. 
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The lines [{a-\-b)d\, [6(</+a)], [me] 

meet in the point a-\-b + d. 

This ^ives a theorem on the generators of a hyperboloid of one 
sheet, and proves that a certain triad of Pascal lines meet in a point. 
(Baker, Principles^ iii, p. 44.) 

9. If />, q move uniformly along two lines, and r divides the 
interval pq in a hxed ratio, then the locus of r is a line, or a fixed point. 
The points which divide in a fixed ratio, the joins of any two points, 
one on each of two fixed lines, lie in a plane. 

10. Any plane through the mid-points /), r of the opposite edges 
ah, cd of a tetrahedron abed divides any other pair of edges in equal 
ratios, and bisects the volume of the tetrahedron. 

If the plane cuts be and ad in q, s, and q =x^b-\-X2Cy s = y^d-{-y2a, 
(xj +X2 = yi -f y2 = i), then, as in Ex. 8, we have Xjyj =X2y2, hence 

Xi=y2, X2 = yi. 

The volume on one side of the plane is 

[apqs] + [asqr] + [aqcr] = Kx2yi ^Xiy^ + Xi) [abed] = \[ahcd]. 

§ 17. Vectors, bivectors, and trivectors in space. 

1 . We have already considered in § 2 the equality, and the 
addition, of vectors. As in the plane, if a, b, p are points of unit 
weight, and therefore a — b is a vector, then [p{a — b)] is the 
rotor through p parallel to the vector. 

If {p{a — b)] = [p{c — d)] for all/), then a — b = c—d. 

2. If Wj, be any vectors, we can find scalars kj, ..., k4, 

not all zero, such that kje/j -f- ... +k4W4 = o. 

Forwe can write — a — by, U2 — ^4 = 

where a is any fixed point, and the b are taken suitably. If the 
b are independent, then {ky-\- a = kyby-\- for 

suitable scalars kj, ..., k4. 

If the b are not independent, we can find k such that 
kyby + k2b2 + k^b^-\-k^b^ = o, ki + k2 + k3 + k4 = 0. 

Hence kj + . . . 4- k4 W4 = o in both cases. 

3. The outer product of two vectors u, v is a ^bivector^ [uv]. 
As Uy V each determine a set of parallel lines, they together fix 
a set of parallel planes, and \uv] may be considered to lie on any 
of them. We define the equality of bivectors as in § 6*7: 
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If [{h-CL){c-a)\ = [(/>““«)(?—«)], then \abc\ = {apq\, and con- 
versely. We may accordingly represent the bivector [(i -a){c— a)\ 
by any area, in one of its parallel planes, whose magnitude and 
sense are the same as those of the area representing [abc\. 

If a be any extensive or combination of extensives for which 
a magnitude is defined, we denote that magnitude by mag a. 

Thus if w, V be vectors and u = mag m, ^ = mag z;, then 
mag [uv\ = uv sin (w, v), where (u, v) is the angle from u to v. 

As in the plane [uv] = — [vu\ \ [uv] = o if, and only if, w, v are 
parallel or m = o, or z; = o. 

The difference of two equal and parallel rotors au, bu is a 
bi vector [(a — b) u]. 

The sum of two bivectors is a bivector. For if u be any vector, 
we can draw the planes of the bivectors through w, and find 
vectors v^^ V2 in these planes such that the bivectors are [uv{\y 
[uv^. Their sum can be defined as [u{vy\-v^]. 

4. The outer product of three vectors w, Vy wisa' trivector ^ [uvw ] . 

[(6 — a){c- a) {d - a)] and [{p - a) {q- a) (r ~ a)] 

are defined to be equal, if [abcd] = [apqr]. 

Hence, if [uvw] = [uiViw{\y the tetrahedron with vertex at any 
point a and edges from a equal and parallel to the vectors «, Vy w 
is equal in volume and sense to the tetrahedron with vertex 
at a and edges from a equal and parallel to the vectors u^yV^yW^. 
This volume, multiplied by 6, with its proper sign, is the 
'magnitude* of the trivector. 

[uvw] = — \vuw] = [wuv]y and so on, as for points in a plane. 

We may also consider [uvw] as the product, not defined so 
far, of u and [vw] or of [uv] and w\ 

[uvw] = [u.vw] = [uv.w] = [w.uv]. 

If a' = {wUy uv)y P = {Wy u) y j = (m, z^) kc signod angles, then 
geometric formulae for areas and volumes give us 

mag [uvw] = mag u . mag v . mag w.sin sin 7 sin a'. 

5. The product of a point and a trivector. The 'moment* of 
[(ft — a){c — a) {d — a)] round p is defined to be 

[p{b-a){c^a){d^a)]. 
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It is independent of />, for assuming the distributive law, it equals 

\j>bcd'\ -h \apcd] 4- [abpd\ -f \abcp\ 

= \abcd\ = magnitude of trivector. 

v=p — q is 2i vector, F a trivector, we define 

m = [{p-q)n-[pn-kn 

The outer product of a vector and a trivector is therefore zero. 
The outer product of any four vectors is zero. 


6. If «, 6, c^ d be independent points, and b — a = UyC — a = Vy 
d — a = Wy then any vector r is of the form r = kj w + k2t; + k3tt;, 
the k scalars. 

For r can be written as /— a, where 

f =x^a-{- ...-^x^dy (xj + . . . + X4 = I ). 

Hence r = X2{b — a)-h x^(c — a) 4 - x^(d — a), 
as required. 

Hence any bivector [rs] is a linear combination of \yw\y [ww], 
[uv^y and any trivector \rst\ is a multiple of \uvw\. 


7. Let be a trivector of unit moment, the *unit trivector\ 
Then any trivector is a scalar multiple of Q. Thence two 
trivectors of equal magnitude are identical. 

Hence if [abcd]=^[aVc'd']y 

then [{b^a) {c-a) {d-a)] = [{F-a) (c'-a) (rf'-a)]. 

In any equation which involves only vectors and their pro- 
ducts, a trivector may be replaced by its magnitude, that is, may 
be treated as a scalar. 

If Uy Vy w are vectors, we define 


. r \uvw'\ 

sm [uvw\ = -/-2 / 2T2- 
yu^ 


8. The product of a point p and a bivector t/ is a leaf whose 
plane goes through the point and is parallel to the planes of the 
bivector, and whose magnitude equals that of the bivector. 

For U can be written [(«—/>) (^ —/>)], by suitable choice of 
ayb. Wtnct [pU] = [pab\. 
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If a vector u be parallel to the planes of a bivector C/, then 

The product of a rotor and a vector is a leaf whose plane goes 
through the line of the rotor and is parallel to the lines of the 
vector. For its magnitude, see lo below. 

9. The definition in 3 gives the distributive law 

\u{v + w)\ = \uv] 4- \uw \ . 

If U be a bi vector, an argument, similar to that in § 5*2, shews 
[U(v^w)\ = [Uv] + [Uwl 

10. Difference of leaves. [abc'\ — [abd^ (cf. §16*9) is inter- 
preted as \cLb{c — d )] ; let /) be a point such that c — d = b — />, then 

[ab(c--d)] = [ab{b-p)] = -[abpl 
[abc\-\-[abp] = [ab{c-\-p)\ — [ab{b-\-d)\ = [abd]. 

Thus the usual relations between sums and differences hold. 

11. Sum of two parallel leaves. Two parallel leaves can be 
written in the form k^[auv'\^ k2\buv]y where kj, k2 are scalars, «, b 
points, Uy V vectors. If kj +k2 7^o, their sum is the parallel leaf 
[(kj a + k2 6) uvl ; if kj 4- k2 = o, their sum is the trivector k^\wuv\ 
where w = a — b. 

12. Since [abc]-h[dba]-}‘[dcb]-h[dac] can be written as 
[{a — b) {b — c) {c — d)\y it is a trivector. If the perimeters of the 
faces of the tetrahedron abed be each described in the positive 
sense given by the terms [air], ..., then each edge is described 
once in each of its two directions. 

If the outer products of a sum of leaves by three independent 
vectors vanish, the sum is a trivector or zero. 

13. For any vectors Wj, ^2, W3, W4, 

[^2 W3 W4] Ui — [Wj «3 W4] «2 + [^1 ^2 ^4] ^3 “ [^1 ^2 ^3] ^4 = 0. 

For we can find scalars kj, ..., k4, not all zero, such that 
kiWi4-...4-k4W4 = 0; 

hence k^ [u^ 1/3 uf\ 4- k2[u2 uf\ = o. 

This and similar equations give the ratios of the k. 
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Thus, if vectors Mj, ...» M 4 are in equilibrium, then 

M,4*...+M4 = 0 

gives 

mag _ _ _ mag U 2 _ mag _ mag 

sin [^2 «3 W4] sin [mj W3 1/4] sin [mj 1/2 W4] sin \u^ U2 W3] ’ 

(Mobius.) 

Examples. 1 1 . If an ordinary polyhedron be taken, and leaves be 
placed on its face-planes whose magnitudes are the areas of the faces, 
and whose senses are so adjusted that when the perimeters of the faces 
are described in the positive sense, each edge is described once in 
each direction, then the sum of the leaves is a trivector. This adjust- 
ment of the senses is always possible when the polyhedron is two- 
sided, as the term is used in topology, and only in that case. 

12. If oa, ob, oc be edges of a parallelepiped, then its diagonal 
od cuts the triangle abc at its centroid, and is trisected there. 

13. If a line through the centroid ^ of a tetrahedron abed cuts the 
planes body aedy abdy abc in />, r, 5, and if the lengths of gpy gqy gty gs, 
taking account of signs, be x, y, z, w, then 

_j_y_i +w“^ = o. 

For, if z; be a unit vector along the line, then p = g-\-xv {x scalar), 
[pbed] = o, [gbcd'\ -{-x\vbcd]y 
[vbed] = —x~^[gbcd'\ = -\x-^[abcd\y 

and so on. Then 

\v(bcd — acd + abd — abc)\ = o 

gives the result. 

14. The points by c and dy = xa + yb + zc, are projected from p to 
a! y b\ c\ d'y where d' = xa'+y'b'-\-zc'. Then lx'x~^ =my'y“^ =nz'z“^ 
where 1, m, n are scalars depending only on the position of the 
planes abcy ab'c'. 

15. If through the mid-points of the edges bcy cay ab of a tetra- 
hedron abed parallels be drawn to the opposite edges, they meet in 
a point on the join of d to the centroid of abed. 

16. If V ^p — Oy where o is a fixed point, p a variable point, u a 
fixed vector, \vu\ a fixed bivector t/, then the locus of is a line 
parallel to u. 

If the lines corresponding to [vui] = C/j and [VU2] = U2 cut, then 
[u,U,] + [u,Ui\ = o. 


6-2 
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17. If w, V be unit vectors along two lines, in plane a, which in- 
tersect and are equally inclined to plane then [Uu\ — [Uv\ where 
17 is a bivector parallel to /?. The vector u — v is along the cut of 
a and /3. 

18. If «; be a variable vector, m, v fixed vectors, all from a fixed 
point, and if w = u + kv, then the end-point of zv describes a line as 
the scalar k varies. 

The shortest distance between two lines represented by tVy 
= Mj + kviy and = M2 + ^ length 

mag [(«, -«2) ®i®2]/mag 

For if the line of the shortest distance cuts the lines in points />, q 
which correspond to the following values of zv : 

Wl =Mi+kiZ;i, ZV2 = U2-hk2V2y 

then ^ = Wj — 26^2 = ^1 — ^2 + “ ^2 ^2 ’> 

[(/> - ?) ®i ®2] = [(«i - “ 2 ) ®i ®2] : 

inag iip-q) ®, ®2] = mag [2>, I, 

where 1 is the length of the perpendicular from p on to the plane 
through q parallel to the plane of 

19. If any transversal cuts the faces of the tetrahedron abed in 
points a! y b\ c\ d' on the faces opposite ay by c, dy then the mid-points 
of the intervals aa! y bV y cc\ dd' are coplanary on the ^median 
plane \ 

For, let u^xa-\-yb + zc + v/dy (x + y -h z + w = o), be a unit vector 
along the transversal, and 

p =XiM + yi6 + ZiC + Wi</, (xi+yi+Zj+Wj = i) 

be any point on the transversal. If the transversal cuts bed in 

a' =/) + kM, 

then [a'bcd] =0, k = —[pbcd\l\ubcd] = -XjX'^ 

x(a + a’) = XM + x/>~XiM. 

Similarly for y{b-\-V) and so on. Hence 

x(a + a') + w((i + d') 

= (xM + ... H-w^i) + (x+ ... +w)/)-(xi + ... 4 *Wi) M = o. 

20. From a line and five planes we get five median planes for the 
five tetrahedra; these planes meet in a line. From a line and six planes 

fift^^n median planes; these meet in a point, 

(Serret, Giomitrie de directiony p. 237.) 
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21 . Parallel lines through the vertices a, A, Cyd of 3. tetrahedron cut 
the opposite faces in a'b'c'd'; then [a'b'c'd'] = —^l^bcd]. 

For let a' -a = Uyy b' — b^u^y 

and so on. Then [uyU2\ = o (parallel vectors). 

[a'A W'] = abed + bed — aed + 1/3 abd — abe. 

But a' lies on bedy hence 

[{a + Ml) bed] = o, [Mi bed] = — [abed]. 

Similarly, [u2aed] — [abed^y and so on. 

§18. The supplements of vectors in space, 

1 . Let iy jy k be mutually perpendicular unit vectors, such 
that \ijk\ is the unit trivector Q. In dealing with equations which 
involve only vectors and their products, we can replace Q by 
unity. 

Any vector u is of form u =h*+my+n^; 1 , m, n scalars. 

2. If u be any vector, we denote its 'supplement^ by [m, and 
define it as follows: 

If M = h'+rTy + n^, then |« = l|f+m|y+n|^. 

3. We write I=[jk], J = [ki], K=\ij]. 

If U be any bivector, we denote its 'supplement' by \U, and 
define it as follows : 

|/ = f. 17 =;, \K = k. 

If U = U+mJ + nK, then l[/= l|/+m |7 + n|/i:. (17-6) 

The supplement of a vector is a bivector; of a bivector, a 
vector. If we take the supplement of the supplement, we have 
\\i= \I=iy ||/= \i = I, and so on; hence ||« = m, \\U=U. This is 
different in sign from the corresponding result in the plane 
(§ 7*2); the significance of the difference will be seen later. 

|(M-fz;) = |M+|z;, |(t/-f F)=|C/+|F. 

4. If u = lt-{-mj+nky 

then \u = l[jk] + m[ki] + n[ij] =1“^[(1; — mi) (1^ — ni)]. 

Now h‘+my is the projection of u on the ij plane, — mi is 
perpendicular to and equal to this projection, and it lies in the 
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ij plane; is the projection of u on the ik plane, \k — ni is 

perpendicular to and equal to this projection, and it lies in the 
ik plane. Thus \j—mi and Ik — ni are both perpendicular to w. 

Hence the planes of \u are perpendicular to u; dually^ the lines of 
1 U are perpendicular to U, 

5. The outer product \u,\v^oi u and \v is written \u\v\ and 
is called the Hnner producV of u and v. Similarly for \IJ\V^. 
We have 

[m=u\j]=[K\K]=i. 

The inner product of two distinct elements of i, 7, k is zero. 
Similarly for /, /, K. 

[u\u] = [(h* + mj + n/j) | (If + m; + n/j)] 

= [(If -f my -t- nk) {l[jk] -f m[/»] 4- n[iy])] 

= 1^ + m^ + n^. 

Hence, by elementary geometry, [u\u\ is the square of the 
length of the interval from the origin which represents w. Hence 
'>J[u\u\ = mag «, the square root being taken with positive sign. 

By our definitions, u and \u are related in sense like the 
translation and rotation of a right-handed screw. This with the 
end remark of 4 shews that the result of the operation of taking 
the supplement of u is independent of f, y, k, 

6. If 1/ = If+my+n^, = I'f+m'y-f n'^, 

then [u\v\— 11 ' + mm' -f nn', 

whence \u \v] = [v \u\. Similarly {U\V] = [V\U], for bivectors. 

Invoking the formula in solid geometry for the angle between 
two directed lines, we have 

[u\v\^ mag u . mag v . cos (w, v), 

\u\v\ = o, if, and only if, m, v are perpendicular, or w = o, or = o. 

7. If V is any vector, mag z; = mag \v. Hence if \v = Vy then 
mag V = mag | V, 

For if w be a vector perpendicular to the planes of the bivector 
\u^u^y and in such a direction that [uuiu<^ is positive, then, by 
§ 17*4, mag [tt«i«2] is the product of mag u and mag {UiU^, 
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Now if M is a unit vector, then [w | w] = i . But \u | w] is the outer 
product of the vector u and the bivector [w, and u is perpen- 
dicular to the planes of \u. Hence in this case mag \u — 1. 

Hence in general mag u = mag | w, mag kw = mag k \u. 

We often write for [m|w], for [U | U]. 


8. If 


then 


= Xi f + yj + Zj k, V 2 = X2t + y2j + Z2*» 


b’l ®2] = (Yi Z2 - y2Zi) [i^] + (Zi X2 - ZjX,) [fe] + (x, y2 - X2y,) \ij], 

lbi^2] = (yiZ2-y2Zi)* +(ziX2-Z2X,); + (x, y2 - X2yi) 

Hence mag hence mzg[v^V2]j equals the square 

root of 

(y , Z2 - y2 z, )2 + (zi X2 - Z2 X, )2 + (xi y2 - X2 y , )2. 

If t/, V be bivectors, then [U\V] = mag U mag V cos (t/, V), 

9. The outer product of [V1V2] and = x^t + y^j+z^k is 


bl®2«'3] = 


Xl Vl Zl 

X2 y2 Z2 
X3 Ys Z3 


10. If F is a bivector, and pj, po, />3, o points, and bars denote 
lengths, then 

[V{p3-o)\ = mag F.^j.cos {op^, \ V), 

[{Pi-o)ip2-o)ip3j-o)] _ 

= o/>i .o/>2 sin (opj, op.^,op2 sin {op^y op^p^. 


§19. Regressive products of bivectors in space, 

I. There is a correspondence between many of the formulae 
so far developed and those for points in a plane. This is exempli- 
fied in the table : 

Point a Vector u 

Rotor [ah'] Bivector [uvl 

Leaf [abc] Trivector [uvw\ 
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The reason for the correspondence is obvious when vectors 
in space are replaced by points on the plane at infinity. Later on, 
we shall find something in the plane corresponding to the inner 
product of vectors. 

To the formula for points in a plane, 

[bed] a — [eda] b -f [dab] c — [abc] = o, 
corresponds that for vectors in space, 

[vwr] u — [wrti] v 4- [ruv] w — [uvw] r = o. 

2 , To extend this analogy, we define the ' regressive product' 
of two bivectors in the spread of vectors. Corresponding to the 
formula in a plane ; 

[ab , cd] — [abd] c — [abc] d ; 

we define the ^regressive product' of the bivectors [uv]^ [wr] as 
follows : _ [uvr] w — [uvw] r, ( i ) 

Thence [uv . wr] = [uwr] v — [vwr] u, (2) 

Thus \uv,wr] is a vector parallel to the planes of [uv] and to 
the planes of [wr]. Hence it is a vector parallel to the cuts of any 
two planes of the bivectors. 

If Uy V be bivectors, then 

[UV] = -[VUl [UU]^o, ( 3 ) 

[U,wr] = [Ur] w- [Uw] r; [wr, U] = [wU] r- [rU] w, (4) 

3. IM =[!«>]• 

For if Uy V be parallel, the planes of |m, \v are parallel and both 
sides vanish. 

If Uy V be not parallel, then any two planes of |w, \v respec- 
tively meet in a line, and we can find vectors W2> ^ such that 
\u = [wu{]y \v — [wu^y where u^y U2 are in a plane of [uv]. Then 
the angles («, v) and (mj, uf) are equal in magnitude and sign, 
and w is perpendicular to Wj, ^2* We can take «; to be a 
unit vector. 

Then mag u = mag [wu{\ = mag Wj, 

mag V = mag M2* | [uv] = kwy 

k = mag [uv] = mag u , mag v , sin (m, v) 

= mag Ml . mag M2 . sin (mj, M2). 


where 
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But [|^- 1^] = \_wu^,wu^ = \wuyU^ Wy 

\wu^ W2] == ^^8 • ^^8 ^2 • ("i> ^2)* 

Hence |[m^] = [1w. |^^]. 

4 . If [/, F be bivectors, then \[UV] = [\U.\ F]. 

For if U=\u, V= \v, then, by 3 , 

[UV] = [\u.\v] = \[uvl 

Take supplements, then 

\[UV] = [uv]=^[\U.\Vl 
since w = 1 1/, v=\V. 

5 . If ?7, F be bivectors and 1 1/= w, \ V = v, then, by § 187 , 

mag [UV] = mag \[UV] = mag [| U, 1 F] 

= mag [uv\ = mag u . mag v . sin (w, v). 

But sin (m, z;) = sin ((7, F). Hence 

mag [i7F] = mag C/.mag F.sin (17, F). 

The derivation shews how the angle (i7, F) must be chosen. 

6 . The outer product of a vector w and a bivector W is the 
scalar [w\w(\^ where lJV=zvi, lV=lzVi. 

If f/, F, W be bivectors, and Wj, zv^ their supplements, 
then [UV] is a vector w, say, and the outer product of [UV] 
and W is the scalar [wW]. Hence 

[UV, W] = [w\w,] = K \w] = [\w.wy] 

= [|[C/F].«;,] = [[|C/.iF]«;,] 

Similarly [17. VW] = [m, w,]. 

Hence [UV . W] = [U. VW], and each may be written [UVW], 

7 . We define the 'supplement' of a scalar as the scalar itself. 

Then \[wW] = [\w .\W], For, if \ W=Wyy we have 

l[z(;IF] = [zvW] = = [w^ \w] = [\zv.tvy] = [[w. jlF]. 

Hence also 

= [|w. = [|w|z;|tt;], \[UVW] = [|^7|F|IF]. 

Note that while (§ 17 * 4 ) we have [w|«^] = [|«^.«], we have 
(§i7-3)[«|F] = -[|F.«]. 
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8. If M, V, w, r be vectors, then with the usual convention on 

multiplication (§ 13*1), [uv\w,\r\ means the result of multi- 
plying \uv\ by \wj and the result by |r, both multiplications being 
outer. Since the associative law holds for bivectors by 6, the 
result is the product of [uv\ and that is, of [w] and 

IM- 

We denote this product by \uv\wr]. It is a scalar. Hence, 

by 7» 

[uv\wr\ == = Wuv.wr] = [wr\uv\. 

By 5, this gives 

mag \uv\wr\ = mag wz;.mag wr.cos (uVy wr). 

9. If w, Vy w be vectors, not necessarily coplanar, then 

|w] = [v \u\ w — [w |w] V, (5) 

For, let U—\u, then, by (4), 

[vw M]=^\vU]w — [wU] V, 

Take supplements, then, since 

|[t;«;|w] = [\vw,u\ = — [u\vw\, 

we have 

[u\vw\ — \w\u\ \v — [v\u\ \w= [u\w'\ — [wjz;] \w, (6) 

Multiply (5) by |r, where r is any vector, then 

[vw \ur] = [v\u\[w\r\ — [w \u\ [v |r]. (7) 

In particular, writing [vwY for [vw\vw'\y we have 

[vwf = v'^w'^ — [v I (8) 

By (5). (6). (7) 

[u Ivwl + [v \wu\ + !««;] = o,l 

[vw |w] + [wu \v] + [uv\w'] = o, y (9) 

[vw \ur\ -I" [wu \vr\ -f- [uv \wr\ = o. j 

10. Also 

[r|tt] \vw-\-[r\v'\ \wU’\-[r\w‘\ \uv = [uvw"] r. (10) 

For, if M, Vy w be independent, there are scalars k, not all 
zero, such that 

[uvw'\ r = kj I [vw'\ 4- kg | [wu\ + k3 | [uv]. 
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Since \uvw\ is scalar, this gives 

\uvw\ [r \u\ = kj |[wa;] \u — k, |[©wm] = ki[vwu\ = ki[Mm«]. 

If M, V, to be not independent, their outer product vanishes, 
and the proof is easy. 

From (10), (8) we have 

\uvwf == [w|m], [«|^^], [«!«’] • (ii) 

[wIm], \v\v], [ujw] 

[ro|«], [w]?'], [K)|a;] 

Also, if M, V, to be vectors, C 7 , V, W bivectors, then 

[uvto-\[UVW]= [«t/], [mF], [uW] . (12) 

[vUl [vV], [vW] 

[toU], [toV], [toW] 

For any vectors «, v, 

® =72 [® 1 “] “+^ [uv\u]. (Cf. § 8-14.) 

11. Since [w|z;] = i/^ cos (w, where bars denote magni- 
tudes, (ii) gives 

[uvwY" = ( I — cos^ a — cos^ ji — cos^ y *f 2 cos a cos /? cos 7), 

where ol = {v, w), ^ = u), 7==(i/, v). From (7), (9), 

sin {Vy w) sin (w, r) cos {vw, ur) 

= cos {Vy u) cos (zVy r) — cos (w, u) cos (v, r), (13) 

sin {Uy v) sin (Vy w) cos (uVy vw) 

= cos (Uy v) cos {Vy zv) — cos {Uy zv)y (14) 
sin {Vy zv) sin (u, r) cos (vzvy ur) 

4- sin (zVy u) sin (Vy r) cos (zvu, vr) 

+ sin (Uy v) sin («;, r) cos (uVy zvr) = o. 

12. Many formulae in a plane which involve only vectors and 
their inner products hold when these vectors are in space, and 
we have in each case a dual formula obtained by replacing each 
vector by a bivector. For example, 

[(«-*) + [(*-':) |(a-d)] + [(r-«) l(i-d)] = 0. 

If a, by Cy d be vectors, this is shewn in § 8*1, and as only the 
differences of vectors enter, it holds also when a, 6, c, d are 
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points. Hence if ab is perpendicular to cd, and be to ad, then so 
is ca to bd. The identities of §8*i to §8*ii have immediate 
applications to space figures. Thus from (8*4): if in a tetrahedron 
be is perpendicular to ad, then the join of the mid-points of ea 
and bd has the same length as the join of the mid-points of ab 
and ed, and conversely. 

Again 

[(^a + b)-{c + d))\{{b-c)-{a-d))] = {b-cf-{a-df 

gives us : if be, ad are of equal length, the join of the mid-points 
of ab and ed is equally inelined to them, (Cf. chap, i, Exs. 17 
and 68.) From this and Ex. 9, p. 79, we have a theorem of 
later use : 

If a line is displaeed in spaee, the mid-points of the joins of 
eorresponding points lie on a line equally inelined to the two 
positions of the given line. 

13. If py Pi be any points and u, t/j, v, Vi any unit veetors, 
and [u\v'\ — [ui\v^, then the plane through the mid-points of the 
joins 

PPu + (/> + l«^)(/>i + K), (k, 1 any scalars) 

is equally inclined to the planes 

[p(p + \iu){p + \v)] and [/>i(/>i+k«,)(/»,+b,)]. 

For, by (7) 

= [(m + tt,) |tt] [(?; + w,) It;] - [(« + m,) I®] [(® + ®i) l«] 

-[(« + «,) |m,] [(v + vi) b,] + [(« + «,) It;,] [(I’ + i’i) I Ml] = o, 

for the terms cancel, by hypothesis, on multiplying out. 

Cor. If a plane pqr be moved into position pi^iri, the joins of 
eorresponding points have their mid-points on a plane equally 
inelined to pqr and pi qi (Cf. § 103.) 

There is an exceptional case when w = —Wj, v —Vi, the 
mid-points then all coincide. 

Examples. 22. (i) If g is the centroid, 0 the circumcentre of the 
tetrahedron abed, and p a point such that g is the mid-point of op, 
then p is the cut of planes through the mid-points of the edges abed 
perpendicular to the opposite edges. 
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For let Oj = a — o, and so on ; then 

a\ = b\ = cj = dl gi = J(a, + 6, + c, + d,), />, = 2g^. 

=m-c\)=o. 

Hence the join of p to the mid-point of ab is perpendicular to cd, 

(ii) If q is one-third of the way from g along gp, then q is the centre 
of a sphere through the centroids of the faces of the tetrahedron and 
through the points one-third of the way from p to the vertices. 

For 9i =i(2^i +/),)= i(a,+ 6, +r,+d,), 

whence (^, -f^f = (5, - l^f, 

where /l = +Cy+ dy)^ ly = \{ 2 py + dy). 

23. If the opposite edges of the tetrahedron abed be at right angles, 
then its altitudes meet, in h say. Take h for origin, Uy — a — h^ and so 
on. Then the six products [uy |^,], \ay ... are all equal. Let k be 
their common value, then 

[6, c^d^] a, = k |([6,c,] + [c, d,] + [d, 6,]). 

The point h is the cut of the shortest intervals between the edges. 

The equation of the circumsphere is (r being a variable vector 
from A as origin) r2-4[r|^,] + 3k = 0. 

The square of its radius is 4- ... its centre is 2 g — h, 

The mid-points of the edges and the feet of the perpendiculars 
from h to the edges lie on the sphere (with r as before), 

^^“2[r|^i]4-k = o. 

The sphere of Ex, 22 now goes through the orthocentres of the 
faces and its equation is 

3''^-4[''l5i] + k = o 

and the radius is one-third of the circumradius. This sphere, the 
circumsphere, and the sphere on diameter hg have a common 
radical plane [^|^i]=k. 

24. If the opposite edges of the tetrahedron abed are equal, the 
centroid and circumcentre coincide, and conversely. 

For take the circumcentre as origin of vectors, then a\ = b\ = e\ = d\ 
and {ay —byY = (ey —dy)-, and so on, give 

[fl, |A,] = [c, \d,l [b, |c,] = [«, \d,], [c, |a,] = [A, 

Hence (a, + A, +c, = 4af + 4([a, |A,] + [a, |c,] + [a, Irf,]) 

= 4[a, l(a, +A, +c^ 
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Thus the vector is perpendicular to gi—a^ where 
4^1 + 

Similarly, is perpendicular to g^-b^y hence =o. 

Conversely, if gi = o, then ; squaring, we have 

[^i l^i] = [^1 Ki]» herice = (^i — and so on. 

25. We can generalise Ex. 22 to higher spreads. If cii, ..»> 
independent points in a spread of step n, and g their centroid^ then a 
hypersphere goes through the centroids of the faces of the simplex 

•••» ^n» homothetic to the circumsphere^ the centre of the 

homothety being g, and its ratio i : n — i . 

For a, -^ = (n - i) {g-{a^ + ... +a„)/(n- 1)). 

If through the centroid of a boundary simplex of step n — 2, we draw 
a prime perpendicular to the opposite edge, all these perpendiculars go 
through a point m and (n - 2) - 0) = 2{g - m), where 0 is the circum- 
centre of the simplex. 

If the simplex a^, a^^ is such that its n altitudes cut in a point A, 

then m^hy and the sphere through the centroids of the faces goes through 
the feet of the altitudes and divides the intervals from h to the vertices 
in the ratio i:n — 2. (Mehmke.*) 

26. If at the vertex ^ of a tetrahedron abed we draw perpendicular 
planes to ad, bd, cd, they cut the opposite edges in collinear points. 

27. If u is perpendicular to U = {ywl ^ o, it is perpendicular to 
V and w. 

For o = ^ \v\u\ w — {w\ti\ v, and v, w are independent. 

28. If oa, ob, oc be mutually perpendicular lines, then the foot h 
of the perpendicular from 0 to the plane abc is the orthocentre of 
triangle abc. 

For, take 0 as origin, and let h^—h-o, and so on. Then 
[^1^1 |Ai] = 0. Hence, as in Ex. 27, [a^ |Ai] = [A, |A|] =0. But 

Hence [(6, -c,) |(/ii -ai)] = o, and so on. 

29. If ® is equally inclined to the coplanar vectors u^, «2. *<3. it i* 
perpendicular to their plane. 

For [fl«i] = [f|«2] = [t'l«3] 

gives [V I («i - Kj)] = [t'|(« 2 -« 3 )] = o- 

[v\(u^-U 2 ) (M 2 -« 3 )] =0- 
• Sitz. Heidelherger Akad. der Wiss. (1931), 10 Abh. 
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30. If Mj, Mg, W3, M4 be four vectors from a point on a sphere to 
four other points on the sphere, then 

[M2M3M4] Mf-[M3M4Mi] m| + [M4MiM2] u\ = O. 

(Cf.§9(5).) 

31. Through a fixed point o inside a sphere three perpendicular 
intervals o/), oq^ or are drawn to the sphere, and the box opqrs is 
completed, where j is the vertex opposite to o. Then the locus of s 
is a sphere concentric to that given. (Cf. Ex. 91, p. 43.) 

32. If through a point of space go perpendicular planes a and aj, 
and perpendicular planes and /ij, then the plane through [ay^] and 
[ai/^i] is perpendicular to that through [a/?j] and [aj/i]. (Analogue of 
Hesse’s Theorem, § 26*6.) 

33. If a, /y be intersecting planes, p any point on a, and the per- 
pendicular line to a at /) cuts in and the perpendicular to /? at ^ 
cuts a in r, then qr is perpendicular to the cut of a, /i. 

For, if M is the vector of the cut, then [((/ —p) |m] =0, [(r — ^) |m] = o. 
Hence [(/>-“r)|M] = o. 

34. If abed be a tetrahedron, such that altitudes from by c intersect, 
then be is perpendicular to ad, 

35. If op is perpendicular to oab, and oe to aby then the planes 
opey oab are perpendicular. 

For, take o as origin, and let p^ = p - o, and so on, then 
[«1 1 /’ll = [*1 1 /’ll = o, [c, I (a, -hi)] = o. 

Hence [pi^i K«i^ +*i/>i +/'i«i)] = ki] 

36. If oabe be a tetrahedron and faces boey roa, aob be mutually 

perpendicular, then + [^1^1] ’ is the square of the area 

of abey where a^ = m-o, and so on. (Square and use 

k,a,k,6,]=o, ....) 

37. If p, q be the centroids of the faces bedy eda of the tetrahedron 
abedy then the radical plane of the spheres on diameters op, bq bisects 
cd and is perpendicular to ab. 

For let 0 be a common point of the spheres, and hence on their 
radical plane. Take 0 as origin, then [pj |mj] = |^j] =0; hence 

[(*1 +^i)ki] =0, [(^i+«^i+«i)|^i] =0, 

But Cj -f is a vector from 0 through the mid-point of cdy while 
\{a — b) gives a plane perpendicular to ab. 
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38. If the opposite edges of a tetrahedron be equal, then (i) the 
faces are congruent triangles, (ii) the opposite dihedral angles are 
equal, (iii) each edge is equally inclined to its opposite edge, (iv) the 
four solid angles are congruent. 

For, take the circumcentre as origin, then (^1 = (^i -“^1)^ 
gives [A,|c,] = [a,|^/,]. 

Similarly [c^ \ a^] = [b^ [a^ |Ai] = [c^ Hence 

(i) (6, Cl + Cl a, + «, = (6, c, +Ci rf, + di bif. 

(ii) 

(iii) [ab.cd] = \bc.ad\. 

(iv) [(rf, - a,) {di-bi) {di -c,)] = - [(a, -6,) (a, -c,) (a, -<ii)]. 

39. If flj, ^21 ^3» ^4 he arbitrary points, and kj, ..., k4 scalars, then 

is constant as p varies, if, and only if, are 

coplanar, and kj, ..., k4 are proportional to 

[(ha^a^], -[0,0304], [0,0204], -[0,0203]. 

40. If p ^xa-\-yb-\-zc-\-v!dy x + y + z + w=i, then 

xpa^ + ... 4- = Uxyab^ = — power of p for sphere abed, 

41. If Uy Vy w be vectors, the vectors equally inclined to their lines 
are multiples ofvw,u-}-wu.v-{-uv,Wy where uv = mag [w«;], and so on. 

42. If abed be a tetrahedron, the foot p of the perpendicular from 
d to the plane abe is given by V^d — [abed] | F, where 

V = [be] + [ea] + [ab], 

For, since | F is a vector perpendicular to plane abey we can let 
d—p = k|F (k scalar); then [V{d—p)] = kF^. But 

[V{d-p)] = [(be + ea + ab) {d-p)\ 

= [bed — aed + abd — abe] = [abed] Q, 

43. If Mj, 1/2 be vectors, F a bivector, k a scalar, then if [vu{\ = F, 
o-k-v will describe a line, and if [t;|M2] = ^» ^hen o + will describe a 
plane. To find where the line and plane cut, we have v given by 

[V\U^ = [®« 1 1«2] = [® 1«2] «1 - [«1 1«2] ® = k«i - [«, IK 2 ] V. 

44. Planes given in a similar way by [«^|mi] =ki (i = i, 2, 3) meet 
in the point o + Wy where 

[«,«2«3] = kl[tt2«3] +k2[«3«l] +k3[«l«2]- 

45. If [vu{\ = Fp [vu^ = F2 give two skew lines (as in Ex. 43), and 
a line through 0 meets them in />, then 
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For the direction of pq is given by [V^ V^, Thence 

k[V, = [{p^o) I/,] = k'[F, = V,. 

But [V.V^.u,] = [V,u,] V^^[V^u,] V, = -[V,u,] V,. 

46. The condition that p = o-hxi-hyj -h zk should lie on the plane 

[(o -f li) (o + mj ) (o + nk)] is xl ' + ym~^ + zn~^ = i . 

47. The line [o{\i + ny 4- n/f)] cuts the plane 

[(o + ljf) (o + mij) (o + ni^)] 

in />, where (Ilf ^ +mmf ^ 4-nnf *) (/>-o) = l/-i-ny H-n^. 

48. If k is the magnitude of the rotor 

\[bc\ + m[cd\ 4- n[ab\ 4- p[ad] 4- 4- T[cd]y 

then — k^ = (n — 1 — q) (1 — m — r) (6 — 4- ... 4- ... 

4-(p4-q4-r) {(m-n-p) 4- ... 4- ...}. 

49. The centre of the sphere through the points a, by Cy d is 

d + 2ia^c]\ I 

where a^=a — dy b^^b — dy c — d. 

For, if o is the centre, and Oj =o — dy then 
{oi-a,f = {o--d)^^ol 
thence a\^2\(ii\6\. 

Now [[^1^1], I [*21^1] are not coplanar, hence 

0, = k I [6, c,] + k' I [c, a,] + k" | [a, 6,], a? = 2[a, |o,] = 2k[a, 6, c,]. 

50. If F,, V2, V3, F4 be the bivectors of the faces of a tetrahedron, 
taken with senses as in Ex. ii, p. 83, then 

F? + Fi + 2[F, I FJ = VI + F| + 2[F3 I F4], 

F? = F| + F| + F| + 2[F3 I F4] + 2[F4 I FJ + 2[F, I F3]. 

The determinant, whose term in the (r, s) place is [Fj. | FJ, vanishes. 

§ 20. Geometry of vectors from a pointy and geometry on a sphere. 

1. If we take a sphere, centre o, radius unity, we can associate 
each vector from o with the point on the sphere where its line 
cuts the sphere, and give to the point a weight equal to the 
magnitude of the vector; thus interpreting the geometry of 
vectors as a geometry of points on a sphere. 


FCE 


7 



98 


GEOMETRY IN SPACE 


[chap. 

If then b be points of unit weight on the sphere, and 
aj = a — o, = 6 — o, the point a + b on the sphere will have a 
weight whose square is 

a\ + b\^2{a^ |6i] = 2(1 + [a^ IfiJ) = 4 cos^ ^(«i, b^). 

We take as the angle («i, b^) that of the minor arc on the sphere 
between a and b. 

Hence the weight, taken positive, of a-\-b is not 2, but 
2 cos b)y and the position of a-\-b is at the mid-point of the 
minor arc ab. This assumes that b are not antipodal ; if they 
are antipodal, then a^-b = 0 , a = —b. 

Similarly, if —b, then the weight of a — i is 2 sin b) 
and its position is the mid-point of the arc complementary to ba. 

2. The outer product [abl on the spherey of two points b of 
the sphere, of any weight, is to correspond to the outer product 
of the corresponding vectors. Hence we represent [ah'] by the 
great circle through a, A, with a sense and magnitude equal to 
the sense and magnitude of the bivector. 


3. If Uy Vy w be any independent vectors, then [uvio\¥^o. 


Let 

_ 1 M ^ 1 [wu] ^ 1 

, \uvw\ ’ \uvzu] ’ \uvw\ * 

(I) 

Then 

[u\u] = [^’1^^'] = [w\w'] = I. 

( 2 ) 


\uvwY |[^'«;'] = \wu,uv^ = \uvw\ u. 


Hence 

I-'’’” ^ ” [iLi>] ’ ■ 

( 3 ) 


|[»V] 

[u'v’w’Y [u'v'w'Y [u'v'w'Y 

(4) 

If U, V, 

w now represent points on the sphere, then |«, 

\Vy l^will 


represent the sides of the polar triangle of uvw. Let a, jiy y be 
the angles between Uy Vy w; cx\ (i\ 7' those between u\ w'; 
then, by § 17*4, denoting magnitudes by bars, 

\uvw\ = uvw sin /? sin 7 sin a'. 

Similarly, [uVzv'] = u'v'w sin /?' sin 7' sin a. 
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Hence 


sin a 
sin a 
sin a 


sma 

Hence 

The 


sin P' __ sin y' _ \uvw\ i 

sinyff siny u'vw \in a sin p sin y 
sinP _ sin y __ [u'vW] _ i 
sin/?' siny' u'v'zo' ‘sina' sin/?' siny' 


= m, say, 


m 


-1 


\uvw]^ u'v'w* sin a' sin P' sin y' 


(s) 


sin^a uvw ' sin a sin sin y 

last factor on the right-hand side is sin^ a'/sin^ a, hence 
sin a' __ [i/'z;'zi;'] uWw 
sina \uvw\ 'u'vw’* 


( 6 ) 


4. Since \vu\uw\ = [1/ \v] [u\w] — u^[v \w]y 
we have, as in § 19, 

sin p sin y cos a' = cos /? cos y — cos a. 
Thus cos a = cos P cos y — sin p sin y cos a', 
cos P = cos y cos a — sin y sin a cos /?', - 
cos y = cos a cos yff — sin a sin P cos y'. 
Dually cos a' = cos /?' cos y' — sin /?' sin y' cos a, 
cos p' = cos y' cos a' — sin y' sin a' cos /?, 
cos y' = cos a' cos y^' — sin a' sin p' cos y. 


(7) 

( 8 ) 


In comparing these formulae with those given in most text- 
books on spherical trigonometry, we must note that a' is an 
exterior angle of the trihedron formed by w, v, w* We shall 
shew that all formulae of spherical trigonometrj’^ can be deduced 
from (7). 


Examples. 51. The bisector of the vertical angle of a spherical 
triangle divides the base into intervals whose sines are as the sines of 
adjacent sides. 

For, as the magnitudes of the bivectors [aA], [ac\ are sin (a, b), 
sin («, c)y the bisector of angle bac is sin /?. [«r] +sin y . [«^], and this 
goes through the point sin y?.r + sin y .h. 

52. Since {a\bc\ + [b\ca'\ + [c\ab\ = 0, the altitudes of a spherical 
triangle abc concur, in //, say. Those of the polar triangle a'b'c' also 
concur in A, where \[bc\ = a\ and so on. 

The points [bc.b'c']^ [ca.c'a'^^ [ab.a'b'] lie on a great circle. Since 
\[a\bc] — [\a. bc\ = [b’c' . bc]^ this great circle is along |/j. (Cf. § 26*6.) 

* This change in usage was proposed by Grassmann. 
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53. The analogues of Ceva’s and Menelaus* Theorems involve the 
sines of arcs, instead of the lengths of intervals. 

54. [ahcY = [acf - [ab\ac\^. 

\ahc\ = sin a . sin p, where p is the arc-length of the altitude of 
ahc from a, 

[ah \ac\ = sin p sin y cos a'. 

Hence sin^ a sin^ p = sin- sin^ y - (sin sin y cos a')^ 

= sin- sin^ y sin’^ a'. 

55. If h, c be on a great circle, and p any point (on the sphere), 
then gjj^ ^Qg gjjy cos bp + sin ab . cos cp = o. 

(Stewart.) 

56. [b\ca,c\ab'\ = [a\h\ [r |fl] + [^|r] [a |Z>] |rfl 4 - [r |fl] 

Hence \h\ca.c\ab'\ = [c\ab .a\bc\ = [a\bc .h\cd\. 

Hence if abc be a spherical triangle, and a'b'c' its polar triangle, then 
sin fi sin y [bh' . rr'] = cos cos 7 sin a . a' + 

But aa* is perpendicular to hcy bb' to ra, and [a\bc.b\ca] repre- 
sents the orthocentre of the triangle, which is therefore at 
tan a.a' + tan/?.6' + tan y.c'. 

57. If two diagonals of a complete quadrilateral be quadrants, so 
is the third. 

58. If the diagonals of a spherical quadrilateral bisect each other 
in 5, then the cuts of opposite sides are distant a quadrant from s ; if 
the diagonals are also equal, these cuts are distant a quadrant from 
one another. 

59. If the sides ab, ac of a spherical triangle have a total length 
equal to half the circumference, then the median through a is a 
quadrant. 

60. If dy e, f be the mid-points of the sides of traingle abc, and 
be cuts fe in a\ then the arc a'd is a quadrant ; if ed is a quadrant, so 
are ef and fd. 

For [ef] = [{a + 6) (a + c)] = [ba] + [ac] + [be] , 

a' = [bc.ef] = [abc] (b-c), [a' \d]^[(b c) |(^“C)] =0. 

If also [d\e]^ o, then [e |/] = o = [d \f] ; for 

[{b + c) \{c + a)] = [{c + a) \{a + b)l 

61. If ^,/be on the sides be, ca, ab of a triangle abc, and ad, be, cf 
are concurrent, then [ef.be], [fd.ca], [de.ab] are on a great circle, 
and b, d, c, [ef.be] are harmonic. 



II, 20, 2l] GEOMETRY IN SPACE lOI 

62. The polar circles \a, |6, \c oi a, b, c cut be, ca, ab respectively 
in points on the great circle 

[c|a] [a|6] [bc\ + [a\b] [A|c] [ca] + [6|c] [c\d\ [ab] =0. 

63. If«, y ^3* *** fixed points on 3. sphere^ *** constant 
scalars, then the locus of p, such that kjcos «iP4-k2Cos a2P + ... is 
constant, is a circle. 

64. If aa\ bb\ cc' be chordal arcs of a spherical triangle abc 
meeting in p, then 

sin pa' . cos pa 

— = I. 

sin aa 

65. To find the circumcentre of triangle abc, 

[(A-f-c) \{bc + ca-\-ab)\ = [{b + c) |(^-^:) {b-a)] 

= [(b + c) \{b- a)]. \{b ■-€)-• [{b + c)\{b-c)],\(b- a) 

= [(b + c)\(b^a)],\{b^c) = \{b-^c). 

Hence the circumcentre is at the point \{bc + ca ab). 

It is obvious that many formulae, theorems, and proofs in 
the plane, apply without change to the sphere, when Tine* is 
replaced by 'great circle*. For instance Desargues* Theorem 
and Pappus’ Theorem and most of § 12 apply. 

Furthermore, pole and polar, for a conic in a plane, corre- 
spond on the sphere to point and great circle distant a quadrant 
from the point. From these interpretations a wealth of theorems 
can be deduced from those on conics, but it is not worth while 
actually to state them. 

Readers familiar with elliptic geometry in the plane can also 
translate the above exercises into this field. 

§21. Deduction of formulae in spherical trigonometry.^ 

I . All quantities in this section are scalar. 

We deduce all formulae from § 20 (7), in particular we can 
obtain (5), (6), (8), and also Napier’s and Dfelambre’s analogies: 
(9), (10), (ii) below. 

cos a = cos p cos 7 — sin /? sin 7 cos a','! 

cos P = cos 7 cos a — sin 7 sin a cos P\ r (7) 

cos 7 = cos a cos — sin a sin P cos y\] 


• Study, Sphdrische Trigonometrie (1893). 
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tan ^(a' + fi') cot \y' = — cos ^(a - /^)/cos |(a + ^). (9) 

tan |(a' —fi') cot Jy' = —sin ^(a — /?)/sin i(a + /?). (10) 

sin K/g'+y') ^ cos K)^-y) sin -y') _ sin ] 

sin \a! cos ' sin Ja' sin |a ’ 

cos + y ') _ cos ^(yg + y) cos i(j^'-y ') sin K/^+y) 

cos Ja' cos Ja ’ cos ^a' sin ^ac 

For in (7) substitute 


cot ia = Ij, cot = I2, cot Jy = I3, 


t iy = I3. 1 
iy' = L, j 


cot ^a' = Lj, cot = L2, cot iy — ^^3 
Then cos a = ( 1 ? — i)/(li + 1), sin a = 2l,/(lJ+ 1), and so on. 


(11') 


Put ^ = I 2 I 3 , -2 = I 3 I,, 

no 2 no ^ *’ 

— — L L — L L 
N^- 1 . 21 . 3 . 


13 _ 


"o 

K 

N, 


M*2» 


^ = L,L2, 


(II") 


"0 

where no, No are arbitraiy non-zero quantities. Then (9), (10) 
and the similar formulae correspond to 
ii o~ii 3 _ Nq ~^3 

Ni + Ng’ n2 + n3 


1I0 + 1I3 


?? “ 1I3 _ _ ^2 

Nn + N,- 


( 12 ) 


^2 ^3 

'nT^nV 


N.-No' 


n, + n3 
No + N, 


and the formulae obtained by cycling the subscripts i, 2, 3, 
while (ii) corresponds to the facts that 

np+n, 

N2-I-N3' 

ng sin sin ly' cos la 
No sin i/? sin Jy ' cos la ' ' 

We wish to shew these, and the dual formulae, from (7). 
Now in the present notation, the first equation of (7) is 

if-i _ (i|-_iH*L-:l) 4I2I3 1 

i?+i “ ~ 

Hence 


each equal ^ ■ 


(13) 

(14) 


(f+i)(ii+i) rii+ 0 (i|+i)Xf+r 


Lf-I ^ _I_ i +lili-l§lf- l?l| ^ ng + nf-ng-nl 
Lf+i 21213' Ij + i 2(non, -|-n2n3) ’ 

L2 (np + ni -02 + 03) (no + ni+n 2 -n 3 ) 

* (-no -l-ni + n2-f-n3)(no-n, +02 + 03)' 
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The second and third formulae of (7) give similar equations 
for L? and L^. Multiplying these together in pairs, and selecting 
a square root,* we get, since L2L3 = Ni/No: 

= no- ni+n2 + n 3 
^0 — rio + n, +n2+n3’ 

and the equations obtained by cycling the subscripts i, 2, 3. 
From these we easily obtain (12), and so (9), (10). 

So far Nq, no have been arbitrary non-zero numbers. We 
now take aN,, = - + n, + n2 + 03 

thence, by (15), zNj = Rq — nj +n2 + n3. 

Similarly 2N2 = Rq + n^ — n2 + 03, 

2N3= nQ-f Rj +n2“n3. 

Solving these we have the ‘ dual ’ formulae : 

ZRo = — N^O "1" Nj + N2 ^ 3 > I 
2ni= N0-N1+N2 + N3, I 

2110 = Nq 4 * Nj — IVi2 "i" j 

2n3=No + Ni+N2^xN3. J 

Further, Uq -f Oj = N2 4 - N3, 03 — 03 = N2 — N3, 

no~nj = Ni-No, 034-03 = Nq + Nj. 

Hence the fractions in (13) equal unity. As the duals of (7), (9), 
(10), (ii) have the same connection with (17), as those formulae 
themselves have with (16), there is no need to consider the duals 
separately, and it only remains to shew (5) and to prove that the 
fractions in (13) do equal (14), that is, that (14) equals unity. 
To shew (5), we have 

sin Lj^ 1 ^ 4 -i) ^0^1 ^2 ^3 ^0 ^1^2 ^3 

sii^i^ "" ^ NoNi +itN3- nf 

and since 00014-0203 = N0N14-N2N3, we have 

sin a' __ sin //' __ sin y' _ N5 Lj Lq L3 ^ 

sin a sin ji sin y 05 ' Ijlola ’ 
which is (5), except that we have not yet found the value of m. 

* This selection gives the formulae for the classical spherical triangles, in 
which all sides and interior angles have magnitudes between o and n, Cf. 
Study, l.c. 
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To shew that the fractions (14) equal unity; the coefficient 
of iIq/Nq in (14) equals the values obtained by cycling a, /?, y 
and Of!, y\ by (18). Hence its square equals 

sin \a! sin sin cos \(x cos sin |y' 
sin \aL sin sin iy *cos Icc' cos sin ^y 

I1I2I3 sin/ Ng 
, LjL2L3siny n§ ’ 

by (18). Hence the fractions (14) equal unity. The fixing of the 
sign requires considerations into which we cannot enter.* 

2. From (7), we deduce 

(sin a' sin /? sin y)^ = sin^ ^ sin^ y — (cos ^ cos y — cos oCf 
= I — cos^ a ~ cos^ — cos^ y 

rs c +2 COS a COS B cos y. (19) 

But by § 19-11 ^ f \ 

[uvzv]luvw 

= ^J(i — cos^a — cos^/^—cos^y + 2cosacos/5cosy) = n, 
say. Dually 
[u'v'w']ju'v'w' 

= >^(1 —cos^a' — cos^/?'~cos2y'4-2cosa'cos/?'cosy') = n', 

say. 

From (19) and its dual we have 

sin a' sin y? sin y = n, sin a sin fi sin y' = n', 
and hence, as in § 20, we get (5). 

§ 22. Regressive multiplication in space. '\ 

I. We write the ' regressive product' of the leaf [pqr] and the 
rotor [aft] as [ab.pqr], 

and define it by the equation 

[pqr . ah\ = [ab .pqr] = [pqrbi a ~ [pqrd\ b. ( i ) 

If the rotor and leaf intersect, the right-hand side represents 
a weighted point at the cut, for it is clearly on [ab ^ ; and it is on 

• Study, l.c. 

t This multiplication must be distinguished from regressive multiplication 
of hi vectors in vector-spreads, § 19 . 
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[pqr]y for if the right-hand side be multiplied by [/>?r], the 
result is zero. 

From the identity, § i6-ii (6), 

\pqrb\ a — [pqra] b = [abqr\ p + [abrp'\ q + [abpq] r, 
we deduce 

\jpqr . ah] = [ab .pqr] = [abqr] p + [abrp] q + [abpq] r. (2) 

2. If .4 is a rotor, cc a leaf, (i), (2) give 

[a . ab\ = [ab . a] = [aac] b - [6a] a = fa6] a — [aa] b, (3) 
[pqr .A] = [A .pqr] = [Aqr] p + [Arp] q 4- [Apq] r. (4) 

3. Writing A for [fiq] in (i), we have 

[Ar . ab] = [ab . Ar] = [Arb] a - [Ara] b = - [Abr] a - [Ara] b. 
Substitute p, q for a, b in this, and add to (4), then 
[A .pqr] + [pq . Ar] = [Apq] r, 
or, writing B for [pq] 

[A.Br]-h[B.Ar]^[AB]r. (5) 

4. A special case of (i) is [ab.aqr] = [abqr] a. 

Let [ab] = A, [aqr] = a, then [Act] = [abqr] a. 

Hence mag [Act] = mag A . mag a . sin {A, cc), 

[Acc]=o if, and only if, either A — oorcc — oorA lies on a. 

5. If Af B be rotors, a, (i leaves, k scalar, then (3), (4) give 
[A(pc-^li)] = [Aoc] + [A(il [{A^B)oc] = [Acc]^[Bxl (6) 

\kA ,x] = [A, ka] = \i[Ax], [Ax] = [a^^]. (7) 

6. If [ab] and [pqr] be parallel, then [apqr] — [bpqr] \ hence 

[ab.pqr]=^[apqr]{b-a), 

which is a vector. 

If [ab] lies on [pqr], their regressive product is zero. 

7. The ' regressive product^ of two leaves [abc], [pqr], in this 
order, is written [abc,pqr], and is defined thus: 

[abc .pqr] = [abcp] [gr] -I- [abcq] [rp] + [abcr] [/»^] . (8) 

If the leaves cut, the product represents a rotor along their 
cut, for it is clearly on the plane pqr, and if we multiply the 
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right-hand side by [abc\ regressively, and use (2), we get as the 
coefficient of a. 


[abcpl [bcqr] + \abcq\ [bcrp\ -t- [abcr] [bcpq\ = 0, by § 16 (i i). 

Similarly, the coefficients of by c in the product vanish. Thus 
by (3) the expression (8) represents a rotor in plane abc. 

If abc and pqr be parallel, then [abcp"] = [abcq\ = [abcr\, and 
the product [abc .pqr] is a bivector, being a multiple of 

[qr] + [rp] + [pq]. 


8. A special case of (8) is 

[abc.abd] — [abed] [ab]. 

Hence, if a, be two intersecting leaves, then, since they can 
always be put in the form [abc\y [abd]^ we have, if a, ji intersect, 

mag [afi] = mag a .mag . sin (a, /?). 

9. [a(^+r)] = M + [ar]. ] .V 

[kx.fi] = [x.kfi] =k[xfi], [xfi] = - [pa].] 

10. We have deduced all our results from (i), (8). Now, if 
we assume the positions of [pqr.ab] and [pqr.oi] are at the cuts 
mentioned, we can deduce (i), (8) from the following: 

Genese^s rule. Ifl.tn^n be points y or rotors y or leaves y provided 
they are not all rotorSy and provided [In] is a sealary we have 

[l.mn] = [In] m — [Im . n], (10) 

To deduce (i). Let [ab ,pqr] — ka-\-k'b (k, k' scalar), then 
[a, Mb. pqr] = \C[ab]. 

Now, by (10) [a. .ab.pqr] = [apqr] [ab]. 

Hence = [apqr]. Similarly, k = [pqrb]. Hence (i) follows. 

To deduce (8). Let 

[pqr. a] = ky[qr] + k2[rp] + k.i[pq], (k„ k2, kj scalars), 
then [p . .pqr . a] = k, [pqr]. 

By (10) [p. .pqr. a] = [pa] [pqr]. 

Hence kj = [/>«]. Similarly we can find kj, kj and deduce an 
equation equivalent to (8). 
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11. The formulae (3), (5) are special cases of Genese’s rule 
Dual to them, we have 

[otp.a] = [cLa] a, (ii) 

[A . Ba] + [B . Aa] = [AB] a. (12) 

We deduce these, of course, without use of the rule : 

For (ii). Take a = [/>?r], P=[pqs\, then by (8) 

[a/?] = [pqrs] [pq]. 

Using § 16 (12), we find 

[ct/i.a] = {pqrs\ [pqd\ = - [pqar] {pqs\ - [pqsa] [pqr] 

= [ad\ ji — [fid\ a. 

For (12). Let A, B cut a in a, b. We can write 
^ ^ ^ == [abc\. 

Then [^a] = [ap . abc\ = — [/)a6c] a, 

[B(x\ = = — [qdbc] 6, 

. 5 a] + [ 5 . Ax] == — [qabc] [apb] ~ \bqa] 

= [a6/>] + [abcp] [abq] 

= — [a6/>9] [abc] = [i 45 ] a. 

Cases when parallelism occurs are treated the same way, 
using vectors or bivectors when necessary. 

12. All cases of (lo), it will be found, have now been shewn 
from (i), (8), except 

[a . By] = [ay] B — [aB . y] . 

Since [a. By] = -[By , a], since a, [By] are points, we can 
write this [aB.y] = [ay] fi+ [By.a], (13) 

To prove (13), let B = [pq\ cut y = {pbc\ in p, then 

[aB.y] = [apq.pbc] = [apbc] [pq] + [qpbc] [ap] 

== [ay]B-\r [qpbc] [ap], 

[By. a] = [pq.pbc. .a] = [pqbc] [pa] = [qpbc] [ap]. 

13. [Lx.li] — [L.y.^]. (Genese’s rule does not apply, since 
[L/ff] is not scalar.) 

For let L cut a in p, and P in q, and let L = [pq]- Let a, p cut 
in ab, then we can take a, b so that a, = [pab], p=]s.[qab]. 
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Then [La . yff] = k[pq .pab . . qabi 

by (i) = )L{pabq\ [pqab] = )s.{pqabf, 

[L.a^ = k[/)y. .pab.qab] 
by (8) = k[pq.pabq.ab] = k^pqabf. 

Similarly [aL . /ff] = [a . L/?] . 

14. [a-A7] = M-y]- (14) 

Each product can therefore be denoted by [a/?y] ; it represents 
a weighted point at the cut of the three planes. 

15. [abc.afiy]= [act], [a/?], [ay] , (15) 

[ba], m, [try] 

[cot], [cp], [cy] I 

[AB] [abed] = [Abe] [Bad] + [Acd] [Bab] + [Adb] [Bac] 

+ [Bbc] [Aad] + [Bed] [Aab] + [Bdb] [Aac], (16) 
\abc . abd . acd . bcd\ = [cibcdl \cLb . acd . bed^ = \abcd ^ . (17) 

General formulae of this nature will be proved later. 

16. Multiplication by the unit trivector Q annihilates a vector 
or a bivector, reduces a point to its weight, a rotor to its vector, a 
leaf to its bivector. 

For Q is the difference of two parallel equal leaves. It may 
not be put equal to unity, except in a formula which involves 
only vectors and their products. Hence 

[ab . Q\ = [aQ] b ~ [bQ] a = b — a, since [bQ] = [aQ] = i . 
[abc.Q] = [aQ] [be] + [bQ] [ca] + [cQ] [ab] 

= [be] + [ca] -h [ab]. 

Examples, 

66. [be . aqr] + [ca . hqr] + [ab . cqr] = 2 [abcq\ r - 2[abcr] q. 

67. [abp . cq] ~ [abq . cp] + [pqb , ac] - [pqa . = 3 [pqab] c, 

68. If two tetrahedra be in perspective^ that is, if the joins of corre- 
sponding vertices concur, then the lines of intersection of corresponding 
face-planes are coplanar. 

For if abed be one tetrahedron, p the centre of perspective, then 
the vertices of the other will be points a! , V , c', d' given by 

{i+ki)a' =p + kia, ..., {i +k^) d' - p + k^d, 
where kj, ..., k4 are scalars. Hence 

[Vc'd'] = [p{k^k^[cd] + k^k2[db] -f k2k3[6r])] + k^k^k^[bcd]. 
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This plane cuts [bed] in the line 

\!i^k^[cd] 4 -k 4 k 2 [</ 6 ] +k2k3[A^]. 

There are four such lines, and they all lie in the plane 

k2k3k4[6rt/] -kik3k4[flc^] +kik2k4[fl6t/] --kik2k3[a6c]. 

It is clear that, if we had absorbed weights, we could have omitted 
the scalars k. This absorbing of weights is often advantageous in a 
descriptive theorem, i.e. one not involving metric notions. Thus we 
have, if b, c have suitable weights, 

a' — p-\- tty b' —p-\-b^ c =p-\-c^ d' =p + dy 
[abc . db'c'] = [abc . {pbc + pea +pab -f abe)] 

= [abep]{[be] + [ea] + [ab]), 

which lies in the plane 

[bed]--[aed] + [abd]-[abe]. 

69. If triangles abc, a'b'c' are in perspective from d, then the cuts of 
ab'c\ dbc and of bc'a', Vea, and of cdb\ dab, and of abc, a!b'd are 
coplanar. 

For adjust weights so that a! = a^d, b' =^b + d, d ^c-k-d, then 
[dbc.ab'd] = [dab'd] [bc] + [badd] [cd]-\-[caVd] [db] 

= [dabc] [Ar] + [bade] [ca] + [cabd] [ab] 
^[badc][cd]^[cabd] [db] 

= [abed] ( - [be] + [ca] + [ab] + [c^ - [bd]). 

Similarly, 

[dca . bdd] = [abed] ( - [ca] + [ab] + [be] + [ad] - [cd]), 

[dab . edd] = [abed] ( - [ab] + [be] + [ca] + [bd] - [ad]). 

The sum of these is 

[abed] {[be] + [ca] + [ab]) = [abc.db'd]. 

70. If [ad .bed], [bd .cad], [cd .abd], [dd' .abc] are coplanar, then 

[d ..bcd.ddd], [d ..cad.ddd], [d ..abd.ddd], [d..abc.ddd] 
are concurrent. (Fontene.) 

71. A bisector of a dihedral angle of a- tetrahedron divides the 
opposite edge in the ratio of the areas of the faces containing the 
angle. 

The plane bisecting the angle along be is 
a = kj [abc] + k^dbe], 

where kj :k2 is the ratio of the areas of [dbc], [abc]. It cuts ad in 
p = [<x. ad] = [abed] (kj + k2 d). 



no 
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72. If a, b be points, i/, v vectors, then 

[a\u,b\v\^ [a\uv\-{-\iJ)—a)\v\.\u, 

For [a\u,b\v\ = [a\u.{a + b-a)\v\ 

= \a\u.a\v\-{-[a\u.{b-a)\v\ 

= [a\uv] + [{b’--a)\v] \u, 

since the product of a point and a trivector, [a,(b-a)\v]y is a scalar 
[{b — a)\v\^ and the product of four vectors is zero. 

Or thus: Since \a\u.b\v] is the cut of planes [b\v\ it is in 

direction | \uv\. Hence [a | w . |z;] is obtained from \a | \uvW by adding 
to it a bivector which is a multiple of | m : 


\a\u,b\u\ = +k . \u = [b\uv]+V! .\v. 


Hence 

k\u = [{b--a)\uv] + k'\vy 


k 1 [uv] = [(A -a)\v.v^\v = [(^ *“ ^) 1^] 1 [w^]» 

since 

Wuv, |z;] = ^uvvl = 0. 

Hence 

k = [(6-a)lz>]. 


Cor, If Fj, Fg are bivectors, then 

[aV,,bV,]^[a.V,V^] + V,[{b^a)V,l 


73. If five edges of a tetrahedron abed meet {or are perpendicular to) 
five corresponding edges of a second tetrahedron {ab corresponding to 
a'b\ and so on\ then the same is true for the sixth pair of edges, 

74. If abed and a’b'c'd' are tetrahedra^ and perpendiculars from the 
vertices of the first to the corresponding faces of the second {a corre- 
sponding to b'c'd'y and so on) are concurrent, then perpendiculars from 
vertices of the second to corresponding faces of the first are concurrent 
and the plane through ab perpendicular to a' b\ and the similar planes 
are concurrent. 



[Ill] 


CHAPTER III 

APPLICATIONS TO PROJECTIVE GEOMETRY 

§ 23. Foundations, Cross-ratio. 

I. Projective geometry in the strict sense knows nothing of 
the lengths of intervals or of the size of angles, nor of order 
relations such as those indicated by such words as 'between\ 
^inside\ neither does it distinguish between parallel and non- 
parallel lines, for any two coplanar lines are assumed to meet. 

It is possible to build up projective geometry abstractly from 
our point of view. 

The elements with which we begin are ' weighted points\ and 
we allow as an operation the multiplication of a weighted point 
ahy z scalar k. The result of this operation is written ka. We 
assume that the scalars k constitute a field, that is, they obey 
the laws of addition, subtraction, multiplication, and division 
of ordinary algebra. In particular, this field may be the field of 
real numbers, or the field of complex numbers. 

We assume the laws of § i. 

Elements which differ only by a scalar factor are called 
' congruent' \ we use the sign = for "is congruent to\ Two con- 
gruent extensives are said to have "the same position'. If a, b are 
non-congruent weighted points, elements of form ka + k'6 
(k, k' scalars) constitute a "line'. Thus a, 6, c are in the same line 
if, and only if, there are scalars k, k', k", not all zero, such that 
ka + k'6 + k"c = o. 

I'hus two non-congruent points fix just one line on which they 
lie, and a line is fixed by any two of its non-congruent points. 

If , 6, c be not on the same line, elements of form ka + k'b 4- k' V 
constitute a "plane'. Thus a, 6, c^ d are on the same plane if, 
and only if, there are scalars k, k', k", k'" not all zero, such that 
ka + k'64k"c + k'"t/ = o. 

Thus three non-collinear points fix just one plane on which 
they lie, and a plane is fixed by any three non-collinear points 
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on it. If two points lie on a plane, so do all points of the line 
through them. 

If the field of scalars k is the real field, we have a 'reaV 
plane; if it is the complex field, a 'complex' or 'imaginary' 
plane. If a, i, c be non-collinear points of a complex plane, and 
k, k', k" be restricted to be real, the set of points k^i + k'i + k'V 
constitute a real plane, which is a portion of the complex plane. 

In precisely the same way, we can introduce spreads of higher 
dimension. 

2. Outer products. We cannot now define [ab] as in the 
previous chapters, because we are not to use the notion of 
length. The only distinction we have drawn so far between 
pairs of points is to divide them into congruent and non- 
congruent pairs. 

If fl, b are congruent, we define [ab] as zero. 

Thus [aa^ = o, [a. kd\ = o, [ka .a] = o. 

We assume the distributive laws : 

[a{kb^lc)] = k[ab] + l[acl 
[(k6 + k) fl] = k[i«] + l[ca]. 

These have not an immediate interpretation in the usual 
projective geometry, but as they give 

[{a -{-b){a-^ b)] = [aa] + [ba] + [ab] + [bb], 

and since the left-hand side is zero, and [aa] = [bb] = o, we have 
[ab] = --[ba]. 

We assume, k being a scalar, 

[ka.b] = [a.kb] = k[ab]. 

We assume the outer product of three points is associative, 
and since [aci] = o, we assume [aab] = o for all points b. 

We assume that, if any one of a, 6, c be multiplied by a scalar 
k, then [abc] is so multiplied. 

These, with [ab] = — \ba]y shew that [aba]y [baa] vanish for all 
points b. Also [abc] = — [bad] = [bca] = ... as before. 

Finally, we assume the distributive law: 

[(ka + k'A H- k"c) pq] = k[apq] + k![bpq] + k'\cpq]. 
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Now if a, by c are collinear, there are scalars k, k', k", not all 
zero, such that k^a: + k'6 + k"er = o. Suppose k 7*^:0. Then 
o = [(ka + k'i + k"c) be] = k[abcl 
Hence [abc] = o. 

Conversely, as in § 5*3, if we assume some products of three 
points do not vanish, we can shew that if [abc] — o, then a, 6, c 
are collinear. 

3. Regressive products. We wish the regressive product of 

two congruent lines to be zero, and of two non-congruent 
lines to be a weighted point on both. We secure this if we 
assume [ab.ac]=^[abc]a. 

The proof in § 11*4 of the general formulae for regressive 
products there given is valid here, if we assume that regressive 
multiplication is distributive over addition. 

There should now be no difficulty in extending the work to 
space. 

Although the interpretations of sums of weighted points in 
terms of centres of gravity, of outer products in terms of lengths 
and areas are foreign to projective geometry, yet as our formulae 
are capable of these interpretations, we shall on occasion mention 
the metric interpretation of our formulae. 

4. Def. If a, b be any non-congruent extensives of the same 
step, the extensives ka + k'6, where k, k' are any scalars, form a 
"penciV or 'range'. 

[It is usual to speak of ‘pencils’ of lines, and of ‘ranges’ of 
points.] 

If we do not distinguish between congruent extensives, we 
can denote elements of a pencil or range by ka + A, where k is a 
varying scalar. 

The range ka-\-k'b includes the extensive a as one of its 
values. In order that ka -f k'b and ka-\-)) should have the same 
set of values, we must therefore assume that ka-\-h can take 
the value a. We make this assumption as an explicit convention, 
and say k« + i = a, when k = 00. 

If Pv p2y /^3» p4 ^ pencil, say p^^ = kj^ + i, then 

[P 1 P 2 ] = (ki « + (1^2 « + b) = (kj - ko) [ab]. 


FCE 


8 
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Def, The 'cross-ratio^ of the extensives p2y p^y P4 in a 
pencil, taken in this order, is denoted by and 

defined to be [PMP2P3] [p4p{\, 

or (k, - kj) (kj - k4)/(k2 - kj) (k4 - kj). 

Thus the cross-ratio of the coplanar lines [/>«], [pb]y [/)r], {pd] 
« [pab\ [pcd\l\fibc\ [pda\. 

If the cross-ratio is — i, the extensives form a 'harmonic^ set. 
If Pi = kjfl + lift (i= I, ...,4), the definition gives at once 


R{PXP2P%P4) 


1:1^4 13) 


5(^Pi¥2)=|4'- 


5. These cross-ratios are clearly not changed when any of 
the extensives involved are replaced by congruent extensives ; 
they depend only on the positions of the extensives. Thus, by 
absorbing weights, we can take four extensives in a pencil to 
be a, 6 , 52* where = a-¥b,q2 = a + kb. Then R{aq^ bq,^ = k“^ 

In particular, a harmonic set can always be written a, a + i, 
by a — b. 


6. Def, Two ranges of extensives are in 'projective corre- 
spondence' or are 'projective ranges' y when they can be put into 
one-to-one correspondence, such that, if a, 6, pj, po? /^3> •••in 
one range correspond to a', 6', p{, p2, P3, ... in the other, the 
extensives can be weighted (i.e. replaced by congruent exten- 
^ives) so that then, if pj = « + we have p\ = a' + lji'. 

Then the cross-ratio of any four extensives in one range 
equals that of the corresponding extensives in the other; and if 

kipi + k2p2 + kgpa = o, then k^p\ + k2p2 -1- kgpg = o. 

Since any three extensives a, 6, r in a range can be weighted 
so that a-\-b = Cy and then, if d = a + kb is any extensive in the 
range, k is fixed by the position of d. It follows that a projective 
correspondence between two ranges is determined when we 
know the positions of three elements of the second range which 
correspond to three in the first. 
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7. Double points^ or self -corresponding points^ of two projective 
ranges of points on the same line. 

Let the ranges be such that a + kb corresponds to c + krf as 
k varies. 

Let c = + d = a + yi, then c + kd = (i 4-k) a + (x+ky) b. 

This is congruent to a 4- ki if k^ + (i — y) k — x = o. 

Thus for the case of the complex line, we have two self- 
corresponding points, which may coincide. If the line is real, 
there may or may not be self-corresponding points. 

8. If by pi, p2^ ... and a\ b\ p\y p2y ... be projective ranges, 
and if b = b\ the ranges are in ^ perspective^ \ we can absorb 
weights so that 6 + 6' = o, and p+p' = a + a\ where />, p' are 
corresponding extensives suitably weighted. 

For if p = ^i + k6, then /)' = a' + k6' = a' — k6. 

Thus, for example, if the ranges are projective ranges of 
points on two lines, the lines joining corresponding points are 
concurrent ; if they are perspective pencils of lines 
(L = ^ + kB, L' = ^' + kB\ B = 5 '), 
the cuts of corresponding lines are collinear. 

9. If the cross-ratio of the extensives a, 6, c, d in one range 
equals the cross-ratio of the extensives a', 6', c\ d' in another 
range, and we absorb weights so that 

a-\-b = Cy a' + b' = c'y 
then if d = a-{-kby we have d' = a' + k6'. 

Thus, if two ranges are in one-to-one correspondence, and 
the cross-ratio of any four extensives of one range equals that 
of the corresponding extensives of the other range, the ranges 
are projective. 

10. Hence, if the ranges of extensives /?j, R^y - y Rn be such 
that each is projective to the next following, then i?i and R^ are 
projective. 

11. If the planes a, yff, y , S meet in a common linCy their cross- 
ratio is the cross-ratio of their cuts with any transversal. 

For, by absorbing weights, we can let /? = a + y, 8 = a + ky, 
then R{aj 3 y 8 ) = k~^ 


8-2 
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Let the transversal [pq\ cut the planes in /»,, p^, P3, p\, then 

/>2 =[/>?. (a +r)] = [pq-ot] + {pq-y] =Px+Pi, 

Pi =Pi + k^ 3 . R{pxp2pzpi) = k-'. 

Hence cross-ratio is unchanged by projection and section. 

12. V , Staudfs Theorem. If abed is a tetrahedron^ a, //, y, 8 
the planes opposite to a^ 6 , r, d and L any line, then 

R{La, Lb, Lc, Ld) =R{La, L/S, Ly, LS). 

For there are scalars kj, k2, 12 such that 

[Lb] = k,[La] + \,[Lc], [Ld] = k^[La]-\-l^[Lc]. 

Hence l^[Lca] = [Lba], ky[Lac] = [Lbc], 

Iikfi = [Lab]l[Lbc], Uk^i = [Lda]l[Lcd]. 

Hence R{La, Lb, Lc, Ld) = [Lab] [Lcd]j[Lbc] [Lda], 

R{La, Lf, Ly, L8) = [Loip] [Ly8]l[Lfy] [LSol]. 

But [LeeP] = [L . bed . eda] = — [abed] [Led] . (§22-13.) 

This and the analogous formulae give the theorem at once. 

Example, i. The joins of d to the vertices of a triangle ahe meet 
the opposite side-lines in p, r; if pbp'c, qcq'a, rar'b are harmonic 
ranges, then p', q', r' are collinear. 

For we can absorb weights so that a + b-^-c = d, then b-\-c d — a 
is a weighted point at p. Hence we can put b-^^c^p, thence b-c=p\ 
Similarly by suitable weighting c — a^f, a — b = r'. Hence 

p' + ^' + r' = o. 

§ 24. Conics. 

1. If L = A + kB, L' = A' + kB' be projective pencils of lines 
in a plane, given by varying k, then L, L' cut in a point p which 
satisfies = o, [pA '] + k[/)fi'] = o. 

Eliminating k, we have 

[pA][pB']-[pB][pA^]^o. (I) 

If A = A\ the pencils are perspective, and p lies either on A, 
or on a line through the cut of B and B\ If A — A'ykB — B', the 
locus of p is a 'non-degenerate conic'. 

Note, in passing, the metric interpretation of (i). Since [f>A] 
is the distance from p to A multiplied by a scalar depending on 
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the weight of p and the magnitude of A, the equation says that 
the product of the distances from p to A and B' is in a constant 
ratio to the product of the distances from p to A' and B. 


2. The equation of the locus can also be found as follows: 

/> = [(^ + kS) (^' + kB')] = a -f 2k6 -f kh, (2) 
where = 26 = [B^'] + [^B'], r = [JSB']#o. 

The points a, c are on the curve. 

Conversely, if [abc] ^ o, a point p satisfying (2) describes a 
non-degenerate conic. For write b for 26, for convenience, and 
let A — [bc\, B = \cd\, C = [ah]. 

Then (2) gives [a/)] = C — kB, [cp'\ = B — kA\ pencils \ap\ \cp'\ 
as k varies are projective. 

A line L cuts the locus (2) in points p such that k satisfies 
[flL]-f2k[6L] + k2[^L]=o, 

that is, in two points, if the field of k is complex, and two points 
at most, if it is real. These points coincide, and L is a ^tangent' 
to the locus, if ^ ^aL] [cL\. 


3, From equation (i), it appears that the points \AB\ [-^'B'], 
[AA']^ \BB'^ are on the curve. For example, if p — \AB'\, then 
[pA'\ — [pB'\=^o, Denote these points by a, a\ 6, b\ then 
A = [abl B = [«6'], A' = [a'b], B' = [a'i'], 
and (i) becomes 

[pab] [pa'b'\ = x[pab'] [pa'b], x scalar. (3) 

Henccy by § 23*4, p moves so that R{paypbypa\pb') is constant. 

If the curve goes also through r', we can 
find X by substituting /) = r' in (3). 

Then 

[c'ab] [c'a'V] = x[c'ab'] [c'a^. (3') 

Using this value of x, we have from (3) 

[pab] [pa'V] [ab'c'] [a'6r'] 

- [paV] [pa^ [abc'] [aVc'] = o. (4) 

Thus the conic is fixed by the five points a, 6, b\ d on it, 
but it must be noticed that these points have been introduced 
in different ways. 
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4. Consider equations (3), (4), disregarding the method by 
which they were obtained. If three of the points ay b, a', b', c' 
are collinear, for instance if \aVc']^ = o, a term vanishes, in this 
case the first. The second term must then vanish, and then either 
p is on \aV'\ or on [a'A], or b is on [ac'] = [a6'], or a' is on 

= The six points involved thus lie on two lines. 

This clearly happens when, in (3'), k = o or 00. If k= i, then 
since (§ 57) 

\p>ab] [pa^V] = [paV] [pa^ + [paa'] [pbV]y 
equation (3) becomes 

[paa'\ [/)W'] = o, 

and again represents a line pair. But, in general, equation (3) 
represents a non-degenerate conic, since (i) does so. 

5. The point/) is on the conic fixed by Uy by a\ b\ c' and given 
by equation (4). It was shewn in § 12 that the left hand of (4) 
changes sign at most, when two letters are interchanged. Hence 
the five points define the same conic, whatever be the order in 
which they are introduced. Further, a is on the conic defined 
by py by a\ b\ c\ because of this property of interchange of 
letters. Thus any one of the defining points may be replaced by 
any other point of the conic; thus all five may be replaced by 
any such five. We have assumed that the left hand of (4) is not 
identically zero, and that the conic is not degenerate. 

Hence a non-degenerate conic is uniquely defined by any five 
of its points. Hence, by (3), the cross-ratio of the joins of a variable 
point of a non-degenerate conic to any fixed four of its points is 
constant. 

Any five points in a plancy no three collinear y define a non- 
degenerate conic. For, if a, by r, dy e be the points, then, by § 23*6, 
the projective correspondence between the pencils of lines 
through a and through e is fixed when we make [a6], [^zr], [arf] 
correspond to [^6], [^r], [ed^ respectively. 

6. Pascal's Theorem. We have (4) for any six points on a 
conic. Write c for />, then 

[cab] [cdV] [aVd] [dbd]-[caV] [cdb] [abd] [dVd] = o. 
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We may change a, b, c into b, c, a, then this becomes 
[abc] [aa'b'] [bb'c'] [cc'a'] - [abb'] [caa'] [bcc'] [a'b'c'] = o, 
or, by § 12 (25), 

[be' .b'c.. ca' .c'a.. ab' . a'b] =0. (S) 

Hence this holds if, and only if, a, b, c, a', b', c' lie on a conic, 
degenerate or not. This is Pascal’s Theorem. 

7. Write p for b in (5) and we have 

[pc' .b'c. . ca' .c'a. . ab' . a'p] = o. 

Let [b'c] = B, [ca'.c'a]=h, [ab']=A, then 
[pc'B . .h. .A. a'p] = o. 

The three main factors represent points, and hence their 
product is associative. Hence [pc'Bh . . A. a'p] = o. But [pc'Bh\, 
A, [a'p] are lines, and hence their product 
is associative (§ 1 1 - lo) and may be written 
[pc' BhA .a' p]. Nowhere [pc' BhA], a' , p 
are points, and so finally [pc'BhAa'p] = o. 

Hence if a', c', h are fixed points, and 
A, B lines, and the join of p and c' cuts 
B in [pc'B] — q, say, and [qh] cuts A in 
[qhA]=‘r, say, then, if [ra'] goes through p, the locus of p is 
a conic. (Note the convention of § 13-1.) 

8. Conic envelopes. Dually to i, the envelope of lines joining 
corresponding points a + k6, a' + kb' of two projective ranges of 
points, not in perspective, on distinct lines is a (non-degenerate) 
conic envelope. If L be such a join, then 

[La] + k[Lb] = o, [La'] + k[L6'] = o. 

Eliminate k, then 

[La] [Lb'] -[Lb] [La'] = o. 

The metric interpretation of this is that L moves so that the 
product of its distances from a and -6' is in a constant ratio to 
the product of its distances from b and a'. 

It is clear that the development dual to the above can be carried 
out in detail. In particular Brianchon’s Theorem, the dual of 
Pascal’s Theorem, follows : The lines A, B, C, A', B', C touch 
a conic envelope, if, and only if, 

[BC . B'C . . CA' . C'A . . AB' .A'B]=- o. 



( 6 ) 
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9. By (2), any point /> on a non-degenerate conic locus 
through a, c can be written p = a-\- zhb + where i is a suitably 
chosen fixed point. 

The line 

L = [p{b + ki:)] = [{a + zkb + k^c) {b + kc)] 

= [ab] + k[ac] + k‘^[6c] 

goes through p, and 

[La] = k\abcl [Lb] = -k[abcl [Lc] = [abc]. 

Hence [Lbf = [La] [Lc]. 

Hence, by 2, L is a tangent at p. 

Hence at each point of a non-degenerate conic locus there is a 
tangent. This tangent is unique. For any line L is of form 

kj [ab] + kf[ac] -f k3[i^]. 

By 2, this is a tangent only if kl^k^k^. Hence then 
L^[ab]^k'[ac] + k'\bc]. 

If this goes through p = a-^-zkb + k^c, then 

o = [Lp] = k?[abc] + 2kk'[acb] 4- k'^[aftf], 
hence (k'-k)2 = o, k'=k. 

10. The tangents to a non-degenerate conic locus give a conic 
envelope. 

Take points on the locus in form/) = a-\- 2 kb-Vk?c. Tangents 
are then of form L = [ab]-\-k[ac]^-k\bc], and [ab], [be] in 
particular satisfy the condition for being tangents. Now the 
dual to 2 shews that all lines of a conic envelope are of form 
L = C+kJS + kM, where C, A are lines of the envelope and B 
a suitably chosen line, and that conversely, if [ABC]^Oy then 
a line L satisfying this equation describes a conic envelope. 

11. If the vertices of triangles abc, a!Vc' lie on a conic, their 
sides touch another conic. 

For by § 12 (25), since 

we have 

[aa'6'] [W'c'] [cc'a'] [abc\ — [aift'] \bcc''\ [caa'] [a'b'c'}. 



Ill, 24] APPLICATIONS TO PROJECTIVE GEOMETRY I2I 

Let a^[BCl 6 = [C^], c = [ABl 

a'^[B'C'l 6' = [C'^'], c' = [A'B'l 
Hence [aa'b'] = [BC.B'C.CA'] = [AB'C] [BCC], 
and so on, whence 

[BCC] [CAA'] [ABB'] [A'B'C] 

= [CCA'] [AA'B'] [BB'C] [ABC]. 
Hence [BC . B'C. .CA' .C'A. .AB' .A'B] = o. 


Examples. 2. The points b, />, r are on a conic if 
[pab] [prc]l[pbc] [pra] = [qab] [qrc]l[qbc] [qra]. 
Let /> = + + ^ = X2«-fy2^ + Z2t:, 

r = X3rt + y3A-l-Z3C, 


then this gives 


xr‘ yf 2r^; = o. 
^2 ^ y2 * ^2 ^ . 

X 3 "‘ Ys"* 23"^ I 


3. If P\p2pzp\p2p^ a hexagon inscribed in a conic, and 

[P2P3] “ ~ -^2» [/^i P2] ~ ^ 3 * 

\.P 2 P^ — A i, [/^aPl] = [P\ P"^ ~ ^ 3 f 

then [^,^;.^2^2.^3^;] + [^2^^;.^^34.--ii^^;] 

-^[a,a;.a,a',.a,a;] = o 

is an identity, § 12 (25'). The first term vanishes by PascaPs Theorem. 
The others give 

[P 3 pip 2 ] [P1P2P3] [P2P3P1] [P1P2P3] 

— [P3P1P2] [P1P2P3I [P2P3P1] [P1P2P3]’ 

Cycle /)j, p2y pg, then from the last equation and that so obtained, 
we have, on division, 

[PlP 2 p 3 ] [P1P2P3] [pl P2P3 ] _ [p2 p3p\\ \.p3p\p2\ 

\.P\p 3 p\\ [P 2 p 2 p\\ [P 2 p 3 p^ [p 2 p 2 p'^ [/^3/^3/^l] [/*1 /^1 /^2] 

which gives Carnot's Theorem on the ratios of the intervals cut off 
by a conic on the sides of a triangle. 


4. Two variable points /), q moving on a fixed line L are con- 
nected by the relation q=psL^s^L^ where s^ are fixed points, and 
Lj is a fixed line. Prove that these ranges are projective. 
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The relation can be written 

^ = pL^ • Wj L "h sL^ P» 

Also, if in any one instance, when p^g, we have p^gsL^s^L^ then 
5 L.JiLi+5Li.5iL = o. (Univ. of Wales.) 

5 . If fl, b, c, d, «!, ^ 1 , Cp be on a conic, then 
[ab .a^b^, .cd,c^d^^ [bc^byC^. Md.aid{\y [ca.c^a^, ,bd,bYd{\ 
are concurrent. 

§ 25. Canonical equation of a conic. 

1. We found, for a point /> on a non-degenerate conic 

through a, c p = a + 2kb + kh, (7) 

where i is a suitably chosen point. 

Take ^(a+c) = Cj, i = €2, hi^-c) = e^, then: 

If p = x^e^ + X2e2 + X2e2, (8) 

we have /> = (x, + X3) a + 2X26 + (x, - Xj) c, and p is on the conic, if 
x| = (xi + X3)(xi-X3), that is, -xf + x| + x§ = o. 

This will serve as the canonical equation of a conic whether 
the field of scalars is real or imaginary. If the field is imaginary, 
we can make the equation more symmetrical by absorbing the 
weight into e,, still keeping (8). The last equation then 

becomes xf + xl + xl = o. 

2. If the field of scalars is imaginary, any line pq cuts a conic 
in two points (coincident or not). 

For if /)=skiC, + k2C2 + k3C3, />' = kje, +k2C2 + k3e3, 
then p + \p' is on the conic xf + x^ + Xj = o, if 

(k,+lk',)2 + (k2 + lk'2)2 + (k3 + lk'3)2 = O, 

a quadratic to determine 1. 

Whether the field of scalars be real or complex, if 

/) = XjC,+X2e2 + X 3 e 3 

be on the conic ±xf + x^ + x| =0, the usual argument in analy- 
tical geometry shews that yi«i + y2^2 + y3^3 tangent at 

pa ±x,yi+X2y2 + X 3 y 3 = o. 
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3. Def, If the field of scalars is imaginary, two points, not on 
a conic, are 'conjugate^ with respect to the conic, if their join 
cuts the conic in two points separating them harmonically; a 
point on the conic is ^ conjugate^ to any point on the tangent to 
the conic at the point. 

If />! = Xj + X2 ^2 + ^3 ^3> p2 = Yi + Yi ^2 + y3 ^3 be the points, 
then />! + kp2 is on the conic ± jcf + x| + x§ = o if 

± (x, + ky,)2 + (X2 + ky2)2 + (xj + kyj)^ = o. (8') 

Now by § 23 *4, if kj , k2 (not zero) be roots of this equation, then 

P\^^\p2^ p2^ P\'^^2p2 ^ harmonic range if kjk^ ^ = — i, 

or ki -f k2 = o. Hence the coefficient of k in (8') vanishes: 

±Xiyi+X2y2 + X 3 y 3 = o. (8") 

If />! be on the conic, we get the same condition, by 2. 

If />! be fixed, equation (8") shews that/)2 describes a line, the 
'polar^ of p^ \ /)j is the 'poW of this line. 

If the field of scalars is real, some lines through p^^ may not cut 
the conic; the points conjugate to/)i, with the above definition, 
would then only take up part of the line. We call the whole of the 
line the ‘polar’ of /)j, and extend the meaning of ‘conjugate’ 
points so that all points of this line are conjugate to p^. 

The equation (8") shews that if p2 lies in the polar oip^y then 
/>! lies on the polar of p2y and that each point has a unique polar. 
Thus if py q be points on a given line, their polars are fixed, and 
the pole of [pq'\ lies on them, since /), q are on [p^]. Thus each 
line has a pole, which is unique. 

§ 26. Supplements with respect to a non-degenerate conic, 

1. The theory of supplements, so far developed, contains a 
gap; the supplement of a point was not defined, unless the point 
were at infinity, and then it was another point at infinity. We 
now introduce the notion of supplement differently; this and 
the previous notion must not be used together, or at least the 
two must not be denoted by the same sign in the same investigation. 

2. Consider the conic whose equation referred to reference 
points ^j, ^2> ^3 is ±xf + x|-f x§ = o. 

Let £'i = [^2^3]» ^3 = [^1^2] ^be weights of 

e^ so that [^1^2 ^3] == ^ > ^ben [E1E2E2] = 1. 
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If /) = Xi^i 4 -X 2^2 + X 3 ^ 3 > +72^2 + 73^3 

polar of /) if ± Xj + X2y2 + Xjyj = o. Now the polar is 

±XijE'i+X 2£2 + ^ 3 ^ 3 > 

since [qP] = ± Xj y 1 + X2 y2 + X3 y3 . 

In particular p lies on its own polar, if and only if 
±xf + x| + x§ = o. 

If a line through any point p meets the conic in q, r, then the 
tangents at q, r being polars of 9, r meet on the polar of />. This 
is the starting-point of the usual theory. 

3. If /) = X,C,+X2e2 + X3e3, P= ±X,£, + X2£2 + X3^^3. 

the signs being taken according to those in the equation 
±xf + x| + x§ = o, we write p=\P^ P= \py and speak of supple- 
ments. 

Thus \\p = \P = py \\P = p- (9) 

Thus p and P are pole and polar, and as these were defined 
geometrically in terms of harmonic section, our definition ot 
supplement, apart from the weight factor, is independent of the 
canonical equation adopted for the conic. 

In particular \e^ = [^2 = k3 = ^V 

Since [^1^2 ^3] = we have 

[^1 ki] ^ i [^21^2] “ [^31^3] “ 

and, of course, [e-^ \e^] = o, 

Also l(Xi^l+X2e2 + X 3 ^ 3 )= lp= ±Xi£i+X2£:2 + X 3£;3 

= Xiki+X 2 k 2 + X 3 k 3 - 

Hence, if p, q be any points, k^ k2 scalars, then 

|(kip + k2?) = kil/) + k 2 l 9 . (10) 

For, if/) = Xi^i + X2^2 + X3^3, 9 = yi^i + y2^2 + y3^3> ^hen 

l(ki/) + k 2 ?) = |((ki Xi + k 2 yi) + . . .) = (^i Xj + k 2 yi) ki + . . 

= ki(xi 1^1 + ...) + k2(yi ki + ...) = K l/> + k2|9. 
Equation (10) expresses the fact that the polar of a point on 
LP?] goes through the cut of the polars of p and q. It shews also 
that the cross-ratio of four collinear points equals that of their 
(concurrent) polars. 

Dually, for lines 

|(kiL + k 2 M) = ki |L + k 2 |M. (ii) 
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4. Inner products are defined as before, namely, is the 
outer product of p and 1^. 

Now take xf + xl + Xj = 0 as the equation of the conic. 

If /' = x,Ci + X2e2 + X 3 e 3 , 9 = yi^i + y2e2 + y 3 e 3 , 
then + y2£'2 + y3^3, and so 

[/)|9] = x,y,+X2y2 + X3y3. (12) 

Thence [p\q] = [q\pl (13) 

This product vanishes, if, and only if, />, q are conjugate. 

Dually [L\M] = [M\L\ (14) 

'rhis product vanishes if, and only if, L, M are conjugate. 

\^Pq\ = (x2y3 — X3y2) £*1 4-(x3yj — Xjy3) £2'^(^iy2~^2yi) ^3> 
[l/>- I 9 ] = (X2y3- X3y2) ^l + (X3yi-Xiy3) C2 + (-Xiy2-X2yi) ^3. 
since [£2-^3] = [^1^2 ^3] so on. 

Thence IM = [|/>- 1 ?]- (15) 

Dually \[LM] = {\L.\M]. (16) 

5. We define the supplement of a scalar as the scalar itself. 

Then, if L = yi^'i +y2^2 + y3^3> we have 

[/»L] = x,y,+X2y2 + X3y3, and [|/>. |T] = x,y, + X2y2 + X3y3. 

Hence \[pL] = [\p ■ \L]. (17) 

The only one of these formulae which is different from those 
in the earlier interpretation (§ 7) is (9), though we have several 
extra formulae. The reason for the difference will be made 
plain later. 

6. We write [a\bc] for [a, \bc], and [ab\cd\ for [[a6] \[cd\]. 

Hence [ab | cd\ = [cd \ ab ] . 

Thus \a \bc\ is a line, the join of a to the pole of bc\ it is quite 
distinct from [a\b] c, which is a point, and from [rt|6] |r, which 
is a line. 

If \a=^A, then 

[be \a] = [be A] = [bA] e - [eA] b. 

[be\d\ = [b\d\ e—[e\d\ b. (18) 


Hence 
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Take supplements. Since be and \a are lines, 

|[6^|a] = [ 16 ^.|M = [lic.a]. 

But I [6c] and a are points, hence [\bc .d\ — —\a\bc\. Hence (i8) 
gives [a\bc\ = [a\c'\\b- [a \b] \c. (19) 

From (18), \bc |a] + [ca |6] + \ab |c] = o. (20) 

Let la = [6'c'], and so on, then [6c j a] is the cut of lines 6c, 6'c'. 
Hence 

Hesse's Theorem. The triangle abc is in perspective with its 
polar triangle, that is, with the triangle whose sides are the polars 
of a, 6, c. 

The dual theorem 

[BC \A] + [CA |B] + [^B 1 C] = o 
gives the same statement. 

The axis of perspective of the two triangles is (cf. § 20, 
Exs. 52, 56), 

([6|a]c-[c|a]6) (^6] a-[a|6] c) 
or [a\b] [ale] [6c] + [ 61 c] [6|a] [ca] + [cla] [cl6] [a6]. 

7. Since [6c], la, \d are lines, their outer multiplication is 
associative. Hence 

[6cla. Id] = [6c. laid] = [6clad]. 

Multiply (20) on the right by Id, and we have 
[6c |ad] + [ca 16 d] + [a6 led] = o. 

Hence if abed be any quadrangle, and be be conjugate to ad, 
and ca to bd, for any conic, then ab is conjugate to cd. 

8 . If pqr is in perspective with the polar triangle of abc, then 
abc is in perspective with the polar triangle of pqr. 

For, weighting the points suitably, we have 

[P 1 *^] + [9 k«] + [»■ k*] = O' 

and hence [6c l/>] + [ca I9] + [a6 Ir] = o. 

This also follows from a consequence of Desargues’ Theorem 
(§ 12(21)): 

[pjr] [6c l^.ca 1^.06 |r] + [a6c] [9rla.r/)|6./>9lc] = 0. 
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9. Since \bc |/>] = [ 6 1 />] c — [c |/>] 6, we have 

[be \p.ca \q.ab |r] = ([a |r] [b\p] [c \q] - [a |?] [b \r] [c |/>]) [abc]. 
Hence [a\r][b\p][c\q\ = [a\q][b\r][c\p] 

is the condition that abc is in perspective with the polar triangle 
of pqr. 

Hence if abc and pqr^ and also abc and qrp are in this relation, 
so are abc and rpq, 

10. The formulae of § 15 can now be reinterpreted. They are 
all valid here, since all the properties used in deducing them 
hold here. 

Thus § 15 (s) says: The joins of d to the poles of ad^ bd^ cd cut 
bcy ca^ ab respectively in collinear points. 

And (6) says : if the joins of a, 6, c to the pole of L cut L in 
py 9, r respectively y then the joins of py q^ r to the poles of be y cUy ab 
concur, 

11. If Xp X2, yi, y2, Zi, Z2, Xj, ..., Zg are scalars, then the 
condition that 

[a'AV] [(X16 + X2C) (YiC + Yoa) {z^a-^‘Z 2 b)] 

-f [abc] [(xj V -f X2 r') (y 1 c' + Y2 (A + Z2 b')] = o 

is yi Zi + X2 y2 Z2 + x'l y'l z\ + X2 Y2 ^2 = 

In the dual formula, which holds under a like condition, put 
[ab] for C, [a'b'] for C', and so on, then the left-hand side equals 
[A'B'C] [(xj ,ca^Xn. ab) (yj . ab + y., . be) (zj . -f- Z9 . ca)] 

+ [ABC] [(x'l . r'a' + x' . a'bf (y'l . a^' -f y' . b'c') {z\. b'c' + z'2 . c'a ')] . 
The condition will be satisfied, if we take 

x. = [6|a'], y, = H6'], z, = [a\c'l 

X2 = [c k'i, y-. = [«!*']. Z2 = [* 

x'l = -[*'!«], y\ = -[c’\b], z; = -Kk]. 

X2 = -[^'I«]. y 2 = -W\bl z', = -[b'\c]. 

We apply this to the dual formula. We have, for example, 
x^c — x^b = [A|a'] c — [eja'] b = [6c |a'], 
x,[ca] + X2[a6] = [6c | a'] a, 
thence [a'6'c']2 ([6c \a']a. [ca |6'] 6 . [ab jc'] c) 

- [a6c]2 ([6'c' \a]a'. [c'a' \b]b' . [a'b' |c] c') = o. 

• Daniels, Em, Math, ao (1918), p. 97. 
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Hence, if the polars of a\ b\ d cut be, ca, ab in p, q, r respec- 
tively, and the polars of a, b, c cut Vd, da', a'b' in p', q' , d 
respectively, and if pa, qb, rc concur, then p' a' , q'b' , r'd concur. 

In the earlier interpretation of supplements, this formula has 
no place. The dual formula, however, has an interpretation in 
the earlier sense, and gives : 

If the perpendiculars from a, b, c to b'd, da', a'b' cut be, ca, ab 
respectively in collinear points, then the perpendiculars from 
a', b', d to be, ca, ab cut b'd, da', a'b' in collinear points. 

Orthologic triangles in § 15 correspond here to triangles each 
in perspective with the polar triangle of the other. The ortho- 
centre of a triangle corresponds to the centre of perspective of 
the triangle and its polar triangle. It is now easy to re-interpret 
the rest of § 15, 

12. If abc, a' b'd be self -polar triangles for a conic, then the six 
vertices lie on a conic, and the six sides of the triangles touch a conic. 

For kia= \[bc], k\a' =^\[b'c'], and so on. 

Hence kj k2 k^[abc] = \[bc,ca, ab] = [abef. 

Thus [abc] = kj k2k3. Similarly, [a' b'd] = k'j k^k^. 

\bd ,b'c, , ca' ,c'a, , ab' , a'b] 

= aa'b' , bb'd , eda' , abc — abb' , bed , caa' , a' b'd 

(§ 12 (25)) 

= k;k^k'3[«|.'][6|a'][^|6'] [abc] 

-k^k 2 k 3 [c! 6 '][a|r'][ 61 a'][«' 6 V]==o. 

Hence the first part follows by Pascal’s Theorem, the second 
dually, or by § 24*11. 

13. Def, The extensives a, a^ \ b, b^ \ c, c^\ ,,, on the same 
range are pairs 'in involution' if aa^bb^cc^,., is projective with 

If there is a projective correspondence between extensives of 
a range and extensives of the same range in which a, a^,b, c, ... 
correspond to a^, a, b^, c^, then by corresponds to b, and 
Cy to c, .... For the correspondence is fixed by the fact that 
a, ay, b correspond to ay, a, by, and we have 

R{aay bb^ = R{ay aby b). 
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Desargues' Theorem. If a line L cuts a conic through a, b, c, d 
in points p, q, then 

[L.ab], [L.cd]\ [L.bc], [L.ad]-, [L.ca], [L.bd]-, p, q 
are pairs in an involution. 


(I) 


For R{\L . ab], p, [L . be], q) 

= R{[abp] q - [abq] p, p, [bep] q-lbcq] p, q) 

^ [<^bp]\bcq] 

[bep] [abqX 

\^p] [cdp] ^ [abq ] [cdq] 

[bep] [dap] [beq] [daq] ' 

Hence (i) equals 

[daq] [cdp] 

Hence R{[L . ab], p, [L . be], q) = R{[L . cd], q, [L . da], p). 

Hence [L.ab], [L.cd]-, [L.bc], [L.da]-, p, q are pairs in an in- 
volution on L. 


Now, by § 24 (3), 


§ 27. The regulus.^ 

I . Def , A ‘ quadric cone * is the set of points on lines joining 
points of a conic to a point not in the plane of the conic. 

Def. A ^regulus* is the set of lines joining corresponding 
points of two projective ranges of points on skew lines. 

If ay by c and a', 6', d be any corresponding points on the two 
ranges, we may absorb weights, so that c = a + by c' ^ a' -^b\ 
then the points p = a-\-]d}y p' = a' -\-\ib' correspond. Their 
join is ^ ^ ^ 

Let A - [aa']y B = [M'J, C= [cc'l then 

C-A-B=^[ba']^[aV]. 

Hence ^ = (i ~ k) ^ + (£2 _ k) B + kC. 

Hence the lines of the regulus are linear combinations of any 
three lines of the system. 

Hence any line Fy which cuts three lines of the reguluSy cuts 
them all. The lines of a regulus are called its 'generators'. 

* For a treatment of the regulus, twisted cubic, quadric, and cubic surface 
by Grassmann*s methods, see Mehmke, Vorlesungen uber Punkt und VtktOT’- 
Rechnung (Leipzig, 1913). 


FCE 


9 
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For, if [F^] = [F 5 ] = [FC] = o, then [Fi/] = o. 

Such a line is a 'directrix' of the regulus. 

Any point p on a line of the regulus is of the form 

p =fi + kft + ki(^2' + kF) = ^ + k 64 -ki<z' + kikF. 

2. Let L=[ai], L' = [a'A'], then L^ = [ayBCa{\ is a line 
cutting F, C, and if we take anywhere on A, then Lj cuts 
A, By Cy and hence cuts all lines of the 
regulus. The lines of the regtdus cut 
in a range of points projective with the 
ranges on L, L\ 

For we can adjust weights so that 
J + k6 and d' = a' kb' are the cuts 
of D (any line of the regulus) with L and 
L'y and so that a^ = a + k^a'y b^=b-k-k[b' 
are the cuts of Lj and Ay B respectively. Let Lj cut D m d^. 
Now since [a^b^dd'\ = Oy we have k^ = k[ (cf. § 16, Ex. 8). Hence 
d^-k^d' — a^ + kby. Thus this point is on both D and Lj, and 
hence is at dy. 

Accordingly dy = ay-\-kbyy when d = a-\-kb. Hence the 
statement. 

3. The argument in 2 shews that lines which meet three 
given skew lines cut them in projective ranges ; hence such lines 
constitute a regulus. Thus the directrices of a regulus form a 
regulus, the 'opposite' regulus to the given. 

4. Lines which are linear combinations of three skew lines 
form a regulus, for they meet all lines which meet the given lines. 

5. With the above notation, let a = [Ly a], = [Ly 6], 7 = [Ly r]. 

Then [Hy] = ( i - k) [Ay] -f (k^ - k) [By] , 

[HCy]^{l-k)[ACy]+{k^^k) [BCy]. 

Hence, as H describes the regulus, the point [Hy] describes 
a range on Lj, which is projective to the pencil of planes through 
Ly described by [Hc{\, That is, the cuts of H and Ly form a 
range projective to the planes through H and Ly, Similarly, if 
L2 be another line cutting A, By C, the cuts of H and L^ form 
a range projective to the planes through H and L2- ^he 
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cuts of H with Li and L2 form projective ranges. Hence the 
pencil of planes through H and Lj is projective to the pencil of 
planes through H and L2> H varies. 

Hence the regulus is the cut of projective pencils of planes 
through any two directrices Lj and 

If Hy L cut in py the plane 7 T = [pULyL\ goes through //, L 
and is the ^tangent plane' at p. Also /) = [ttL'LjL]. Thus as p 
moves along a generator, p and n describe projective pencils. 

li p is any point on any generator, [pL'L^Lp^ = o. 

Examples, 6. The bisectors of the inner angles of a skew quadri- 
lateral are on a regulus ; so are the bisectors of two interior and two 
exterior angles. The bisectors of the interior angles of a skew pentagon 
or hexagon are linearly dependent.* 

For if iSj, ... be rotors along the sides of an n-gon, then 

Take all the rotors of the same magnitude, and we have the results. 

7. If the lines Lj, L2> ^3» ^4 ^ regulus, we can weight them 

so that Lj -h Z/2 + ^3 + ^4 = Then 

[Ly L2] = [L3 L4] , [Lj L2] + [Lg L3] -h [L3 Lj] = o. 

Hence yl[L^Lj\ [L^L^ ±V[^2^3] [^1^4] iV[^3^'i] [^'2^4] ~ 

To save brackets, we always write [] for -^/([] []). 

The last condition is independent of the weight of the lines. We 
shall see later, that, unlike the first, it is not sufficient to ensure that 
the lines, when skew, lie on a regulus. 

8. From a variable point />, two fixed lines L, M are projected on 
to two fixed planes a, /?. If the projections cut each other, the locus 
of/) is given by [pL,0L, ./)Af.^]=o. 

If Ly My [a//] are parallel to one plane, the locus contains a line at 
infinity. 

9. The four altitudes of a tetrahedron are generators of a regulus y the 
four perpendiculars to the faces at the orthocentres are generators of 
the opposite regulus, 

a\[bc-\-cd + db\-b\ [cd + da + ac] 

-f c 1 \da 4 - 4 - bd^ —d\\ab + bc + cd\ = o. 

10. If a series of parallel planes cuts four generators of a regulus, 
the areas of the triangles so formed are in a constant ratio. 

• Mehmke, Deut, Math, Ver. 21 (1912), p. 58. 

9*2 
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11. If p be on the hyperboloid through the altitudes of a tetrahedron 

a^a^a^^a^y then a^ is on that of paia2a^, (Zeeman.) 

For, let Mj, W2, 1/3, «4 be unit vectors on the altitudes from 
^4 respectively, and let v be the vector of a transversal of 
these altitudes, and p a point on this transversal. Then 

p— kjz; = +ljWj, (kj, Ij scalars). 

Thus [{p-a{) u^v] = o, [{p-a^) «2®] = o, [(/•-^s) u^v] = 0. 

Hence [(/> - ) Wi . (/> ~ af) ^2 • (P “ ^3) ^3] = o* 

Multiply by [«iW2^3]> ^rid express the product in determinant 
form by § 19 (12), then 

^2^3^! = - ^I3^32^2iy whcre hij = [(/)-i2i) WiMj]. 

Take [^1^2 ^3 ^4] = 

Now [u^u^ = 1(^3 -^4)* so on, the constant multiplier depend- 
ing on the sine of the dehedral angle along a^a^ and the length of 
that side. 

Hence h,2 = [(/> - a,) «, = [(/>- a,) | (flj - 04)], 

[(/>-«l)l(« 3 -« 4 )] [(/»-« 2 )l("l-« 4 )] [(/’-« 3 )l(« 2 -« 4 )] 

= -[(/>- «1 ) I («2-«4)] [(/>-«3)l(«l-«4)] [(/>-«2)l(«3-«4)]- 

If we interchange p, a^ in this, the equation is not altered. 

12. If pqr.,, and p'fr\,, be related ranges on skew lines y any line 
L meeting one pair of cross-joins meets an infinite number of other pairs. 

Suppose the corresponding points of the ranges are a + kby c + kdy 
for the same k, and let 

[L{a + kj b) (c + k2 d)\ = o, {L{a + k2 b) {c + ki d)] = o. 

Then [Lac] + kj [Lbc] -f k2[Lad] + kj k2[Lbd] = o, 

[Lac] + k2[L6^:] + kj [Lad] + kj k2[Lbd] = o. 

Since kj ^ k2, we have, therefore, [L{bc — ad)] = o. 

If then L meets [{a-hk^b) {c + k^d)]y it meets [(fl + k46) (c + k3rf)]. 

§ 28. The twisted cubic. 

Let ^ = a + k/?, ^ = a' + kyff', = a" + k)ff" be corresponding 
planes in three projective pencils of planes. These planes cut 
in the point 

P = = a + kft + k^c + kV, (i) 

where a = [aa'a"], b = [yffa'a"] + [ayff'a"] + [aa'yff"], 
r = [a/?'/?"] + d = 
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In the general case, none of these vanish, and p describes a 
curve which cuts a general plane tt in points at which the values 
of k are given by 

\a 7 T\ + k\lm\ -f k^cn] -f k^dn] = o, 

that is, in three points. The curve is a ^twisted cubic\ On it lie 
the points a, d. Since yff, /?', yJ" can be taken as any corresponding 
planes in the three pencils, d can be taken anywhere on the curve. 
Similarly so can the point a. 

If we project the points of the curve from d on to any plane 7, 
we have 

q = \pdy\ = [ady] + k[bdy\ + k}[cdy] = -f kb^ 4- k^r^ say. 

Hence, as p varies on the cubic, q describes a conic; the pro- 
jection of the curve from any point on it is a quadric cone. Taking 
two points on the curve, we therefore have the curve as the cut 
of two quadric cones which have a common generator^ the vertices 
of the cones being on the curve, and the common generator 
their join. 

By ( i), k~^ [p(td] = [bad] + k[cad]. 

Compare this with ^ = a4-k/?. Then, as k varies, that is, as 
p moves on the curve, [pad] describes a pencil of planes pro- 
jective with the pencil a + k/^. The line [ad] joining two points 
on the curve is a 'hisecant\ Thence the planes from a variable 
point p of the curve to any fixed bisecants form projective 
pencils, because all are projective to a -f ky?. 

§ 29. Quadrics.* 

1. Two spreads of step two are 'projective^ when they can 
be put into one-to-one correspondence, such that, if a^byCyp^^ ... 
in one spread correspond to a\ b\ c\ p[, ... in the other, these 
extensives can be so weighted that if /> = a4-ki64-k2^, then 
/)' = a'-fkiA'+k2r'. 

Then if p\, p^, P3, p\ correspond to Pj, p^y P3, P4, and 
kjPi + k2P2 “h ^zP^ “h ^aPa “ 
then kjp[ + k2p2 + ^/^3"h^4p4 = 

• Cf. Mehmke, Vorlesungen, for the argument in 3, 4. 
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If pj ^ be any four independent extensives in the first 
spread, the projectivity is fixed when the positions of the corre- 
sponding /)', y', r'y s' are known. For we can absorb weights so 
that = Sy p' -{-q' = s' ; the extensive p' + + k2r' 

which corresponds to/) + ki9 + k2r has then a definite position. 

2 . Let Ay By C be three lines, not coplanar, but meeting in d; 

then as kj, k2 vary, can represent any line L 

through d. We have a * bundle^ of lines, centre d. 

Let a, yff, y be three planes, not collinear, but meeting in a; 
then as kj, k2 vary, a + kiy^+k2y can represent any plane n 
through a. We have a 'bundle^ of planes, centre a. 

The two bundles are projective when a line of the first is 
made to correspond to the plane of the second with the same 
kj, k2. The projectivity is fixed when four corresponding pairs 
of independent elements are known. 

3. Thus we can assume that A goes through a, and that /?, 7 
go through d and hence through [ad^^A, 

The locus of the cuts p of corresponding lines and planes is 
a ^quadric\ 

/) = [(^ + ki S + k2 C) (a + kj /?+ kg 7)]. 

Now we can replace C by JS + kC, if we 
replace 7 by yff + ky. After this substitution, 
the coefficient of kj kg becomes 

2[fi^] + k([ 57 ] + ™, 

and since [iSyff], [fiy], [C/?] are all at dy we 
can, by choice of k, make this expression 
vanish. We may therefore assume that C, 7 are chosen in the 
first instance, so that the coefficient of kjkg in the expression 
for p vanishes. 

Then p = a + k^b-\-k2C-\-{y\\^ + k\\<^ dy 

where a = [Ja], i = [J 3 a], c = [Ca], \^d=[B^]y \2d=[Cy]y 

where Ij, Ig are fixed scalars, and kj, kg as before, varying scalars. 

If ki=k2 = o, then p = a\ if ki = k2=oo, then p = d. Hence 
Qy d are on the quadric. 
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4. We next shew that the centres of the bundles can be taken 
at any two distinct points of the quadric. 

Let Ay By C be any independent lines of the bundle of lines, 
oCy J3y y the corresponding planes. Take yj, 8y so that 

^ = [Ar.], B = c = [Sr,]. 

Let L = ^ + kifi + k 2 C, n^=fii + k 2 S, 7r2 = 7 i+ki^, 
then L = [(^i + k 2 ^) (y, + k,d)] = [7Ti7r2]. 

Let 7r = a + k,y?+k2y, 

n' = X, TT, + X27r2 + w 

= a + x,/?, + X2y, + k|(x2^+/?) + k2(x,d+y). 

Now, if we fix Xp X2, then the planes 

o^ + x^fi^+X2'yl, X28+P, Xj5+y 
are fixed and n' describes a bundle as kj, k2 vary, projective to 
the bundle described by L. Since 

[Ln'\ = [tti 7T2 tt'] = [tt, 7r2 tt] = [Ln ] , 
the pair of bundles of n', L give the same quadric as the pair of 
bundles of tt, L. 

Hence the quadric goes through the centre of the bundle of 
tt', that is, through the point 

5= [(a + Xi/?,+X2y,)(x2d+/?) (x,d+y)] 

= [(“ + xi A, + X2y ,) {\fiy] + X, [/?d] + X2[^y])], 

which must accordingly be on the quadric for all Xj, X2. 

Now the plane a-f Xj/^i 4-X2yi and the line 
[/iy]+x,|>?5]+x2[5y] 

describe projective bundles as Xj, Xo vary, and the cut q of corre- 
sponding elements lies, as we have seen, on the quadric. Hence 
so does the centre yj = [a-4] of the bundle of planes. But 
A is any line of the bundle of lines, hence [a.4] may be taken 
anywhere on the quadric. Thus the centre of the bundle of 
planes may be taken anywhere on the quadric. 

Since we can interchange lines and planes in the argument, 
we can also replace the bundle of lines by one whose centre is 
any point of the quadric. 

Thus in the original formulation we may take the bundle of 
lines (instead of planes) through a, and the bundle of planes 
through d. Or we may take both formulations together, so that 
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if lines A, B, C correspond to planes a, y, then the planes 
through BC, CA, AB respectively correspond to the lines 

\fiy\y [ya]. [a^]- 

5. Conversely, any point/) which moves so that 

/) = « + kii + k2t: + (kfli + k|l2) d, 
where I2 are fixed scalars, and a, i, r, d independent points, 
describes a quadric as kj, k2 vary. 

For, let OL = [abc\, \ad\ = A, \bd\ = B, [cd] = C, and let yff, y be 
distinct planes through ad. We can take weights so that 

a = [Aoi\, b = [J 5 a], c = [Ca], [By] + [C/?] = o ; 
then /) = [(^ + kifi + k2C) (a 4 -ki/ 6 ^ + k2y)]. 

For the right-hand side 

= /I + ki 6 + k2 ^ + kim + ki[Cr] ; m = [Cy] = d. 

6. Any point on a generator of a regulus is of form 

p = + k2C + kik2^/, 

and this can be written 

p = a-h i(ki -f k2) (A + r) + i(ki ~ k2) {b - c) 

+i[(k,+k2)2-(k,-k,)2]d. 

Hence the points on the generators of a regulus lie on a quadric. 
If the field of scalars is real, the quadric is a hyperboloid of one 
sheet, unless one of its generators is a line at infinity, in which 
case it is a hyperbolic paraboloid. This case occurs when the 
ranges on the generators are similar ranges. 

7. Any plane n which cuts the quadric, cuts it in a conic. For, 
if a, d be two points on the plane and quadric, we may take them 
as the centres of the bundles. The pencil of lines in tt, which is 
part of the bundle of lines through a, is projective to the pencil 
of planes through that line through d which corresponds to tt 
considered as one of the planes through a (cf. end of 4). This 
pencil of planes cuts zr in a pencil of lines projective to the pencil 
in TT through a. These two projective pencils of lines cut in a 
conic (degenerate or not) which lies on the quadric. 

8. If the field of scalars is the field of complex numbers, a 
line in general cuts a quadric in two points, since a plane through 
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the line and a point of the quadric cuts the quadric in a conic. 
If a line meets a quadric in three points, the section of the 
quadric by a plane through it, being a conic, must be a pair of 
lines; hence all points of these lines lie on the quadric. 

9. A set of n lines, or rotors, Lj, ..., is 'linearly dependent, 
or ' dependent^ if scalars kj, k^, not all zero, can be found so 

k,L, + ... + k„L„ = o. 

If no such set of scalars exist, the lines, or rotors, are 'inde^ 
pendent \ 

If Lj, ..., be lines, skew and independent, the lines which 
meet Lj, lie on a regulus. If the field of scalars is the 

complex field, cuts the corresponding quadric in two points 
(which may coincide). The lines through these points meeting 
Z/j, Lj, are the two lines (which may coincide) meeting the 
four given independent lines. 

10. A line L which is a linear combination of four indepen- 
dent lines Lj, ..., must meet the lines M which meet 
L„ ..., since [MLJ = ... = [A/LJ = o. 

Hence if the field of scalars is complex, these lines L meet, in 
general, just two lines, and just one line L in the set of linear 
combinations of Lj, ..., goes through a general point of space. 
Such a set of lines is called a 'linear congruence' \ the two lines 
met by all lines of the congruence arc the 'directrices' of the 
congruence. 

Examples. 13. A right angle moves about its vertex so that its 
plane goes through a fixed line through its vertex, and an arm moves 
in a given plane. Then the other arm describes a quadric cone. 

14. The hyperboloid which. contains ab^ a'b\ aa\ bb\ cc\ where c 

is on [ably ^ centre which is the point of concurrence 

of diameters of the quadrilaterals aa'bb\ bb'cc\ ccaa*. (Cf. § 16, 
Ex. 7, p. 78.) 

15. If Lp L2, Mp M2, N be given skew lines, and 

[/)Lj L2 .pMi M2 .pN] = o, 

then p describes a twisted cubic which is the cut of the quadrics 
[pL^ L2 .pN] = o and [pMj M2 .pN] = o. 



138 APPLICATIONS TO PROJECTIVE GEOMETRY [CHAP. 

These quadrics have a common generator. Similarly, each of 
[/)L, 4 . . . . /.M, . pN, Af, . . . = o, 

[pf'I 4 • • • -^21+1 • P^l ^2 • • • -^2111+1 • P ^2 • • • P^ 2 n +1 • G]=o 

gives a twisted cubic* for the locus of p. 

To see this, for example, for the last equation, let the first three 
factors, which are planes, cut in q. Then 

•Q^ 2 n +1 * * • —py 

and [^G] = o. 

Thus qN^rx+i-^-^i 

are projective pencils of planes, each projective with the same range 
on G. 

If the sides of a polygon go through fixed points, and all vertices 
but one move on fixed lines, the last vertex describes a twisted cubic. 

16. If /), a, b, c, a\ h\ d be on a twisted cubic, then since the 
projection of the curve from /> is a quadric cone, therefore the lines 

[pb'c .pbd^y [pda [pa'b .pad\ 

are coplanar, by Pascal’s Theorem. Let 

[pVc . bd] = /, [pda . ca'I = m, [pa'b . ad] = w, 

[pbd . Vc] = /', [pcd . da] = m\ [pad . db] = 
then [//'] is a line through p cutting dc and bd , Hence Pascal’s 
Theorem gives //', mw', nn' are concurrent and coplanar. Hence 

[pdc.bd . .pda.ca' . ,pa'b,ad , .p] = o. (Chasles.) 

As in the proof of Pascal’s Theorem (§ 12 (25)) the equation may 
be written 

[paa'd] [pbdd] [pcdd] [pabc] — [pabd] [pbcd] [pcad] [pa'dd] = o 

or 

[padd] [pbd a'] [pca'd] [pabc] — [pa'bc] [pdcd] [pdab] [pddd] = o. 

The equation represents Weddle’s quartic surface, the locus of 
vertices of quadric cones through a, b, c, a', d, d. The fifteen joins 
of fl, ..., d lie on the surface. The ten cuts of pairs of planes through 
the points, such as abc, ddc\ are also on the surface.f 

17. If a variable polygon ppip2---pnp moves in space so that its 
sides ppjy p^p2f pnP meet fixed lines, and the vertices /),, ..., /)„ 
lie on fixed lines, then p describes a quadric. J 

* Caspary, Crelles Journ. 100 (1887), p. 405. 

t The second of these equations for Weddle’s surface is due to Caspary, 
Bull. Sc. Math. (2), ii (1887), i re. partie, p. 222. 

J Grassmann, Crelles Journ, 49 (1855), p. 170. 
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§ 30. Supplements with respect to a non-degenerate quadric. 

1. We have seen that the points of a (non-degenerate) 
quadric can be expressed in the form 

/> = a-f kift + k2c4-k3rf when kj = kflj -f k|l2, 
and hence by 

P = Yib+y 2 C-¥yi{a + d) + y^{a-d), 
where Iiyi + l2y2 = Ys-yl- (i) 

As new base-points, take 

e 2 = \ 2 ^Cy e^ = a + dy e^ = a — d. 

Then psKiC^ + x^e^ + x^e^ + x^ei, 

where xf + x| — x§ + X4 = o. (2) 

If the field of scalars is the real field, the above assumes that 
Ij, I2 are positive. If either or both be negative, replace the 
negative 1 by —1, then the signs of one or both of xf, x| in (2) 
become negative. 

If the field of scalars is the complex field, we can ignore this 
complication, and also replace e^ by (2) becomes 

xf + x|+x§ + x| = o. (3) 

For brevity we take this as our equation. The various cases in 
real space are obtained when appropriate signs are changed, as 
in the work on conics. 

2. This paragraph uses the methods of ordinary analytical 
geometry. A line is a 'generator' of a quadric, if all its points lie 
on the quadric. A line is a 'tangent' to a quadric at a point/) of 
the quadric if it is either a generator or has no point save p on 
the quadric. 

If /) = Yi ^1 -f . . . + y4e’4 is on the quadric (3) and pq is a tangent 
at /), where q =z^e^ -f ... +2:4^4, then 

y?+...+y| = o, 

and (yi + kz,)^ + ... + (y4 + kz4)2 = o is either an identity in k 
(then pq is a generator), or has no root save k = o. 

Hence 2k(y,Zi + ... +y4Z4) + k*(zJ + ... + z|) = o 

is either an identity in k, or has no root save k = o. 
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In both cases jtj Zj + . . . + 74 Z4 = o, (4) 

and in the first case, we have also 

zf + . . . + z| = o, (y, + kz,)2 + . . . + (74 + kz4)2 = o. 

Thus (4) is the condition that pq is tangent at p. 

From (4) it follows that all tangents at p to the quadric lie on 
a plane, the ‘ tangent plane' at/>, and all lines through p in this 
plane are tangent lines. 

Def. Two points not on the quadric are 'conjugate' with 
respect to the quadric, the field of scalars being complex, if their 
join cuts the quadric in two points separating them harmonically. 

lip = 7, Cl + ... + 74^4, 9 = z,e, + ...+Z4«4 be the points, then 

as in § 25-3, p, q are conjugate, if and only if 

71 z, + ... +74X4 = 0. (5) 

Def, If a pointy is on the quadric, any point on a tangent line 
at/) is ^conjugate' to/). Hence (5) is the general condition for 
conjugate points. 

®y (5)) if P fixed, the points conjugate to p lie in a plane, 
the ^ polar plane^ of />; /) is the ^pole^ of this plane. Each point 
has a unique polar plane. 

In real space, as some lines through p may not cut the quadric, 
the points conjugate to p may only take up part of a plane. We 
call the whole of the plane the 'polar plane* of/), and extend the 
meaning of 'conjugate* so that all points of this plane are con- 
jugate to p. 

By (5): if the polar plane of p goes through q, then the polar 
plane of q goes through p. Hence if />, q^ r be on the polar plane 
of Sy then s is on the polar planes of /), r, 

3. Let [^1^2^3^4] = 

~ [^2^3^4]> ^2 ~ ~[^ 1 ^ 3 ^ 4 ]> ^3 “ [^ 1 ^ 2 ^ 4 ]> ^4 ~ ■“[^ 1 ^ 2 ^ 3 ]» 

then [6162636:4] = I. 

If/) = + ... then 9- = Zj 61 + ... + 2464 is on the polar 

plane of />, if (5) holds. Now this polar plane is 

yiei + ...H-y4€4 = 7r, say, 

[g 7 r]=yiZi + .. . + 74X4 = 0. 


for 
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Hence if tt, tTj, tt2 be the polar planes of />, />!, ^>2, then if 
p = ki/)i + k2/)2, we have tt = kjTTj + k27r2, and conversely. Hence 
if py q, r be independent points on the polar plane of 5, then the 
polar planes of py qy r (on which s lies) are independent. Thus 
they have a single common point; the polar plane of any point 
on [/)^r] goes through this common point. Hence each plane 
has a unique pole. Further, our first statement shews that the 
polar planes of points on a liney go through another line. The 
relation between the lines is symmetrical, each is the ^ polar ^ of 
the other. 

4. If /) = yi^i + ...+y4^4> 71 = yiei + ...+y4e4, and thus py n 
are pole and polar plane, we write 7T=\p and speak of 'supple- 
ments\ In particular, 

kl ~ **•> \^4 ~ 

l(y,Ci + ... +y4e4) = \P = yi«i + ••• + 74^4 = Yi ki + ••• +y4 \^4- 
Hence if py q be any points, kj, k2 scalars, then 
l(k,/) + k 29 ) = k,|/> + k2l?. 

As 77=1/) expresses that n is the polar plane of />, the last 
equation states the fact, proved above, that the polar planes of 
points on a line go through a line. 

5. We define the 'supplement' of \pq\ as [l/>. I?], and write 
it \[pq\. By the last theorem, the supplement of a line is con- 
gruent to its polar line. 

1 [^ 2 ^ 3 ] ~ [^2^3] ~ — [^ 1^3 ^4 *^ 1^2 ^4] ~ “"[^ 1^2 ^3 ^4] [^ 4 ^l] ~ [^1^4]' 

Similarly, 

l[« 2 « 3 ] = h« 4 ]. I[« 3 ei] = [^ 2 e 4 ]. i[«l«2] = [^ 3 « 4 ]. 

1 [«i «4] = [e2«3]. I [«2«4] = h^j], I [^ 364 ] = [c, e^]. 

Thus the repeated supplement 

llhcj] = h«j]- 

Hence \ \{pq\ = [pq], \\l- = P' for any line L. 

Ifp = y,«, + ... + y4e4, ? = z,e, + ... + Z4C4, then 

M = (y2Z3-y3Z2) [«2«3] + (y3Zl -Yl^s) [«3«l] 

+ (Yi Z 2 - y2 Zl) [«1 «2] + (Yi Z 4 - y4 Zl) [^1 ^ 4 ] 

+ (y 2 Z 4 -y 4 Z 2 ) [e 2 « 4 ] + (y 3 Z 4 -y 4 Z 3 ) [« 3 ^ 4 ]- 
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We obtain |[/>j] from [pg] by interchanging [^2^3] with 
[e^e{\ with [^2^4]) [^1^2] with [e^e^, 

6. We define the ^supplemenV of \fiqr\ as [l/>. |?. \r] and write 
it \\p>qr^. Thus |[/>?r] is the pole of [pqr\ as the cut of the polar 
planes of /), 5, r : 

l^i = |[^2^3^4] ” [^2^3^4] ~ 1^2“ “■^2> 1^3“ ““^3) 1^4” ““^4* 

= lki = -ei, (i=i, 2 , 3 , 4 ). 

7. From the definitions of \\_pq] and \\j>qr], and the fact that 

{pq\ is a linear combination of [^2^3]» •••» so on, and 

that [pqr^ is a linear combination of Cj, ..., 64, we have 

l(kiL + k2M) = kj \L-\-\i2\M for any lines L, M, 

|(kia + k2yff) = kj |a + k2l>ff planes a, yff. 

For any point />, plane tt, 

||P = -P, \\n = -n. 

8. We define the ^supplement' of a scalar as the scalar itself. 
Thus \[abcd\ = \abcd\. Since 

[ki • ki] = - [e, . e,] = h e,], [|e, . |e2] = o, 

we have [\a, [ri] = [air] = \\a 7 f\. 

Similarly 1 [LM] = [[L. |M]. 

9. If a, 6 are points, planes, L, M lines, then 

[a.\b], [ttM [L.\M] 
are called 'inner products' and are written 
W\bl [n,\n,l [L\M]. 

All are scalars. 

Similarly, \fL\rr] means [«.|7r], and so on. 

If |7r = i, then 

\[a\n]^\[ab\^{\a.\b] = -[\a.n] = [n\a]. 

If \a\Tf\ = o, then a, n are pole and polar plane, for then a = |7r. 
If {p 1 9] = 0, then p is on the polar plane |? of 
We write /)^ for [/>|/)], for [a|a]. If p’^ = Oy then p is on our 
quadric. If a? = Oy then the pole of ol is on a. 

[L\M] = |[L|M] == [|L. 1 |M] = [\L.M] = [MIL]. 
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If [L|M] = o, then L, M are 'conjugate' lines, that is, each 
meets the polar of the other. In particular, 

[eilei] = i, [eilej] = o, [«i|ci] = i, [ei|Cj]=o, 

[£i l^’i] = 1, where E^ is any of [^,^2], [^2^3], [^364]. 

[E,\E,] = o, 

Examples. i8. If in a tetrahedron^ two pairs of opposite edges are 
conjugate, so is the third pair. 

For \bc\ad\ + \ca\bd\ + \ab \cd] = o, as in § 19 (9). 

Def. Two tetrahedra are ' polar ^ to one another, if the vertices of 
one (and therefore of each) are poles of the corresponding faces of 
the other. 

19. The joins of corresponding vertices of two polar tetrahedra lie 
in general on a r eg ulus, so do the cuts of corresponding faces. 

The first part follows from 

[a\bcd]--[b\cda]-\^[c\dab]--[d\abc]=o. (6) 

The second part is the dual, obtained by taking supplements. 

To shew (6), let |a = a, then 

\[a\bcd] = [bcd\a] = [bcd.a] = [ba] [cd] + [coL] [db]i-[dx] [be] 

= [bW] [cd]-^[c\a] [db] + [d\a] [be]. 

This and similar formulae give (6), 

20. For convenience, put \[bcd] = a', \[acd] = —6', and so on, then 

(6) can be written ^ ^ ^ ^ ^ 

If three of these lines meet in a point, all do. In particular, this hap- 
pens when the opposite edges of the tetrahedron abed are conjugate. 

For then ^ -\{bcd.cdd\ = [abcd[\\[cd\, 

[aa' . bb'] = [ab . a'E] = [ab \cd]=^o, and so on, 

2 1 . The investigation dual to § 29 leads to the conclusion : if 
kyL^ + k2L2 + k^L2 ^ bundle of lines projective to a plane of 
points ki/)j +k2/)2 + k3/)3, (Lj, L2, L3 not coplanar, p^, p2, p^ not 
collinear), then the planes which join corresponding line and point 
envelope a surface whose equation can be put in the form (the field 
of scalars being the complex field) : 

xj 4 - -h x| + = o, where a = Xj -f- X2e2 + X3e3 + X4e4 

is a plane of the system. Thus a is a plane of the system if = o. 
If /? is any plane, is its pole for the quadric; hence, if a touches the 
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quadric (i.e. is a plane of the system) its point of contact p satisfies 

= o. Thus the points on a {non-degenerate) quadric envelope form a 
quadric locus, 

22. If a, b, Cy d be points on a quadricy andpy q be the cuts of tangent 
planes at Cy d with [a6], and p\ f be the cuts of the tangent planes at 
ay b with {cd\y then apbq and cp^df are projective. 

For p = [ab |(:] = [a\c'\ b-[b\c\ay q^[a\d]b- [b Oy 
R{.apbq) = [a\c\[b\d\^[b\c][a\d\. 

This gives the result, which is a projective generalisation of the 
theorem: if a sphere inscribed in a tetrahedron touches plane bed in a^y 
and so ow, then the angles between a^ by a^ Cy a^ d equal the corresponding 
angles in the other faces, 

10. If the polar lines of qry rpy pq cut any plane abc in a! y i', c 
respectivelyy and aa'y bb\ cc' are concurrenty then pp'y qq'y rr' are 
concurrenty where p\ q'y r' are cuts of {pqr] and the polar lines of 
bCy cay ab. 

For [abc , de] = [bede] a + [cade'\ b + [abde] c, 

whence, writing \[qr] for [de^y and noting that a' [abc \qr]y we 
have ^ ^ 1?^] ^ + [ab \qr'] c, 

[aa^] = [ca\qr] [ab]-[ab\qr] [ca]y 
m^[ab\rp][bc]-[bc\rp][ab]y 
[cd] = [be \pq] [ca] - [ca \pq] [be]. 

As these lines are concurrent, we have 

[ab\rp] [bc\pq] [ca\qr] = [ab\qr] [bc\rp] [ca\pq]y 
and the form of this proves the theorem. 

11. If the tetrahedron pqrs is in perspective with the polar 
tetrahedron of abedy then abed is in perspective with the polar 
tetrahedron of pqrs. 

For [qrs |a] = [? |a] M + [r [a] [r?] + [r |a] [qr], 

[rsp\b] = {r\b] [r/>] + [rl6] \j>r]^[p\b] [rs]. 

These cut if {[r\d\ [s |i] -[s\a] [r |6]) [pqrs] = o, 

or since [pqrs]^ Oy if [rs\ab] = o. 

Hence the ‘opposite’ edges of the two tetrahedra are conjugate 
lines, and the theorem follows by symmetry. 
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12. If Qy by Cy (l bc coplafior poifits on the quadric p^ = o, then 

^[a \b] [c \d] ± ^[b \c] [a \d] ± ^[c \a] [b \d] = o. 

If three of the points are collinear, one factor in each term 
is zero. In general 

^2 _ ^2 _ ^2 _ ^2 _ 1^2^ + kjC-f k4e/ = o, 

(kj, k4 scalars, none zero). 

Hence k^a-^-kob = — k^c — k^dy 

kik2[a|A] = k3k4[clrf] = ±vkik2k3k4 ^j[a\b] [c\d\y 

^3^4^ \d] + k, k^[a \d] + kok4[Z^ \d] 

= k,[{k,a-\-k,b + k^c) \d] = k,[-k,d\d] = o. 

'Fhe first expression in the preceding equation equals 
vk,k,k3k,(± V[« 16 ] [c|rf]±v[ik] [a\d]±^[c\a] [b\d]). 

13. If the sides aby bCy cdy da of a skew quadrilateral cut a 

quadric {which may be a cone) in the pairs of points a^y ^2; ^2^ 

fj, C2; d^y d^ respectively y and if a^y 6j, fj, d^ are coplanary then 
a.fy ^2, C2y do are coplanar. 

For using supplements with respect to the quadric, a + ki is 
on the quadric if {a + kA)“ = o. 

Hence, if a + k^b =a^y a-hk\b = aoy then kjki = [^W]-^[b\b], 

Hence, if 

b^=b + k 2 Cy c^=c-{-k^dy d^=d’\-kj^ay 
b 2 = b + k 2 Cy C 2 = c + k'^dy d 2 = d-\-k'^ay 
then kikik2k2k3k3k4k4 = i. 

But a^y fcj, Tj, d^ are coplanar, hence k,k2k3k4 = i. Hence 
kik2k3k4= I, and a2, 62* ^2> ^2 coplanar. 

Cor, If the sides of the quadrilateral touch the quadric y and are 
not generatorSy either the points of contact are coplanary or the 
plane through three of them cuts the fourth side in the harmonic 
cofijugate of the point of contact with respect to the ends of that side. 

For the condition that ab touches the quadric is that the roots 
of the quadratic in k are equal. Hence [a\b'^ = a%‘^. The point 
of contact is a-f ki^, where kj = -a--^[a\b'\. If 6 + k2C, r + kjrf, 
d-\-k^a be the other points of contact, the outer product of all 
four is (i ~kik2k3k4). The conditions of contact give 

kik2k3k4 = + I or - I, corresponding to the two cases. 
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When the quadric is a cone only the first case is possible. FJor 
consider a conic as a degenerate quadric, and let ab, bCy cdy da 
each meet it in a point. Draw any quadric with the sides of 
abed as generators and passing through a fifth point of the conic. 
Then contains the conic; and the four planes, each through a 
side of abed and the tangent to the conic where the side meets it, 
all touch ^ and pass through the pole with respect to ,2, of the 
plane of the conic. Hence if the sides of a quadrilateral meet a 
conic, then the tangent planes through them to the conic meet 
in a point. Dually, if the sides of a quadrilateral touch a cone^ the 
points of contact lie on a plane. 


14. A quadric cuts the edges of a tetrahedron abed in points 
such as kj2« + Z>, a-^k2ib; the points ki2« + 6, ki3« + r, k^^a^'d 
are joined by a plane which cuts \bcd] in a line. The four such lines 
are on a regulus. 


For [(ki2^ + A) (ki3« + c) (}i^^a + d).bcd] 

sk,2[c^/]4-k,3[</6] + ki4[ic] = L„ say. 

Similarly = k23[</<i] + k24[«r] + k2i[c</], 

L3 = k34[aZ>] + k3,[W] + kyy[da], 

■^4 = k4iM +k42M +k43[ai]. 

These lines are dependent, if we can find scalars kj, ..., k4 such 

~ ^2^21» ^2^23 ~ ~ ^3^32> ^k3i = +kjk|3, 

kiki4 = -k4k4i, k2k24 = +k4k42, k3k34 = -k4k43, 

that is, such that 


kik2 * — ~k2lkl2^ k2k3 * — — k32k23^ k3ki ^ — -l-kj3k3j*, 
kjkf* = -k4,kf4‘, k2ki-' = +k42k^4‘, k3ki-* = -k43k^4'. 

These are compatible if kj2k23k3i = ki3k32k2i, and so on for 
each cycle of three subscripts. The argument in 13 applied to 
the triangles abcy bed, eda, dab proves these relations. 


15. Dually, if tangent planes be drawn through the edges of 
tetrahedron abed to a quadric, and if ki2a4-/?, a-fk2i/? be such 
a pair, a, fi, y, S being the planes of the tetrahedron, then the 
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join of a to the point (kija + y) (ki4a + (J)], and 

similar joins, lie on a regulus. 

We find the same compatibility conditions as in 14. 

Hence, in 14, the twelve planes 

k34[aic] 4- [aW], [abc\ + k^j^abd\y ... 
touch a quadric, 

§31. The Grassmann cross-ratio of four lines, 

1. The Grassmann cross-ratio of four lines A, fi, C, D in 
space is defined as 

R{ABCD) = [AB] [CD] - [BC] [DA], 

li Ay By C, D have two transversals, distinct, cutting them in 
a, by Cy d and a! y b\ c\ d\ then 

R(ABCD) = [aba'b'] [cdc'd']-^[bcb'c'] [dad' a'] =R, say. 
Now 

[aba'b'] = mag ab,vmg a'6'.dist (aby a'b'),sm {aby a'b')y 

where a, by a'y b' are supposed to be of unit weight, and 
dist {aby a'b') denotes the distance between the lines aby a'b'. 
From this and similar formulae, we get R = rr', where 

r = [ab] [cd] - [be] [da]y r' = [a'b'] [c'd'] ~ [b'c'] [d'a']. 

Cor, i. The Grassmann cross-ratio of four lines in a regulus 
is the square of the cross-ratio of their cuts with any transversal. 

Cor, 2, Four lines Ay By Cy D of a regulus cut any transversal 
harmonically if [AB] [CZ)] = [BC] [DA], We say jB, D separate 
Ay C harmonically. 

2. If Lp L2, L^j L4 either lie on a regulus or have a unique 
common transversal, then 

VLLiLJ [L,L,]±^[UL,] [L,L^]±^[L,L{\ [UL,] = o- 

For first suppose Lj, Lo, L3, L4 have a unique transversal M\ 
consider the regulus through L2, L3, and let N be the line of 
this regulus through the cut of L4 and M, The tangent plane to 
the regulus at this point is the plane through N and M, Now 
L4 lies in this plane, for it must touch the quadric of the regulus. 


ZO-2 



148 APPLICATIONS TO PROJECTIVE GEOMETRY [CHAP. 

since if it met it again, Lj, L4 would have two distinct com- 
mon transversals. Hence L4 is dependent on M and and since 
N is dependent on Lj, L2, L3, it follows that Lj, L4, M are 
dependent. 

If on the other hand Lj, L4 lie on a regulus, they are 
dependent. 

Hence, in both cases, there are scalars kj, k2, kg, k4 such that 
kjLj +k2i/2’b^^3^3'b^^4^4 either zero, or a rotor A whose line 
meets Lj, ..., L4, and no k vanishes. 

Then kj “f" k2-/^2 “ ^3-^3 ^4 ^4 

Multiply each side outerwise by itself, then 

~ ^^ 3 ^ 4 [^ 3 ^ 4 ]' 

Similarly, 

^ 2 ^ 3 [^ 2 ^ 3 ] ~ ^^ 1 ^ 4 [^^ 1 ^ 4 ]> ^ 3 ^l[^ 3 ^l] ~ ^^ 2 ^ 4 [^ 2 ^'4] * 

Similarly, from 

kj/.! + k 2 i> 2”+‘^-^3 “ ~k4L4 + ^, 
we have kik2[LiL2] + k2k3[Z/2L3] +k3ki[L3Lj] =o. 

Hence 

^[L,L,] [L,L,]± 4 L,L,] [L,L,]±^[L,L,] [L,L,]=^o, 

This result and method may be compared with 1 2 of the pre- 
ceding section. It is equivalent to the vanishing of the 4-rowed 
determinant whose ij-element is [L^L^], 

In this form, it easily follows that the determinant equals that 
obtained by replacing Lj, ..., L4 by their polar lines for our 
standard quadric. 

The two cases are distinguished by the fact that if the lines 
lie on a regulus they are dependent, otherwise not. 

3. If abed, a'b'c'd' be two tetrahedra, then R{aa\ bb\ cc\ dd') 
equals the cross-ratio of the cuts of corresponding planes. 

For let a = [bed], yff = - [acd], y = [abd], 5 = - [abc], 
with similar meanings for a', fi', 7', 8 \ Then 

[oa'] = [a . Vdd^] = [oiV] [dd'] 4- [etd] [d'V] 4 [oid'] [b'd], 
[/?/?'] = [fi.a'dd'] = [fid] [d'a'] 4 - Wd'] [a'd] 4 [/ia'] [dd'], 
[oux' ,^j3'] = {[oed] [/id'] - [ad'] [/id]) [a'b'c'd'] 

= [a/ 3 ,dd'] [a'b'dd'l 
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Hence the cross-ratio of the cuts of the planes is equal to 
[oc/i.c'd'] [yS,a'b']-^[/^y.dW] [Soc.b'c'], 

Since [a/?] = [cd]^ and the scalar factors involved cancel when 
the substitution is made in the last fraction, this cross-ratio 

[cd.c'd'] [ab.a'b'] - [da.d'a'] [bc.b’c'], 
which is the cross-ratio of the joins of corresponding vertices. 

4. If abcdy db'c'd' be any tetrahedra^ then the cross-ratio of 
the joins of a^ b, r, d to the poles of the faces b'c'd\ c'd'a', d'a'b\ 
a'b'c' of a!Vc d* for any quadric equals the cross-ratio of the joins 
of a\ b\ c\ d' to the poles of the faces bcdy cda^ daby abc of abed. 

For let a, /?, 7, 5 , a', y\ S' be as in 3, then 

R{a la', b \/}'y c Ir', d\S') = R{a' |a, b' c' jy, d' [(J). 

For since 

[a\oL',b\ir] ==^[ab\oL'p'] ^-[ab\c'd'] [db'c'd']y 

the left-hand side equals 

[ab\c'd'] [cd\a'b']^[bc\d'a'] [da\b'c']y 

while the right-hand side equals the expression obtained from this 
by the interchange of dashed and undashed letters: but this 
interchange does not affect the value of the expression. 

5. If abed and a'b'c'd' be two tetrahedrUy and the joins of 
Uy by Cy d to the poles of the faces b'c'd'y c'd'a'y d'a'b'y a'b'c' of 
a'b'c'd' for any quadric lie on a reguluSy then the joins of a'y b'y c'y d' 
to the poles of the faces bcdy cdUy daby abc of abed lie on a regulus. 

For, if the joins of «, 6, r, d to the poles of b'c'd' y c'd'a'y 
d'a'b'y a'b'c' lie on a regulus, then b'c'd' \ay c'd'a'\by d'a'b'\Cy 
a'b'c' \d are dependent lines. 

But [b'c'd'\a] = [b' \a] [c'd'] + [c' \a] [d'b'] + [d' \a] [b'c'l 

and three similar relations. We can therefore find scalars 
kp kg, k3, k4 such that 

k,[d'\a] = k,[a'\d]y k,[c'\a]=k,[a'\c]y 

k,[b'\a]==k,[a'\b]y k,[c'\b]=klb'\c]y 

k3[rf'|c] = k4[c'|rf], k,[i'|^] = k2[^'l*]- 
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These give the relations, necessary for consistency, 
[«'lc][i>][c'|^] = [«'|6][6'|t][r>], 
and those obtained by cycling 6, r, d and a\ h\ c\ d\ But 
these are unchanged if we interchange the dashed and undashed 
letters. 

Cor. If two tetrahedra be such that perpendictdars from the 
vertices of one on to the faces of the other belong to a regains^ the 
relation is reciprocal. 

Note. We have a similar theorem when the four lines have a 
unique transversal. 

6. Def. If f{p) is an extensive, function of extensive />, we 
say it is a ^linear homogeneous function' when 

/(k,/» + k29) = k,/(/)) + k2/(?), 

where kj, k 2 are scalars, and q any extensive of the same step 
as p. 

If /(a, by Cy d) be a linear homogeneous function of extensives 
Uy by Cy d which vanishes when any two of these extensives are 
equal, then it is merely multiplied by a scalar when a is replaced 
by a linear combination p — k^a-^-k.yb-^^k^c^-k^dy of ay by r, d. 

For f{py by Cy d) = kj{ay by Cy d) + k 2 f{by byCyd)-\-... 

= kj{ay by Cy rf). 

If Gy H be polar lines for a quadricy abed a tetrahedrony and 
[aG] meets H in a', and so on for b'y r', d\ then the joins of a\ b\ 
c'y d' to the vertices of the polar tetrahedron of abed lie on a regulus* 
For let [aG .H] — a' y and so on; 

a'' = \[bcd]y i" = -|[acrf], c'' = \[abd]y d'' = -\[abc]y 

then S = [a' a"] + [6'6"] + [e'e"] + [d'd"] 

is a homogeneous linear function of by Cy dy which vanishes 
when two of the points coincide. For example, if « = A, then 

X.' Ik' U" J" ^ 

a = Uy a = —o y c =d =0. 

Hence S is unchanged, save for a scalar factor, when a is 
replaced by any point, and similarly when a, by r, d are replaced 
by any points. 

• Mehmke, Archtv Math. Phys. (3) 18, (1911), p. 37o. The method used 
here is Mehmke’s. It gives another proof of (6), p. 143 and of all such 
formulae. (Take abed as a polar tetrahedron.) 
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Now take a, b on G, then a' = 6' = o; take Cy d on //, but so 
that Qy by Cy J 2iTQ indepondent and \c\d] = o\ then c' ^Cy = 
d' = dy d" = dy since now aby cd are polar lines. 

But in this case *5 = 0. Hence *5=0 always. 

Cor, If a'y b'y c'y d' be the projections of the vertices of the 
tetrahedron abed on to a linCy then the perpendiculars from a\ fc', 
c'y d' to bedy cdOy daby abc respectively lie on a regulus, (Neuberg.) 

7. If [aa'] + [bb'] 4- [cc'] -f [dd'] = o, 

and a = \bcd]y fi — — [acd]y y — [abd]y S == — [abc]y 
with similar meanings for a', fi'y y', S'y then 

5 = [aa']+m+[rr']+m = o. 

For take \abcd\ = i, then the coefficient of \bc\ in 
S' ^[aa']-\-[bb']^[cc'] + [dd'] 
is [ 5 W] = [bb'ad] + [cc'ad\ = - [yV] + [pc '] ; 

the coefficient of [P'y'] in S is 

[So,' 8 ']^-[yb'] + \pc']. 

But S' — o means that all the coefficients vanish. Hence then 
*5 = 0. 

Hence if the joins of corresponding vertices of two tetrahedra 
lie on a reguluSy the cuts of their corresponding faces lie on a reguluSy 
and conversely,* 

Note, We have a similar theorem when the joins have a 
unique transversal. 

8. If fi' = [7'a'], C' = [a'yff'], we say abCy oi'^'y' 

are " in perspective^ when aA'y bB'y cC' go through a line. Let 
A — [bc\y B = \cd\y C—\ab'\y then: if abc y cc'fi'y' are in perspectivcy 
then Acc'y Bp'y Cy' lie on a line. 

For, let 

(T = [aA'] + [bB'] + [cC'l s = [ol'A] 4- [fi'B] + [y'C]. 

Then <r contains the cut d' of a', y'; express o* as a linear 

homogeneous function of a', /?', y'. Further s lies in the plane 
abc\ express ^ as a linear homogeneous function of Oy by c. 

We find that the coefficients in the two functions are the same. 

Hence, if cr = o, then 5 = 0, and conversely. 

* Mehmke, Math. Zeit. 35 (1932), p. 618, for the method for 7, 8, 9. 
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9 . If, in the sense of 8 , bed, eda, dab, abc are in perspective 

with where a', yff', y\ 8' are the 

faces of a' Vc'd\ then the joins of the corresponding vertices of abed 
and a'Vc'd' are dependent. 

For, if 5 = [aa'] + [bb'] + [cc'] + [dd'], 

and if a' = [b'c'd'], //' = - [c'd'a'], . . 

then [Sd'] = [aa'd'] + [bb'd'] + [cc'd'] 

= MV'] + M'^'] + [coc'n = o. 
Similarly, [5^'], [5A'], [5^:'] vanish. Hence S = o, 

The converse is true. 

10 . The tetrahedron abed is inscribed in a quadric. From any 
point p on the section of the quadric by the plane abc, lines are 
drawn to the poles q^, ^ 2 , ?3 of the planes bed, cad, abd. Then these 
lines cut the quadric again in three points coplanar with d. 

(Miiller.*) 

For take x^ = o as the quadric. If [pq\ cut = o again in 
p + kq, we have 

p^ = o, (p’hkq)- ^o, k^ 2 -f 2 [/)|^] = o. 

Hence the cuts in question are 

(i = i, 2 , 3 ); 

the plane through them is 

9i[/>| 92] [plft] [P92^3] + -- 

+ ...- 2 \p\q^] [p\q^] [ 91 ( 7 . 93 ]. (i) 

Now qi = \[dbcl q\ = [dbcf = 2 [d\h][b\c][c\d], 
and if p = x^r, 

then - [p l^j] = [pdbe^ = x^[abcd'\, 

“ [P 1 92 ] = [pdea] = x^labcd],,, , 

= [P- \dca. \dab] = - [abed] [p \da], 

[9i ?2?3] = k. [9i 9293^] = o. [dp \da] = - [a \d] [p \d]. 
Hence the outer product of (i) and d is the sum of three terms 

9f[Pi92][/>l93][/>9293^] 

= - 2 [abcdf [p \d] [a \d] [b \d][c\d]. X 2 X^[b \c], 

and it vanishes, since 

o = />2 = 2(x2X3[b Ic] + X3 X, [c |a] + X, X2[a I A]). 

• Crelles Journ. 122 (1900), p. 30. The proof there is geometrical. 
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§ 32. Associated points* 

1 . If /) be a point on a quadric through the lines L, M, AT, 
then [pLMA^/)] == o. 

If L = [«i], M= A^= [efl then 
[pLMNp^ = [pab.cd,efp] 

= [/)«W] 

Hence the first equation may be written, 

[Ldp] [Ncp] = [Lcp] [Ndp]. 

2. If Oy by Cy o! y V y be general points, let V = o be the quadric 
through the lines aa! y bb\ cc\ W = o that through bd y ca\ ab\ 
and U =0 that through iV, doy a' by then (§ 22-13) 

V = [paa * . bb ' . cdp] = [paa'b'] [bcdp] — [paab] [dcdp'l 
= [paa'd] [bcdp] — [pcdd] [aba'p]. 
Similarly, or by cycling «, i, c and c', 6', 

W = [pbd .ca' .abp] = [pbda'] [cabp]-[paa'V] [bcdpl 
U = [pcb'.ad.ba'p] = [pcb'd] [aba'p]--[pbda'] [cab'p]. 

Hence U-f V-hW =o. Compare this with the proof of Pascal’s 
Theorem in § 12*3. 

Omitting p is equivalent to projecting from a point p of 
U, V, W on to a plane not through />, and working in that plane. 

3. Nine general points determine a quadricf. As a quadric 

is given by an equation of the second degree, three quadrics 
Qi=o, Q2 = o, Q3 = o, in general position cut in eight points 
/>!, A quadric through seven of these points is of the form 

X, Qj -f X2 Qo + X3 Q3 = o, and hence goes through the eighth point. 

All quadrics through seven of the points go through all the 
eight points. Such points are 'associated points', 

4. If ay by Cy dy ^2 ' , dy c\ d^ be associated points, there is a 

quadric through ay by r, d with generators L = [^'A'], M=[dd']. 

For a quadric through a, b with generators Ly M has equation, 

by I, [!>«/>] [Mbp] — k[Lbp] [Map]y (k scalar). 

* Turnbull, Journal Indian Math. Soc. 17 (1928). Proc. Cambridge Phil. 
Soc. 22 (1925), p. 481. 

t We take this from analytical geometry, since a general quadratic ex- 
pression in four variables has ten coefficients. That a general quadratic 
equation in four variables represents a quadric follows from the fact, proved 
later, that such an expression can be reduced to a ‘ sum of squares ’. 
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If it goes through Cy then 

[Lac] [Mbc] = k[Lbc] [Mac], 

Now a, by c and three points on each of L, M are nine points 
determining a quadric through L, M, Its equation is, therefore : 

[Lbc] [Lap] [Mca] [Mbp] - [Lea] [Lbp] [Mbc] [Map] = o. 

But as a, by c, dy a', b\ c', d' are associated points, the quadric 
goes through d. Hence we have a relation connecting these 
associated points: 

[Lbc] [Lad] [Mca] [Mbd] 

- [Lea] [Lbd] [Mbc] [Mad] = o. (i) 

5. This is equivalent to 

[bc.Ld. ,ca.Md, ,La,Mb] = o. (2) 

For [bc,Ld]y [ca.Md] arc points/), g, say; [La]y [Mb] are planes 
a, A and 

[poc] = {[Lbd] c--[Lcd] b) [La] = [Lbd] [Lea] + [Led] [Lab] 

^-[Lbc][Lad]y by §16(11). 

[q^] = - [Mca] [Mbd]y [pfi] = - [Lbd] [Mbc]y 
[qoc]t^^[Mad] [Lea], 

Hence the left-hand side of (2) is equal to the left-hand side 
of (i). Equation (2) expresses a theorem of Hesse. 

6. To the left-hand side of (i) add the expression obtained 
by interchanging a, c, and we have, omitting brackets, 

Lbc , Lad . Mca , Mbd — Lea . Lbd , Mbc . Mad 

+ Lba , Led , Mac , Mbd — Lac . Lbd . Mba , Med 
= {Lbc . Lad + Lab . Led) Mca . Mbd 
— Lea , Lbd {Mbc , Mad -f Mab , Med) 

= — Lea , Lbd .Mca, Mbd -f Lea , Lbd , Mca , Mbd = o. 

Hence the left-hand side of (i), and hence of (2), changes sign 
when ay c and similarly when any two of a, 6, Cy d are inter- 
changed. 

7. The left-hand side of (i) can be written 

[a'b'bc] [a'b'ad] [c'd'ca] [c'd'bd] 

[a'b'bd] [c'd'bc] [c'd'ad]. 
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Cycle c\ d\ a and add, then 

[a'b'bc] [c'd'ca] {[a'Vad] [c'd'bd]-\-[a'b'c'd] [d'abd] 

-{-[a'b'd'd] [ac'bd]) 

-[a'Vbd] [c'd'ad] {[a'Vca] [c^d'bc]-^[a'b'cc'] [d'abc] 

-\-[a'b'cd'] [ac'bc]) = o, 

since each round bracket vanishes (§ 16 (ii)). 

Thus three expressions of type (i) are connected by an 
identity. 

8. Since there is a quadric through L, M, and a, 6, r, d, we have 

R{La, Lb, Lc, Ld) =R{Ma, Mb, Me, Md), 

R{a, b, Lc . ab, Ld . ab) = R{Ma . cd, Mb . cd, c, d). 

Hence [Lc.abc], [Ld.abd], [Ma,cdd\, [Mb,cdb'\ 

are dependent, since they join corresponding points of two pro- 
jective ranges. (Zeuthen.**^) 

9. If a, b, c, d, a* , V, c' , d' be associated points, the lines 

[abc . a'Vc'], [bed . Vc'd'], [eda^ . c'd'a], [da'V . d'ab] 

are dependent. (Weddle.) 

For let these lines be 5 , C, D. It suffices to shew that on 
each of the eight planes [abc'\, [a'ftV], ... lies a line cutting 
A, B, C, D. 

Now, for example, [abc^ cuts D, B, C in the points 
[ab . da'V], [be . cW'ft'], [da'c . c'd'a . abc], 
and these are collinear, since, by (2), 

[ab . da'V ..be. c'd'b ' . . da'c . e'd'a] = o. 

• Acta Math. 12 (1889), p. 362. 



[ 156 ] 


CHAPTER IV 

ROTORS IN SPACE, THE SCREW 
AND THE LINEAR COMPLEX 

§33. Screws. 

1. A sum of rotors is called a ‘screw'. Thus a screw is of form 

•5=[/>.®,] + [/>,®J + - + [/>n®n]. 

where /)j, points or vectors, and v^y vectors. 

It can be reduced to a rotor through a given point /), and another 
rotor. For 

S = [p{v^ + + . . . + »„)] + [(/>, -p) ®,] + . . . + [(/>n -p) 

= [pv] + U, 

where v ^v^-j-v^-h is a vector, 

and U = [{p^ -/>) ^i] + • • • + [{Pn - P) ^n] is a bivector. 

Now U can be written in the form [(/> — ?) w]y where 7 is a 
suitable point, and w a suitable vector. Then 

S = [p{v + w)] 

Hence S is the sum of a rotor through p and a rotor — Iffu)]. 

2. If^-ffi=C4-Athen[^fi] = [CD]; 

[{A^-B)L] = [{C^D)L] 

for any rotor L. 

For [{A + B){A^ B)] = [(C + D){C + 0)1 

[AA] = Oy [AB] = [BA]y 

and so on, giving [AB^ — [CD'\. 

These theorems are easily interpreted in terms of volumes. 

3. S is a rotor or bivector , if and only if [*S5] = o; if also 

o, it is a rotor. A necessary and sufficient condition that S 
is a bivector is [5i2] = 0. {Q is the unit bivector.) 

For, if 5 is a rotor or bivector, then [55] = 0 at once. Con- 
versely, since 5 can always be put in the form A^-By and [55] is 
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then 2\AE\y therefore if [5S] = 0, then B must be concurrent 
or parallel, and ^4 4-5 is a rotor or bivector (a couple in statics). 

If 5 is a bivector, then [5f2] = o (§ 22-16); and if 5 = ^4-5, 
and [5i2] = o, then the vectors of B are equal and opposite 
(§ 22- 1 6), and 5 is a bivector. 


4. If 5 is a screw, L a rotor of unit magnitude, then [SL] is the 
‘ jnomenV of the screw 5 round the line of L. This moment equals 
the sum of the moments round L of rotors whose sum is 5. 

If Sy S' be two screws, then [*5*5"] is their 'mutual moment'. 

If *5 = \[ad] 4- m[bd\ 4- n[cd] 4- V[bc] -f m'[ca] + n'[abl 

then [*5*5] = 2(11' + mm' 4- nn') [abed]. 

Hence, if a, by Cy d are independent, then 11' 4- mm' 4- nn' = o is 
a necessary and sufficient condition that *5 is a rotor or bivector. 

The coefficients 1, m, n, 1', m', n' are the ‘Pliicker* co- 
ordinates ’ of *5 with respect to a, by c, d. 

If the rotors [pq] and [r^] have Pliicker coordinates Ip mp np 
Ip m'p n'l and I2, m2, n2, I2, ni2, respectively, then 

[pqrs] = ((Iil2-fl2li)4-(mim2 4-m2m'i)4-(nin2 4-n2ni)) [abed]. 

Hence a necessary and sufficient condition that [pq] and [r^] 
are coplanar, is that the coefficient of [abed] vanishes. If 
1| 4-I2 = 1, li 4-I2 = 1', and so on, this condition becomes 
ir4-mm'4-nn' = o, 
and in this form it merely means 

[(/»? + ")(/>? + ")] = 0 - 


5. If a, by e, d be independent, then any rotor is a linear 
combination of [ad]y [bd]y [ed]y [be]y [ea]y [ab]. 

For, if [pq] be the rotor, then />, q are linear combinations of 
Uy by r, dy 211(1 if wc multiply out the expression obtained for 
[pq] when these combinations are substituted for />, we have 
the result. 

These six rotors [ad]y and so on, are independent. Hence, if 
any six independent rotors be given, as they are linear com- 
binations of [ad]y ..., [ab]y any rotor is also a linear combination 
oithem. (Cf. §53*11.) 


• Originally introduced, in a more general form, by Grassmann. 
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6. If A, B be rotors, p a point, then, by § 22‘3, 

[A.Bp] + [B.Ap] = [AB]p, [A.Ap] = o. 

Hence, if S — C+D, where C, D are rotors, then 

[S.Sp] = [iC+D).{C+D)p] = [C.Dp] + [D.Cp] 

= [CD]p=^^[SS]p. 

Hence [S. Sp] = ^[ 55 ] p. Similarly, [ 5 . 5 a] = ^[ 55 ] a. 

7. The following can be shewn in the same way: 

[abc.S] = [S.abc] = [bcS] a + [caS] b-^[abS] c, 

[Sa.bc] = [Sac]b-[Sab]c, 

[abc.dS] = [adS] [be] + [W 5 ] [ca] -f [cdS] [ab]. 

Examples, i. If four forces along skew lines be in equilibrium ^ the 
lines are generators of a regulus, 

2. If py ay by Cy d Bc fixed points, and r, t vary so that 

[pq] + [rt] = [be] + [ad]y 
then q moves in a fixed plane. 

For [be] -f [ad] ~ [pq] is a rotor, Ry say. Then [/?/?] = o gives 
[bead] = [{be + ad) pq] = [{bep + adp) q]. 

But [bep] + [adp] is a fixed leaf. 

3. If is the incentre of the face of the tetrahedron a^a2a^a^ 
opposite to a^y and pj is the perimeter of that face, and f2> P2> ••• 
have similar meanings, then the system of forces 

Pi • h + P2 • ^2h + P3 • ^3^3 + P4 • ^4^4 
is in equilibrium. 

4. If the lines 

\[ad] + .„+V[bc] + ,.. and \^[ad] + +\\[bc] + 
intersect, their point of intersection is 
(Ij 1' + mmi + nnj ) a + (I'mi ~ \\ m) ^ + (I'ni - I'l n) c + (mn^ - n) d, 

5. The most general screw S such that the points and 

[S,aia2a^] are respectively the centroids of the triangles ^1^2 ^3 and 
a^a2a^ can be written as the sum of multiples of ^1^2 

- ^ 2^3 + ^3^1 + («i + «2 + ^3) ^ 4 - 

For such a system the join of the points [S.a^a^af] and [S,a2a^af[ 
is parallel to the edge <21^2* (Univ. of Wales.) 
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§ 34. The linear complex. 

We now consider the properties of screws in projective 
geometry, and work in projective space, the field of scalars in 
this section being either the real or the complex field. 

1. If two projective pencils of lines in distinct planes, with 
distinct centres, have three pairs of corresponding lines which meet, 
then all pairs of corresponding lines meet. 

For let L = U = A' be corresponding lines in 

the two pencils. We can suppose the pairs A, A'; B, B'; A-hk^B, 
A' + k^B' meet; then 

[AA'] = [BB'] = o, [(A 4- + ki B')] = o. 

Hence {AB']^[A'B]^ o, [(^4-kB) (^' + kB')] = o for all 
scalars k. 

2. If two projective pencils of lines which lie in distinct planes 
have their centres at distinct points of the cut of the planes, 
and have that cut as self-corresponding line, then the set of lines 
meeting distinct corresponding lines is called a 'linear complex', 

(Other cases of projective pencils besides those in i, 2 are 
considered later.) 

Let X — A kB, X' = A' kB' be corresponding lines of the 
pencils, and let B^B' be along the self-corresponding line. We 
can adjust the weights absorbed in A"', A', B', so that B-{-B' = 0, 
while the first two equations still hold. Then X + X' = A-hA\ 
Hence any line L which cuts X and X' satisfies \L{A + A')\ ~ o. 

Conversely, suppose [L[A^- A')] = o. We can find a line Y, 
in the first pencil, which meets L\ if F= i 44 -ki 5 , then 

[LA] -f ki[Lfi] = o, hence [LA'] -h ki[Lfi'] = o, 
hence the corresponding line Y' meets L, Hence L is in the 
complex. 

Writing S for A-hA', we have: the linear complex consists of 
all lines L such that [L 5 ] = o, and only of these, 

3. Now let S be any screw; consider lines L such that 

[L 5 ] = 0, and let B=^[ab] be such a line. We can write S in the 
form A^-k-A^, where A^ is a rotor through a\ then since [ 55 ] = 0, 
we have [abA^] + [aft/l,] = o. 



i6o 

But 

hence 
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{abA{\ = o, 

[BA,] = [BA^] = o. 

Consider the pencils 

where JS = 5^ = — JS2. 

All lines L w^hich satisfy [L*S] = o satisfy [L{A^-\- A<^^=^ o. 
Hence by 2, they are lines which meet corresponding lines of 
the two pencils; the set is thus a linear complex, which we shall 
say ^corresponds^ to the screw S, 

4. The linear complex of lines L such that [LS] = o, where S 
is a screw, is the set of lines round which S has zero moment. 
These lines are the ‘ nul lines ’ of S. 

If 5 is a rotor, or bivector (considered as a line at infinity), the 
lines L such that [LS] = o, are the set which meet S. This set is 
a ' special' complex. It arises from the case in i, where the 
pencils are 'in perspective'^ and the line of S is the join of 
their centres. 

5. Any screw S can be reduced to a rotor along any given line 
which is not a nul line of *5, together with a rotor along another line^ 
the 'conjugate' of the given line with respect to the screw or corre- 
sponding complex. 

For, if L is any rotor along the given line, and we suppose 
5 = kL + M, 

where k is a scalar, and M a rotor, the theorem will be proved 
if we can determine k and M. Now 

o = [MM] = [(5-kL) (S-kL)] = [55]~2k[5L]. 

Hence k = [55] - 2[5L], M = 5 - kL. 

The solution exists and is unique, whenever [5L]^o, that 
is, whenever L is not a nul line of 5. 

6. If 5 is a screw, not a rotor, and S = A + B^ where Ay B are 
rotors, then the nul lines of 5 which go through any point p 
lie in a plane, the 'nul plane' of/) for 5 (or for the corresponding 
complex); p is the 'nul point' of the plane. 
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For, if L = [pg] is a nul line of S, then [Ap\ + \_Bp\ is a plane 
CL through p, such that 

M + Bp) ?] = [(A + B) pq] = [ 5 pg] = o. 

Hence and hence L, lies on the plane a. 

Conversely, every line in the plane through the nul point is 
a nul line. 

Thus the nul plane of p for S is [Sp], 

y. If q is on the nul plane of p^ then p is on the nul plane of q. 

For [* 5 p . 9] = — [ 5 ^ .p] ; if q is on [Sp], then 
whence [S^.p] = o, and p is on the nul plane of q. 

Cor, All the nul lines which lie in a given plane go through the 
nul point of the plane. 

8. Six lines* in a linear complex are dependent \ that is, there 
is a linear combination of the lines which vanishes. 

Otherwise there would be six independent lines Lj, ..., Lg 
such that [LiS] = o, ..., [LgS] = o, and since any line is a linear 
combination of the independent lines Lj, ..., Lg, we have 
[LS] = o for all lines L, Let S^A^B (A, B rotors), then 
[^S] = o gives [AB] — o^ hence Ay B are coplanar. Hence S is 
a rotor which meets all lines whatever y which is impossible. 

9. If a = [Sp]y then [So] = [S,Sp] = l[SS] p. 

Hence, if S is not a rotor, and a = [Sp], then p= [Sa]. 

Also [^(kip, + kjpj)] = k] [Spi] + k2[-5p2]. 

Hence, as p moves along a line [Pip2]> plane traverses 

the pencil determined by the nul planes of pj and p2- 

10. If [P1P2] is not a nul line for a general screw S, and hence 
[SpiP2]#o, then [P1P2] and [Spi.Sp2] are conjugate lines for S. 

For, by 5, we can express S in the form S = kiL-fk2M, 
where L = [pip2], and kj, k2?^o. Then 

[ 5 pJ = k2[Mp.], [Sp,] = k,[Mp^, 
hence M = [Spj . SP2] . 

* There is hardly any need in the present investigation to distinguish 
between ‘line* and ‘rotor’. Lines are dependent when, if any non-zero 
rotors be placed along them, the rotors are dependent. 


FCE 
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Also [5/>,.5/>2 ]#o, for if [5/)i]s[5/)2], then 

[Mpi] = [M/)2] , = [Mpyp2] = o» 

contrary to the hypothesis. 

We say the lines L, M are 'conjugate' lines for the complex 
as well as for the screw. 

II. If L, M be conjugate lines for S, and Lj, Mj be also 
conjugate for 5, then L, M, L„ M, lie on a regulus. 

For, as there are scalars k, k', k,, k'„ none zero, such that 
iS = kL + k'M = k,Li + k[M,, it follows that L, M, L,, M, are 
dependent. 

§ 35. Screws and linear complexes in involution. 

In this section we take our field of scalars to be the field of 
complex numbers. 

1. As the scalars kj, kj vary, the screws k,5, + k 2 52 form a 
'pencil' of screws given by the screws 5„ S^. In this pencil 
there are just two rotors, when we ignore magnitudes; their 
lines may be real, coincident, or imaginary. 

For, if 5i, S 2 be not rotors, then 

[(kjiSi +k 2 *S' 2 ) (ki«Si + k 2 ‘S' 2 )] = o 

is a quadratic equation for kj : kj. If these roots are distinct, and 
hence the lines of the rotors P, Q in the pencil are distinct, then 
each S in the pencil is a linear combination of P, Q. 

2. In the pencil of screws, we can introduce cross-ratio and 
harmonic separation (§ 23). 

If 5i = kiP+lie, 52 = k2P+l2!?, 

where P, Q are rotors, then the condition that P, Q separate 
5i, 52 harmonically is kil 2 -l-k 2 li = o. If this holds, then 

[5,52] = (k,l2+k2li)[P!3] = o. 

If [5 i52] = o, we say 5,, 52 are 'in involution'. 

Two rotors are in involution, if and only if their lines meet. 

If two screws are in involution, we say the corresponding 
linear complexes are 'in involution'. 
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3. If Sy S' are screws in involutioHy the nul lines of S are 
conjugate in pairs for S'. 

For, if L is a line, and [L 5 ']^o, the conjugate of L for S' is 

*^“2 [ LS ^ ^ = (§ 34 - 5 ) 

If then [L 5 ] = o, 

we have [L' 5 ] = [ 5 ' 5 ] = o. 

4. The lines which are common to all complexes corre- 
sponding to the screws kiSi+k2S2 are those which cut both 
rotors of the pencil of screws, for they must be nul lines for all 
screws of the pencil. They thus constitute a congruence of lines 
(§ 29*10). Through a general point of space goes just one line 
of the congruence. 

5. Three independent screws S^, ^2, S3 give a spread of 
screws kjSi +k2S2 + 1^353 of step three, or a 'bundle^ of screws. 
The rotors in the bundle are given by the values of k which 

[(k,5i+k252 + k353)(ki5,+k252 + k353)] = 0. 

'Fhis gives a quadratic equation in kj, k2, k3, and thus there is 
an infinite number of rotors in the bundle. If all were linear 
combinations of two of them, then Sj, S2, S3 would also be 
linear combinations of these two, and so would not be in- 
dependent. Hence at least three of the rotors in the bundle are 
independent; if these be Lp L2, L3, then all screws in the bundle 
are linear combinations of Lp L2> ^3 (since Sp S2, S3 are so) and 
hence all rotors in the bundle of screws are on the regulus 
through Lp L2, L^; hence all nul lines of the bundle, or all lines 
common to the complexes determined by Sp S2, S3, are on the 
opposite regulus. 

6. Since any screw is a linear combination of rotors along the 
edges of a tetrahedron, and a general linear combination of these 
rotors is not zero, therefore screws form a spread of step six. 
Any screw can be put in the form kjSi -f ... -f kgSg, where 
Sp ..., Sg are six given independent screws. Similarly for 
linear complexes. 


11-2 
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§ 36. The simultaneous use of supplements for vectors and rotors. 

I. We return to the consideration of real space. In dealing 
with points and vectors in space together, if we defined \\ab\ 
and I \abc^ as the supplements of the corresponding vector b — a 
and of the bivector \bc'\-]r[ca]-{-{ab], we should have, if we 
assume that the operation of taking the supplement is dis- 
tributive over addition, 

I [abc] = I ([6c] + [ca] + [ab]) = [((c - 6) + (fl - c) + (6 - a)) = o, 
which is barren. 

Accordingly we define the operation of taking the supplement 
of a rotor or a leaf independently, and introduce a fresh sign. 

We define \{abc\ as the vector v, say, perpendicular to {abc\, 
with a magnitude equal to mag \abc\, and a sense such that 
[abcv\ is positive, and we define \[ab^ as the bivector U, say, 
perpendicular to ab with a magnitude equal to mag [fl6], and 
sense such that [abU] is positive. 

From this it easily follows that, if a, fi are intersecting leaves, 

4.(<x + /?) = i<X + 

and that if L, M are intersecting rotors, 

\{Lt + M) — \L + 

If we assume these laws generally, it follows that if a, p be 
parallel leaves of equal and opposite magnitudes, so that a+/? 
is a trivector, then \{ot,+p) = o; and if L, M be parallel rotors 
of equal and opposite magnitude, so that L + M is a bivector, 
then \{L + M) = o. To preserve the distributive law, we must 
therefore take the supplement | of a trivector and of a bivector 
to be zero, and we shall assume the supplement | of a vector to 
be zero. 

For the old supplement ], we have the same rules as before. 


2. If is the unit trivector and P a rotor, a a leaf, then 
|P=|[i 2 P], |a=|[i 2 a], ||P = o, Ua = o. (i) 
If P, Q be rotors, a, /? leaves, then 

[P \Q] = mag P mag Q cos (P, Q), 

[a l/ff] = mag a mag /? cos (r, P), 

[P|!2] = [!2in [a|y3] = [/9|a]. 


(2) 
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3. A screw can be reduced to a rotor and a bivector in a plane 
perpendicular to the rotor \ either or both of the rotor and bivector 
may vanish.* 

For, suppose S = A + k ‘^A, (3) 

where .<4 is a rotor, and k a scalar to be determined. By (i), (3), 
15= iA. Hence, if k were known, then A would be uniquely 
fixed by ^ = 5-k;5. (4) 

Now, since A is d rotor, [AA] = o, hence 

o = [(5 - k ^5) (5 - k \.S)] = [SS] - 2k[5 IS]. (5) 

Hence, if [S |5] /o, then k is uniquely fixed, and hence so is A. 

k is the 'pitch' of the screw, A its 'axis'. 

If [55] = 0, and [5 J,5]#o, then 5 is a rotor. 

If [5 1^5] = o, then 5 is not of form (3), unless 5 = o, because 
(5)» (4)> (3) would give [55] = 0, [^5] = o, [A\A]=^o, and 
hence A = o. 

If [5 15] = 0, and then 5 is a bivector. 


4. We have 
For 


U [AS] [55] 

[^| 5 ] 2[‘5 45 ]’ 

[5 15] = [5 ^A] = [.4 j5] = [A irA], 


since 


| 5 = 4 ^. 


And [55] = [5^] + k[5 ^A] = [5^] -f k[A ^A] = 2[5^], 
since [5^] = [^5] = [AA] + k[A iA] = k[A ^A]. 


5. If 5, C be three perpendicular concurrent rotors, then 
A + ^A, C-h^C, A — ^Ay 5— C~|C are inde- 

pendent screws, mutually in involution, for {ABi] = [A >[5] = o, and 
so on. Hence six independent screws mutually in involution, exist. 


Examples. 6. Forces acting at the vertices of a tetrahedron abcdy 
perpendicular to and proportional to the opposite faces, balance. 

For, take d as the origin of vectors, writing = a — dy ... and so on, 
then the sum of the forces from «, by c is 

[a|6ic,] + [6|c,ai] + [c|a,6i] 

= {{d + fli) |6, c,] + [(t/ + 61) |c, a^] + [{d + c,) |ai A,] 

= [rf|i,c,] + [rfk,«,] + [rfk,6,] = [rf|(6-a)k-a)]. 

* This proof of Poinsot’s theorem is given by Lotze, Die Grundgleichungen 
der Mechanik (igzz). This tract uses Grassmann’s methods. 



j66 rotors in space [chap. 

7. Forces acting at the centroids of the faces of abed perpendicular 
to and proportional to the faces, all inwards, balance. 

For, taking d as the origin of vectors, the sum of the forces is 
one-third of 

[{a-\-b + c)\{b^c^+c^a^+a^b^)] + [{b + c + d) \ -b^Ci] 

+ [(c -{•a + d) \ — Cl ^j] + [(fl! + ^ I — ai 
= [a 1*1 c,] + [A jc, aj + [c |a, A,] - [</ 1 (A, c, + c, a, + a. A,)] = o, 
as in Ex. 6. 

8. If forces act along the sides of a triangle abc taken in order, and 
are proportional to the distances of the opposite vertices from a 
plane, then their resultant acts along the cut of the planes. 

For [abc. a] = [aoc] [be] + [6a] [ca] [ca] [ab]. 

§ 37. The mutual moment of two screws. 

1. If Si= A + li^A, S2 = B-\-l2\By then since (§ i 7 ' 5 ) 

[\A . = o, we have [Si So] = [AB] + (li + 12) [A ^B]. 

If kj, k2 be the magnitudes of A and jB, and if (J) is the angle 
between them, and d the distance between them, then 

[Si S2] = kj k2 d sin ^ + (Ij + 12) kj k2 cos (p. 

2. \i S — A + \\A — where P, Q are rotors, let C be 
a rotor perpendicular to P, Q and meeting both, then 

[C|P] = [Ci!3] = [CP] = [C(3] = o. 

Hence using = we have [C \ A] — Oy [CA] = o. 

Hence the common perpendicular of two conjugate lines of S 
cuts the axis of S at right angles. 

3. If S = A-hl^Ay and L is a nul line of S, then [SL] = o. 
Hence if d is the distance between A and L, then 

Thus to draw a line of the complex which corresponds to S, 
through a given point />, we find the foot q of the perpendicular 
from p to A and through p draw a line L perpendicular to pq 
at an angle {Ay L) to A given by (6). All lines through^ in the 
plane of pq and L are in the complex. This could have been 
taken as the (metric) definition of the complex. 
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4. More generally, let S = kP+k'j^, where P, Q are rotors, 
k, k' scalars. Then if L be a line of the complex, we have 

k:W = -[QL]:[PLl 

Hence the moments of a force along a line of the complex about 
two conjugate lines are in a ratio which depends only on the conjugate 
lines chosen, 

§38. The cylindroid, 

1. Consider the pencil of screws 5 = kj5i+k2S2, where 
5, S2 are expressed in standard form: 

S = A-{-xlAf -f-Xj l.^j, ^2 = -^2 "*■ ^2 

where [A^ l.A{\ — [A2 4'^2] = suppose [S^ SJ, [52*52], 

[5i ^82] are not zero. Then 

[ SyS ^] = 2x1, [5352] = 2x2, 

[Si j 5 i] = [^2 ^52] = 1, [ 5 i [52] = [^1 1^2] = cos ^ 6 , 

(/) being the angle between the axes of 5^ and 82^ 

Then x= = [(k, 5^+k252)(k,5,-fk252)] 

2 [SjS] 2[(ki 8 , + ko 52) i(ki Si + k2 52)] 

_ x^ kf + k^ k2[Si ^2] + X2k| 
kf + 2kik2 cos ^ + k| 

_ Xjkf + kik2dsin5i + k,k2(xj +X2)cos95-f X2k| 
kf + 2kj kv cos ^ + k^ 

2. As kj :k2 varies, the locus of the axis ^ of 5 is given by 

A = S — x J.5 = kj5j 4-k252 — x(ki jSj -fk2 4'52), 
with the value of x just found, and is called a 'cylindroid', 

3. Let P be the rotor which cuts A^^ A^ at right angles, then 

[^iP] = [^2^] = o, [A,[P]==[A2iP] = o, 

Hence [PS,] = [P52] = 0, [P |5,] = [P j ^2] = o. 

Hence for each axis A of screws of the pencil, 

[P^] = o, [Pj^] = o. 

All generators of the cylindroid cut P at right angles. 
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4. Suppose Gy G' be two perpendicular intersecting gener- 
ators of the cylindroid, if such exist. Then 

[GG'] = o, [G|G'] = o. 

Let y=G + 4 G = 5i+yS2, 

y' = G' + l' |G' = 5i+y'52. 

Then [y^y'] = o = [yy']. 

[Si i 5 J + (y + y') [ 5 j ^52]4-yy'[S2 IS2] = o,| 

[ 5 i 5 i] + (y + y') [ 5 , 52 ] + yy' [52^2] = o.J 
These equations determine y, y' uniquely in the general case. 
Hence, in general, there is one pair of intersecting perpen- 
dicular generators. 

5. To shew that these generators are real, we must prove 
that y — y' is real. Write the first equation of (7) as 

a + 2bx + cx^ = cz, 

where y + y' = yy' = x^ ~ z, 

a = [ 5 j > 1 ^ 5 ,], b = [ 5 , n1^52], c = [52 n^52]. 

Then (y — y')^ = 4z, and we have to shew that z is positive. 
This follows from 

c^z = (cx H- b)^ + ac — b^, 
ac - b 2 = [ 5 , 15 ,] [ 52 152 ] - [ 5 , ^52]^ 

= [5,52 ^'5,52] ^ o. 

6 . In the pencil of screws, let L,, L2 be the perpendicular 

intersecting axes; let them cut in and let e^y 62 be unit vectors 
along Lj, L2> ^3 ^ vector perpendicular to them, with 

[^1 ^2 ^3] ~ ^ • 

We may suppose, without loss of generality, that L,, L2 are 
of unit magnitude, and 

5 , = Zy, “h k, 52 = Z/2 “f" k2 4 'Zy 2 > 5 = 1 , 5 , -h I2 52 * 

Let 5 = L -f k |L. Then L cuts \ee^ at e + ze^y say. 

Let L = [{e + ze^) (xe, + y^2)] • 

Then, since [^3^1] = |[^^2] = 

[^2^3] “ 'l^[^^i] ~ 
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we have L = xLj + yL2 + xz IL2 — yz iLj , 

S = xLj -f yL2 + (kx - yz) >l.Li -f (ky + xz) ^L2 = Ij 5 i + 12 S2. 
Hence x = Ii, kx — yz = kjlj = kjX, 

y = I2, ky 4 -xz = k2l2 = k2y. 

These give (k — kj) x = yz, (k2 — k) y = xz, 

whence we have the equation of the cylindroid in rectangular 
cartesian coordinates, 

(x 2 + y 2 ) z = (k2 - k,) xy. (lo) 

Also k(x 2 4 -y^) = kix 2 4 -k 2 y^, 

hence k(lf + 11 ) = kilf + k2li, 

which gives k in terms of Ij, I2, k^ k2. 

It should be noted that according to the definition, given in 
2 , of the cylindroid, points of the z-axis lie on the cylindroid 
only when they lie on generators; in real space such points fill 
an interval only, whereas each point of the z-axis satisfies 
equation (10). 

Examples, 9. If V2, v<^y be vectors, and p a point, then 

[p\v^-{p + V2) ip + ^^3) (P + ^4)] 

- [P 1^2 • (/> + ^1) iP + ^3) iP + ^4)] 

+ [P 1 ^3 • (/> + ^i) (/> + ^2) iP + ^4)] 

- [/> 1^4 • (P + ^1) (/> + ^2) (/> + ^3)] = o- 
For, [{p + V2) {p + v^){p + ^4)] 

= [p {^3 ^4 + ^^4 ^2 + ^2 ^3)] + [^2 ^3 ^4] 

= /)Fi+kii 3 , say. (§ i 77 -) 

Now \_P\"^\^pV\\y or pW*^\'^\\y ^he product of p and a vector, 
and hence is a rotor. Assume p to be of unit weight. 

Also [p |t;i .kii]?] = ki where k^ = [«^2^3^4]» 

and [ 1 ^ 1 = -[(^ 3^4 + ^ 4^2 + ^ 2 ^’ 3 )l^l]» 

[^3^4 1^1] = K l^l] ^4 - K 1^1] ^ 3 - 

Hence the sum of terms like [|z;i . has, when expanded, as the 
coefficient of v^y the expression 

[(^2 - ^3) bi] + [(^3 - ^1) 1^2] + [(^i - ^2) 1^3] = o- 
Similarly, the other coefficients vanish, and the sum is zero. 
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Also [®2f3®4] l«’l - [^'l ®3®4] l®2 + [®1 ® 2 ® 4 ] \^3 “ [»1 ®2^3] 1®4 = O- 
Hence, ifp he any pointy abed a tetrahedron^ then the planes through 
p perpendicular to the joins of p to a, c, d cut the opposite faces in 
lines on a regulus. 


10. A line L cuts the faces of abed opposite to a, b, Cy d in />, r, s ; 
then the lines apy hqy cry dsy L are dependent. 

1 1 . Screws of pitch k in the spread kj + k2 ^2 + k3 53, {S^y S2, 
being screws) have axes which lie on a regulus. 

For, if i?j, ..., be four such screws, and = ^j+k^i^j, then 
there are scalars x,,...,X4 such that XiRi + = o. Take 
supplements. 

Thence Xj + ... +X4 = o, hence Xj^j + ... -hx^A^ = o. 

In particular, the lines of rotors of the system lie on a regulus. 

12. If Ay By C be rotors, and 

[A{B^C)]=Oy [A^{B-C)]=^Oy 

then the axis of B — C cuts the line of A at right angles. 

Hence deduce the theorem of Petersen and Morley : 

If Ay By C be skew lines, and A'y B\ C' be the common perpen- 
diculars of the pairs (By C), (C, A)y {Ay B) respectively, then the 
common perpendiculars of the pairs {Ay A')y {By B')y (C, C') have 
a common perpendicular. 


§ 39. Mobius tetrahedra, 

I . An identity. If ay by Cy a\ b\ c' be any points, then* 

\bca ! . caV . ahd . alh’d^ + [6 Va . d a! h . a’Vc . abc^ = 0. ( 1 1 ) 
For {abd . a;Vd\ = \ahda;\ [b'd] + [abdb'] [da'l 

[cad .abd ,a'b'd] = [abda'] [cadd] d -V[abdd] [cad a'] d 

-[abdd] [cadd] a\ 

[bed ,cad ,abd ,ddd] = [abdd] [cadd] [bedd] 

+ [abdd] [cadd] [bedd] 

= [abdd] [cadd] [bedd] 

-[abdd] [cadd] [bedd]. 

Similarly [dc'a,c'db,ddc,abc] = [a'dca] [c'dbc] [dc'ab] 

-[ddbc] [ddab] [ddea]. 

Adding these last two equations, we have (ii). 

The dual equation, of course, holds for planes. 

* We call this the Mobius identity, although it does not occur in Mobius* 
works. Nor have I been able to find it stated elsewhere. 
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2. If the first term is zero, then bca\ cab\ abc' meet in a 
point, d, say, on a'b'c\ The last term is then zero, and the 
planes 6'r'a, c'a'b, a'b'c meet in a point d' on abc. 

Hence if abed and a'Vc'd' be tetrahedra, and a\ b\ d points 
on the planes bedy eda, daby and ay by Cy d be points on planes 
Vc'd'y dd'a'y d'a'b\ a'Vdy then d' is on abc. Each tetrahedron 
has its vertices on the faces of the other. Such tetrahedra are 
called ^Mobius tetrahedra\ 

3. If abed and a'Vdd' are Mobius tetrahedra, then so are 
ab'dd and a'bcd\ also a'Vcd and abc'd'y also a'bc'd and aVcd\ 

4. Suppose a'y 6', dy d! are on the faces of ay by r, dy then 

k^a' — . -fk ,26 + k,3r4-ki4t/, 

k2 i'=k 2 i^ . 4-k23^ + k24rf, 

k3r' = k3ia + k32i • -^k^^dy 

k^d' = k^^a + k^2^-\-k^^c . • 

If [aVdd']y [ba'dd% {ca'Vd'^ vanish, we have 

^23^34^42 “ ~^24^43^32> ^34^41^13 “1^3lki4k43» 

^41^12^24 ~ '”^42^21^14* 

These give ki2k23k3i = — ki3k32k2i, hence \da'Vd^ = o. 

For let kjj/kji = hjj, then 

^^23^34^42 “ ^^31^14^43 ~ ^41^12^24 “ “ 

Since hijhj. = i, the product of these expressions gives 
^12^3^31 = “■!• Thus we have another proof of the existence 
of Mobius tetrahedra, 

5. Now adjust the weights of b\ dy d' so that 

^^12 = 1^13 = ^14 = — I, 

then h34 = h24 = ~ i, and hence h23 = - 1. 

The determinant of the ki j is then skew. 

Conversely, if that determinant so modified is skeWy then abed 
and a'Vdd' are Mobius tetrahedra. 

6. If aa'y bVy cd be non-coplanar and uVy u'v' cut them har- 

monically in Uy Vy w and w', v\ w\ then the planes abcy aVdy a'bdy 
a'b'c meet in a pointy and hencey by {ii)y a'Vdy a'bcy aVCy abd meet 
in a point. (Steiner.) 
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For we can weight the points, so that a+a', b + b', c + c' are 
at u, V, w, and a -a', b-b', c-c' are at v', w'. Then, since 
\umo\ = o, \u'v'v}'\ = o, we have 

[(a + a') (b + b') (c + c')] = o, [(a -a')(b- b') (c - c')] = o. 
Hence \abc\ + [afc'c'] + {a'bc'l + [a'b'c\ = o 

[a'b'c'] + [a'bd] + [ab'c] + [abc’] = o. 

If [a'bc.ab'c.abc''\ = d, and [ab'c’ .a'bc' .a'b'c] = d', then abed 
and a’b'c' d' are Mobius tetrahedra. 


7. If a line meets aa', bb', cc' in u, v, w, and if u' is the harmonic 
conjugate of u with respect to a, a’, and if v', w' have similar 
meanings, then [u'v'to'^ goes through d and d' defined in 6. 

For, weighting points as in 6, [uvw] and [u'v'tv'] are respec- 
tively: 

{[abc] + [ab'c'] + [a'bc'] + [a'b'c]) 

-I- {[a'b'c'] + [a'bc] + [ab'c] + [abc']), 

{[abc] + [ab'c'] + [a'bc'] + [a'b'c]) 

- {[a'b'c'] + [a'bc] + [ab’c] + [abc']). 

Since [uvw] = o, therefore [u’v'w'] is congruent to each of the 
expressions in the round brackets, and hence the plane goes 
through d and d'. 

8. If d, d' be defined as in 6, and a line meets aa', bb', cc', dd' 
in u, V, w, p, and if u', v', w' be defined as in 7, and p' similarly, 
then these four points are collinear. If also a, b, c, d are collinear, 
and a', b', c', d' collinear, then the generators [uv] and [u'v'] 
separate harmonically the generators ab, a'b' on the hyperboloid 
through them (§31-1). 

9. If the joins of corresponding vertices of two tetrahedra 
lie on a regulus, then this regulus contains the cuts of corre- 
sponding faces if, and only if, the tetrahedra are Mobius 
tetrahedra. (Cf. § 31 ‘7.) 

We leave the details of 8, 9 to the reader. 


10. If 5 is a screw, L a line, p a point, then 

[SL]p=[Sp.L] + [Lp.S]. (12) 

For, 5 is a sum of rotors, and (12) is true when 5 is replaced 
by a rotor (§ 22-3). Hence (12) holds generally, by addition. 
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If *S' is a screw and 5 ' = L1+I/2+ •••> adding equations 
obtained from (12) by substituting L2, ... for L, we get 
[SS']p = [Sp.S'] + [S'p.S]. (13) 

In particular (cf. § 33*6) 

i[SS]p = [Sp.S] = [S.Sp]. (14) 

11. If L, M be rotors, p, q points, we have, if L = \aV\, 
M=[cd\, 

[Lp . Mq] + [Mp . Lq] = [Lpq] M+ [Lpc] [dq] + [Lpd] [qc] 

+ [Mpq\ L + [Mpa^ [i^] + [Mpi] [qd\ 
by § 16 (6). = [Lpq]M+ [Mpq] L - [LM] [pq]. 

Applying this to a screw S, the sum of rotors L + M, we find 
[Sp.Sq] = [pS.qS] = [ 5 ^] 5 - l[SS] [pq]. (15) 

If in this we write S-\-kS' for 5 , and expand, the coefficients 
of k give 

[Sp.S'q] + [S'p.Sq] 

= [ 5 '/.?] 5 + [Spq] S' - [SS’] [pq]. (i6) 

12. From (15), 

[Sp . Sq . Sr] = [Spq] [S . Sr] - l[SS] [pq . Sr] 

= K 5 />?] [SS] r-i[ 55 ] ([5/>9] r-[S.pqr]) 

(by (13), (14)) 

= l[SS] [S.pqr]. (17) 

We have used [pq-Sr] = [Spq]r — [S.pqr]y which follows 
from (13), by putting r for p and [pq\ for S\ Formula (17) is 
the symbolic expression of the fact that the nul planes of three 
points with respect to a screw meet at the nul point of the plane 
joining the three points. 

13. From (17), 

[Sp,Sq,Sr.St] = i[SS] [S.pqr, . 5 ^] 

= -l[SS] [St.. S.pqr] 

= -i[SS] [St.S..pqr]. 

The associative law which has been assumed in the last step 
is obvious geometrically when is a rotor, and hence generally, 
by addition. It is a special case of a rule which will be shewn 
later from the algebra. 
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Now [51.5] = ^[55] I. 

Hence [Sp . Sq . Sr . St] = - i[55]2 = ^[SS]^ [pqrt]. 

All these formulae have duals, when points are replaced by 
planes. 

14 . The dual of ( 15 ) is 

[5a . 5/?] = [ocS.^S] = [ 5 a/?] 5 - ^[55] [a/?]. ( 1 8 ) 

Let a = bSi, ^=cS^. These are nul planes of b, c for 5j. 

Let b' = [65i 5] = [a5], c' = [c5, 5] = [yff5]. 

Then ( 18 ) gives 

[b'c'] = [5.i5,.c5,] 5-i[55] [&5,.c5,]. 

By ( 15 ). [65, .c5,] = [5,6c] 5,-H5,5,] [ 6 c]. 

Hence [ 6 'c'] = [6c5,] [55,] 5 - 1[5, 5,] [6c5] 5 

-h[SS] [6c5,] 5, + i[55] [5,5,] [ 6 c], 

[a 6 'c'] = [55,] [6c5,] [a5]-|[5,5,] [6c5] [a5] 

-^[SS] [6c5,] [a5,] + i[55] [5,5,] [abc]. 

Cycle a, 6 , c and add, using the dual of ( 14 ), 

[5a6c.5] = ^[SS] [abc], 
and the easily shewn theorem : 

[6c5,] a + [ca5,] 6 + [«65,] c = [a 6 c . 5,], 
and we have* 

[a 6 'c'] + [ 6 c'a'] + [ca' 6 '] 

= J[55] [5, 5,] [a 6 c] + [55,] [a 6 c. 5, . 5]. ( 19 ) 
Hence if [55,] = o, that is if 5, 5, are in involution, then 
[ab'c’.a'bc'.a'b'c.abc] = o. 

15 . The nul point of [/>5,] with respect to 5 is [/>5, 5] = ^, 
say. Clearly [pq] cuts the axes of both rotors of the pencil 
k5+k,5,. 

If j' = [/)'5,5], then 

xq + x'q' = [(x/> + x'p') 5, 5]. 

• E. Muller, Monatshefte Math. Phys. 14 (1903), p. 182. 
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Hence, as p traverses any line, q traverses a line. Hence the 
cross-ratio of />, q and the cuts of \^pq\ with the rotors of the 
pencil is constant. When * 5 , are in involution, this cross- 
ratio is — I . Hence we have the result of 6 again. The identity 
(19) includes this theorem. 


§ 40. Screws and quadrics.^ 

I. If be a generator of a regulus, and we denote supple- 
ments for the quadric through the regulus by the stroke, then 

^2 == ^2 _ = o for all k. 

Hence [a|6] = o. 

If ap is a generator of the opposite regulus, then abp is the 
tangent plane to the quadric at a, since [«|/)] = o, \a\abp'\ = o, 
and so \a = \cd)p'\. 

We can take p on ap and weight 6, p so that \a = [abp'\ and 
[b\p\=i. 

Then | [ab] = [abp !&] = |> | A] [ab] = [ab], 

I [ap] = [abp I/)] = [ 6 1 /)] [pa] = - [ap]. 

Thus we have a distinction between generators of opposite 
reguli. We can take weights so that if L is a generator of the 
regulus containing [ab\ then |L = L, and it then follows that 
if Lj is on the opposite regulus, then |Li = — Lj. 


2. If two lines Lj, Lo of a regulus be conjugate for a screw 5 , 
then the conjugate for the screw of each line of the regulus is 
on the regulus. 

For if X be any line, \X is its polar line for the quadric. 
There are scalars X2 such that S = + X2L2, and we may 

assume = |L2 = L2, thence |*S=*S. 

Then the conjugate for S of any other line L of the regulus is 




[LS] ^ 


Since \L = L, and | 5 =*S, we have \M=M. 


* See Whitehead, Universal Algebra t § 174. 
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3 . If 5# ± |iS, then the rotors in the pencil of screws defined 
by iS and |5 are of form x5+y|5, where 

[(x5+y|5)(x5+yl5)] = o, 
that is, (x2 + y2) [55] + 2 xy[ 5 15] = o. 

If the solutions of this equation be 

x:y = h:k and x:y = k:h, 

and be distinct, these rotors are h*S' + k|5 = Z/, say, and 
k*S' + h|*S'= \L, Thus their lines are polar for the quadric, and 
they are conjugate for the screw *5, since 
hL-k|L = (h2-k2) 5. 

4 . Hence if 5^ ± 15, then S is of form L-\-k\L in general, 
where L is a rotor. This form is unique, for if 

5 = M + k|7W, then |5 = kM-f|M, 
and My \M are the two rotors in the pencil of screws defined by 
S and 1 5. 

The only self-polar screws in this pencil are 5± |5. For, if 
5' = ki 5 -fk 2 i 5 = ±|5', then kj 15 +k 25 = ±(ki 5 +k 2 | 5 ); 
hence k^ = ± k 2 , 5' = 5 ± |5, since 5:^ ± |5. 

5 . If the solutions of the equation in x/y coincide, then 

[SS\=±[S\S]y 

the pencil of screws is ^parabolic' ; it contains only one rotor, and 
that is self-polar for the quadric, and hence a generator. 

6 . If a pencil of screws has as its rotors two generators Lp 

of a regulus on the quadric, then all lines of form kiLj-fk 2 L 2 
are self-polar for the quadric, and the pencil cannot be defined 
by a screw and its supplement. 

7 . In general a linear complex has two lines on a regulus, for 
if ab and cd be the two lines L, |L of 4 , conjugate for the corre- 
sponding screw Sy and polar for the quadric through the regulus, 
and if they meet the quadric in a, by c, rf, then aCy ad and be, bd 
are generators of the quadric and nul lines of the screw. 

If the pencil 5+ |5 is parabolic, the two lines coincide in a 
generator of the quadric. 

If 5 = |5, the complex contains all lines of one of the reguli 
and two of the opposite regulus. 
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CHAPTER V 

DIFFERENTIATION AND MOTION 

§ 41 . Differentiation of an extensive with respect to a scalar. 

1 . If a point p moves along a curve, we can regard /> as a 
function of the arc s (a scalar) of the curve, measured from a fixed 
point of the curve. 

If ds is the arc-length between p and /)j, then {p^—p)jds is 
a vector along pp^. If we keep p fixed and make p^ move along 
the curve so as to tend to /), we assume that this vector tends to 
a vector along the tangent at />, which is assumed to exist and to 
be unique. 

The assumptions made are tantamount to certain assumptions 
on the continuity of the spread in which we are working, and 
on the type of curve with which we are dealing. As it is no part 
of our plan to analyse such assumptions, we shall always make, 
without necessarily mentioning them, the assumptions necessary 
to secure the existence and uniqueness of the limits which we 
need. 

The limit of (pj — /))/ds, aspj tends to />, will be written dpfds 
and called the derivative of p for s. 

This derivative is a unit vector, for as p^ tends to/>, mag {p^ —p) 
differs from ds by an amount of order not less than ds^. 

2. Example, If o be a fixed point, and i, j perpendicular unit 

vectors, and /> = 0 + a cos sin (j> .j, then p describes an ellipse, 

centre o, as 0 varies. 

dpjds = (a cos (0 + nji) . f -f b sin {(f> -f tt/z) •»^ds/d^ 

= {9-o)^ds/dp, 

where q is the point on the ellipse corresponding to ^ + Tr/a. 

Now since dpjd^ is a unit vector along the tangent at />, it follows 
that ds/d^ is the length of the radius vector ^ — and this vector is 
parallel to the tangent at p. 

Similarly /> = 0 + a cosh u . i + b sinh u .7, (u scalar) 
represents one branch of a hyperbola, centre 0, 


FCE 
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3 . If -4 be any extensive, which is a function /(r) of a scalar r, 
and if there be an extensive C of the same step as 4, such that, 
if h be a scalar, then 

/(r+h)-/(T) = h(C+Z)), 

where D is an extensive of the same step as 4, whose magnitude 
tends to zero when h tends to zero, then we write, as in the 
ordinary differential calculus, 

C = rf4/dr, rf4 = rf4/dr.dr, 

and dA is of the same step as 4. 

If 4, B be any extensives, functions of the scalar r, and 4 . B 
be their outer or inner product, then if r be changed to t + h, 
A,B becomes, omitting terms of higher orders, 

{A + dA),{B^-dB)^ A,B + dA.B + A,dB-\-dA,dB. 

Hence d(A,B) = dA.B + A,dB + dA.dB 

= (^.B + A.~^dT + dA.dB. 

If the magnitudes of dA, dB tend to zero, so do the magni- 
tudes of their outer, and inner, products. Hence 




dA r, A 
= ^.B + A. 
dr 


dB 
dr ‘ 


Thus for outer products. 

For inner products, 

Also d[AB] = [A . dB] + [dA .B] = [A. dB] - [B . dA], 

d[AlB] = [dAlB] + [AldB], 

^lABC].\^-BCy[A§cy[AB^^. 

4 . Hence, if be a vector, and, as usual, v‘^ means we 
have i^j ^ 2 [v \dv\ (not 2 [vdv\), 

If is constant, then \v\dv]=^Oy hence v and dv are perpen- 
dicular; thus the tangent to a circle is perpendicular to its radius. 
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It is easily shewn geometrically, or by the use of f, 7, that 

d\v= \dv. 

Then, since = — [\v have 

dv^ = — [d\v,v^ — Wv.dv^ = —Wdv,v^ — Wv,dv^ 

= [v \dv^ + [dv \v] = 2[v \dv], as before. 

5. Notation, If an extensive/) depends on a scalar r, we denote 
differentiation for r by dots (r may be regarded as the time); 
if /) be a moving point, we denote differentiation with respect to 
arc-length s by dashes. Thus 

p = dpjdr^ p = dpjdr = d^pfdr^, 

p' = dp/ds, p" = dp' Ids = d^pfds^ 


§ 42. Plane curves^ curvature ^ acceleration, 

1, Let ^ o be a unit vector parallel to the tangent at />, 
then = let -0 be a unit vector parallel to the tangent at 
/>!, then/)" = lim (^i ““?)/ds, as p^ tends to p. 

Let dsi be the arc-length qq^ 
on the locus of which is a circle. 

The figure shews that ds^ = d^, 
where ^ is the angle the tangent 
at p makes with any fixed direc- 
tion. Hence 



/)" = lim 


id? 

dsi 


d^ 

d^' 


V 

0 


Ply 



We define the 'radius of curvature' of the locus of/) at /> to be 


p = dsjd^lf. 

Now lim (?i -9)/dsi is a unit vector parallel to the tangent at 
q to the locus of 9, and hence is the unit vector perpendicular 
to q — o. Hence 

lim (?, -?)/ds, = \{q-o) = \p'. 


t' 



The magnitude of t' is/)"'. 
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Then, if p — o = xi+yj (x, y scalar), we have 

„ d^x . d^y . I /d^x\^ 

Example, An angle at which two curves cut equals the supplement 
of the angle between their inverses at the corresponding point of 
intersection. (The theorem is best stated in terms of crosses.) 

If r, 5 be vectors from o to corresponding points on the curves, 
then 1 ^] = [rs] = o. Hence 

[r |5] + [r |5] = o, [rs] + [ri] = o, 

[r\s]-^ [r5] = - [i \r] [ir], cot (r, s) = - cot {s, r). 


2. If we regard t as the measure of the time taken to describe 
the arc, then s is a scalar representing the speed v, say. The 
velocity is s/)' = v/)' = v/, 

where t is the unit vector along the tangent at p. 

Since t = dtjdT = dt jds . ds/dr = t'w = yp~^ \ty 

we have for the acceleration, 

p = wt + vi = W + v^/o~^ 1^ 

Thus the tangential acceleration is of magnitude v, the normal 
acceleration is of magnitude v^p^h 


3. The angle dijr between oq and oq^ is that between p and 
p-f/)dr, hence 

• j/ [PiP+P^'^)] [#]dT 


mag p . mag {p -f pdr) 
dT _ [p\p\ 
d\jr [pp] ' 


(mag^)2’ 


Now ds = dr . mag p, hence p = ds/d^i^ = [^ 1 ^]* L?i>]. 

If we take t = s, then p =p' = t, t^ = i, p~^ = [p'p "\ 


4. If p — o = TU {r scalar, u unit vector), t any parameter, 
and 6 be the angle between u and any fixed direction, then 

m = ^|m, \u = —6u, p — ru + TU = TU-\-T6\u, 
p-iu + iu+^(r().\u + ri.^(\u) 
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Hence, if the acceleration of p be resolved into components 
along the radius vector, and perpendicular thereto, these are 

r-rd^ and -f-(T^d). 

r dr ^ 

5. Intersection of normals to a curve. If a, b be points, w, v 
vectors, then the cut of the rotors [aw], [bv] is 
[{a~b)v^ [{b-a)u] 

\vu\ \uv\ 

(Ex. 1 19, p. 59.) 

Hence, if /> be a point, and [/>«], [{p + dp) (« + </«)] cut in c, 

then ^ ^ _ j-y^y ^y^j yj ^y ^y^^ 

[u.du] c = [ii,du\p — [u,dp’\ u. 

This gives the centre of curvature c at p. For take for w the 
normal at /), u=\p, then 

[t^y^ [«^y^ mp] 

^ [u.du] [mm] ^ [|p.|p] [pp] 

Examples, i , Cartesian formulae for p. Take /> = 0 + x/ + x/, r = x, 
then 

^ = z 4 - dy/dx .y, /) = d 2 y/dx 2 ^2^1^ (dy/dx) 2 , [p'p] = d 2 y/dx 2 . 

2. Po/wr formula for p. Take p o + ru (r scalar, u unit vector), 
T = 0 y then 

dp dr du dr 


2 , .. d^r dr , 

+ ''^ /»=:i52-“ + 2T7,.|«-rM, 


du 

~dd 


•2 


since 


Also 


d02* '‘'dO 

d\u du 
d^"" d0 


u. 




3. Centre of curvature of an ellipse. Use the notation of 5, with 
^ = r, hence ^ = i . 

p — o — 2i cos 0./ + b sin w = = ~b cos ^.f-asin ^.7, 

df/) = ( — a sin 0 . / + b cos p ,j) d^, </w = (b sin f ~ a cos <f> ,j) d^, 

w2 = a2 sin2 0 + b2 cos2 (j> = bf, say, 

[wrfw] = (ab sin2 ^ + ab cos2 p) dji = ab . d^, [wii] = ab. 
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Substituting, we get c=p + bf/ab . «. 

If we put this equal to o + (x,t + y,y), and substitute for p, a, 
we get X, = a-'(a2 - b^) cos^ < 4 , y, = b->(b- - a^) sin^ 
p = - c)2 = b'f/ab . = bf/ab. 


4. If y is the foot of the perpendicular from o on to the tangent 
at p to any curve, then the locus of y touches 
the circle opy. ^ p 

For [(/>-3')|{>’-")l = 0- 
Hence 

[(/»' -y') - »)] + [(P -3') 1/1 = o- ^ 

But p' (the derivative) is a vector along the ® h 
tangent at p. Hence 

[p'Ky-o)] = 0, [-/|(y-o)] + [yi(^-y)] = 0, 
[y'mp+o)-y)] = o. 



5. If in the figure of the previous example, h, k be the lengths 
of oy, yp, then dh/d^ = k, where xjr is the angle between yp and a 
fixed direction. 

For /) - 0 = kw - h I w, where u is the unit vector along yp. 

Hence 




ds ds 
d\/r ^ di/f ' 


Thus 

ds dk du dh , ^ i i i i 

— = — .w + k . w-h — M = — .M + k w- . M + hw, 

d^ di/r di/f d^ di/r d^Jf di/r 

since ^ = |m, -^\u = -u. Outer multiplication by u gives 


d^ * d^ 


dh 


dh 


d^ ’ df 


= k. 


6. Prove .d^v^ = [v \dv]. 

7. If b be fixed points, p a varying point, p-a = p-h = V2, 
then 

(i) If 4- vl is constant, we have + V2) | jp] = o, where p = v^=V2; 

(ii) If + is constant, then p bisects the angle between 
and —V2\ 

(iii) If v\lv\ is constant, then -^2)] = 

Interpret these. 
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8. Fermat's problem. If V2y be vectors from a point p to 
the vertices of a triangle ahc^ and Ij, Ig, I3 their magnitudes, and if 

+ 4 + ^3) = then \dv^ = o, and hence = o; the 

angles between the vectors each equal 27 r/ 3 . Distinguish the cases 
when all angles of the triangle are less than 277 ’/ 3 , and when one is not. 

This solves the problem : to find a point p such that the sum of its 
distances from three points is a minimum. 

9. If /) = ka4-(i — k) ^ = k6 + (i— k)c, where k is a variable 
scalar, and [ahc\ ^ o, then the point of contact of pq with its envelope 
is r = k/)H-(i -k) q. 

For r lies on 

[pq\ = \s?[ab] + k( I - k) + ( I - k)2 [bcl 
and on the line obtained by differentiating this for k : 

2V\ab'\ + (i - 2k) [ac\ — 2(1 — k) [be]. 

The regressive product of these lines is congruent to 
k2fl + 2k(i -k) A + (i --k)2 ^ = k/> + (i — k) q, 

10. If Imn is a transversal of triangle abc^ and its rotor is 

x.bc + y ,ca + z.aby 

then the intervals «/, Im are in the ratios 

(y-z)x:(z-x)y:{x-y) z. 

If these ratios are constant, then Imn envelopes a parabola. 

11. If /) is any point on a rectangular hyperbola, centre c, and the 
perpendicular at c to cp meets the normal at p in r, then pr is minus 
the radius of curvature at /). If pr is produced an equal distance rSy 
then s lies on the curve. 

12. If pq be one of a set of parallel chords of a rectangular hyper- 
bola, centre r, then + cq^ — pq^ is constant. 

13. Using the formula [p^]^l{pp] for the radius of curvature, 
prove that the length of the normal to a parabola at a point p inter- 
cepted by the directrix is half the radius of curvature at p, 

14. \i p move so that the sum of the squares of its distances 
pqy pr from two lines is constant, then the normal at p to the locus 
bisects qr, 

15. If r = c cos^ 0 . 1 -f c sin^ 0 ,j\ then [rr] = - r^. The normal makes 
an angle 0 with j. The length of the tangent intercepted by the axes 
is c. 
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16. A curve is such that if a radius cq is parallel to the tangent at 
p, then cp is parallel to the tangent at q. Prove that the area of triangle 
cpq is constant. 

17. If poqr is a variable parallelogram of constant area with the 
angle o fixed in position, then the tangent to the locus of r is parallel 
to pq, 

18. The rod pq slides with its ends on two straight lines through 
0, the parallelogram poqr is completed, and s is the foot of the per- 
pendicular from r to pq. Then ^ is the point of contact of pq with its 
envelope. 

19. If a constant distance pq be taken along the tangent to a curve 

at />, the normal to the locus of q goes through the centre of cur- 
vature at p. If pq is drawn making a constant angle with the tangent 
at/), the same conclusion follows. (Bertrand.) 

20. If /), q be corresponding points on a curve and its involute, 
and m be the mid-point of pq^ then the normal to the locus of m is 
parallel to the join of q to the centre of curvature at p. 

21. If X is the length of the perpendicular from the origin to the 
tangent at p and p — o = Uy then 

dx_ [u'u"] [u\u'] 
ds 

§ 43. Tangents to a twisted cubic. ^ 

If /) = a + 3k6 + 3k2^:-f k^9 represents points on the twisted 
cubic as k varies, then denoting derivatives for k by dots 

\p = b-^2kc-^ \p = c-{-kq. 

The tangent T zX p is [pp\y that is 

[ah\ 4 - 2k[ac] 4 k?\aq -h 36c] 4 2k\bq\ 4 - k^[^:9]. 

The tangents at a, q respectively are [ab] and \cq\. The 'rank' 
of the curve, that is, the number of tangents which cut a general 
line Ly is four. For [TL] = o gives four values for k. 

• A great deal of the classical theory of the differential geometry of twisted 
curves and surfaces can be worked out very simply by the present methods. 
But as these methods in this field do not differ greatly from the usual vector 
analysis, we omit this work and refer the reader to Weatherburn, Differential 
Geometry (Cambridge, 1927, 1930) and Blaschke, DifferentialgeometriCy i 
(3rd ed. Berlin, 1930). Also Fehr, Application de la Methode Vectorielle de 
Grassmann d la Giometrie infinitesimale (Paris, 1896; Geneva, 1907). 
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The ' osculating plane' zip may be defined as [ppp] \ it is 
7 T = [abc] + k[ab^ -f k\acq\ -h ]s?\bcq\y 
or, say, ^ — ky + k^/^ — k^a. 

The osculating planes at q are respectively 8 and a. The 
'class' of the curve, that is, the number of osculating planes 
through a general point, is three, and the curve is determined by 
the tetrahedron abcq and one other point. 

Since n can be written as S-{-^[apq]—k^0Cy the osculating 
planes at p, a, q meet on [apq]. The osculating planes at three 
points of a twisted cubic ineet on the plane joining the three points 

Examples, 22. The tangents cut each osculating plane in the 
points of a conic touching {bc\, \cq\ at b, q respectively. 

23. The condition 

[L,L,] 4- [L,L,] + [L,L,] = o 

is a necessary and sufficient condition that Lj, Lg, ^3, touch one 
and hence an infinite number of twisted cubics. The Grassmann 
cross-ratio of L^, ...,1/4 is the fourth power of the ordinary cross- 
ratio of the points of contact of the tangent cubics. 

§ 44. Central motion, 

I . A point p moves so that its acceleration to a fixed point o 
is along po and is a function of the distance po. The vector of 
the acceleration is p, its rotor goes through p and is [/>/)] ; for 
if V is any vector, the rotor through p with this vector is \pv\. 

If mag {p — o) = r, and F = fr is the magnitude of the force, then 

'p = i.(p-p), [ppd\ = °y 
A ippo] = [ppo] + [ppo] = [ppd\ = o. 

Hence [ppo'\ is a constant scalar h, say. 

Since {pp\ is the rotor of the velocity, {ppo\ is its moment 
round o, which is accordingly constant. If 0 is the vectorial 
angle, 

..in Afi = [/>(/> + rf/>)Q] ^ \p.dp. 0 ] 

mag (/) — o).mag (/) — o + rfp) {p^^Y 

ip-ofO^lppo], 

h = r2^. 


Hence 
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2. If P be the length of the perpendicular from o on to the 
tangent, then 

h^ 2h^ 

[PP 0 ]^Fp = h, 2 [p\p] = -^f, 

by differentiating. 

Hence f[/|(/>-o)] = ~p, but [p\{p-o)] 

Hence we have the scalar equation 

F = fr = h 2 p -3 dp/dr. 

3. The inverse square law. Suppose F = kr"'^, where k is a 
constant scalar, r the magnitude of the radius vector, then 

/) = — kr“^(/) — o). 

(The factor r“^ appears because/) — o has magnitude r.) 

But h = [pp 6 \ = [(/) -o)p\, 

if we replace the unit bivector by i . 

Hence h|^ = — kr“^ [{P^^)P\ 

= -\^r-^{T^.p-[p\{p-o)].{p-o)). (§ 14(4).) 

Take supplements, and use [pK/* — o)] = rf, then 

hp — kr"* Ip — kr~*[p|(/> — 0)] |(/> — 0) = kr~' \p — kT~H\{p — 0). 

Integrate, then 

hk“‘p = r“' |(p — 0) + const, bivector ( i ) 

= r-‘|(/)-o) + e|M, say, (2) 

where e is a constant scalar, and u a unit vector. 

Now h = [(/) — 6 ) p\ 

Hence h^k"^ = v^\{p — o) | (/) — o)] + e[(/) - o) | u\ 

= r(i +e cos 0 ), 

where {{p — o) | w] = r cos 6 , 

Hence the path is a conic, with axis u, the centre of force is at 
a focus, the lotus rectum is 2h%~^ By (i), the hodograph, that 
is, the locus of p + o, is a circle; by (2) the velocity is the sum of 
components kh“' perpendicular to op and ekh~^ perpendicular 
to the axis. 
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4. The inverse cube law. Here we have 
p = — kr~'^(/) — o). 

Hence I i>] = kr"^[^ | {p — 0)] . 

But d 


( 3 ) 

(4) 


2[{p-0)\dp] 


(P ~ {p + dp — oY {p — 6Y 

Hence, integrating (4), we have 

p^ — l-}-kr“^, when 1, k are scalar constants. 

By (3) [(/>-o)liJ] = -kr-2. 

Hence [{p -o)\p]-\-p^ = \, 

Integrating, we have [(/> — o)|^] = Ir, where r is the time. 
Integrating again, {p — o)^ = Ir^ -f m. 

Since also p'^ = h^p-^, by 2, we have for the orbit 

h2p-2_tj.-2 ^ I (Cotes’ spirals.) 

If (j) is the angle between the tangent and the radius vector, 

^ {{p-o)p] h- 

If 6 is the angle between the radius vector and a fixed direc- 
tion, then 

{p-ofd==h, 6? = h(lT2 + m)-‘, 0=Jh(lT2 + m)->rfT. 

These equations fully determine the character of possible 
orbits. 


Examples, 24. A point describes a spiral r = exp 6 with constant 
angular velocity 0 about the origin. Prove that the acceleration is 
perpendicular to the radius vector and of magnitude 

25. If in central elliptic motion, /> is a vector to a point, q the 
vector along the conjugate diameter, (}> the eccentric angle of />, then 
the acceleration is —p(t>^-\-q^, 

26. An ellipse is freely described under a force to a pole 0 ; prove 
that the attraction at p varies as opjpm^^ where pm is the perpendicular 
from p on to the polar of o. If x, y be the coordinates of 0 referred 
to principal axes, then 

ct = yb“*(i - cos (p) + xa“^ sin ^ - 0, 
where t is the time in the orbit, c = h/ab, and (p is the eccentric angle. 
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§ 45. General motion of one plane over a fixed plane of reference. 

I. Our differentiations will all be taken with reference to the 
fixed plane, so that, if p be a point, p is its velocity over the fixed 
plane ; if a be another point of the moving plane, then p = a + kw, 
where k is a constant scalar, and u a variable unit vector. Then 

p = d + kii = d + k<u|M = |(p — a), 

where w is the angular velocity of u referred to the fixed plane. 

Ifp, is the point on the moving plane which is instantaneously 
at rest, then d-l-w|[Pi — d) = 0, 

p = - w|(p,-a) + w|(p-a) = wi(p-/>i)> 

Ip = w(p, -p). Pi = P + I p. 

Pi is called the ‘instantaneous centre of rotation'. 

Let c be the point in the fixed plane, which corresponds at 
each instant to that point p, of the moving plane which is 
instantaneously at rest. 

Though Pi =0, yet in general we must expect c=^o, because 
c varies in the fixed plane. 


2. At each instant p = w | (p — c), 

p = w|(p-c) + w|(p-c) 

= (b\{p-c)-<o‘^{p-c)-(t)\c. 

Thus p may be resolved into 

— (t)\p — c) 

due to rotation round c as a fixed 
point, l(p-c) perpendicular to cp 
due to change of &», and —(j)\c per- 
pendicular to the direction of c. 



3. The normal acceleration of p, that is, the acceleration 
along pc, is 

- w\p -c)-o> . (/> - 0 

(p-c) 

ip-cf 


This vanishes when 


(i) — — 


[c{ p-c) ] 

{p-cf • 
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Take n so that n — c = — w~‘ \c. Then the normal acceleration 
of p vanishes if |(/>-c)] = {p-cf, 

that is, if p is on the circle on diameter cn. 

Then p is in the direction np^ and /) is at a point of inflexion, 
or *flex\ on its path. 

The locus of points which are at flexes on their paths is a circle y 
‘ the circle of flexes ’ . 

4. The tangential acceleration of p is 

This vanishes when 


w(/)-c)2 = w[(p-c)|c]. 

Take t so that t — c = (o6}~^Cy 

then the tangential acceleration of p vanishes when 
[{p-c)\{t-c)] = {p-c)\ 

that is, when p is on the circle on diameter ct. 

The locus of points which have zero tangential acceleration is a 
circle^ The points are at cusps on their paths. 


5. The point q where these two circles cut is the ^centre of 
acceleration\ 

At q the acceleration is zero. Let <^wrj = a, then, since w, 9, t 
are collinear, 


tan a = 


(jjr^c 


(O 


t — c 


(1) 


, 2 * 


Since P = ^\P -^c) — (jt) |r, 

q = <b\[q — c) — (ji)\q — c) — (i)\Cy 
and j‘=o, we have 

p = (b\{p-q)-w\p-q) = ((b\-(0^) {p-q). 

The acceleration of a general point /> is composed of — (i}\p — q) 
dXongpq and (o\{p — q) perpendicular to qpy the angle between 
these accelerations being tan~^ (bjoP^ = a. 

Since n — c— —co~^ |c, we have 

p = 6)\{p-c)-ii)\p-c)-\-u)\n-c) = 6)\{p-c)^-ccr{n-‘p)y 

expressing the acceleration of p as the sum of an acceleration 
along the path and one along pn. 
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6. Since = (/>-?) 21 , where 21 = w we have 

Burmester's Theorem. lf/>i,/>2,/>3 be three points, and r2, 
are chosen so that then the triangles pip2pz and 

^1^2 ^3 are similar. 

Since p = o)\{p — c)^ the corresponding theorem holds for 
velocities also. 


7. The curvature of the locus of p is the magnitude of the 

normal acceleration divided by that is 

^(p-cf^0)\p-cY 

I ip-cf }^{p-cf 

iip-cn 

The numerator equals 

[{n-p)\{p-c)]^{{s-p)\{p-c)l 
where s is the point where cp cuts the circle of flexes. 


Hence 


I ^ m2ig{s-p ) 

P {p-cf ' 


Examples. 27. If k be the centre of curvature, and x, y, z the 
lengths of sc, pc, ck, then 

x“‘ = y“‘+z“^ 

Deduce Grubler's construction for k when p, s, c are known : namely, 
take any point a \ let r = [pa.c{a-s)\, then k=[ps .r{a-c)\. 

28. Mannheim's construction for the centre of curvature of an 
ellipse at p. Let the normal at p meet the major axis in q ; let the 
perpendicular at q to the normal cut op in r, where o is the centre of 
the ellipse ; then the perpendicular from r to the major axis cuts the 
normal at p in the centre of curvature. 

29. If two vertices of a triangle move on fixed lines, the third 
describes an ellipse. 

30. Investigate the envelope of a curve carried by the motion in 
a plane. 
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§ 46. Displacements in space* 

1. A 'displacement' in space is a transformation of points into 
points which preserves distances and the sense of tetrahedra 
unchanged. 

Hence it preserves angles, turns lines into lines, planes into 
planes, and thus is a linear transformation. 

2. Consider a displacement which turns the point o into Oj 
and vectors a, 6, c into Aj, 6,, c^. Suppose A is a vector not 
changed by the displacement, and let w = Aj — a, v = b^ — A, 
w = Cj — r. Then since angles and magnitudes of vectors are 
preserved, we have 

[h\u] = [h\v] = [h\w]=^o. 

Hence \uvw\ = o. 

Hence there are scalars kj, k2, kj such that kiiz + kgi^-f kjW = o, 
and they satisfy 

kj : k2 : kg = mag [vw] : mag [wu \ : mag [uv\, 

(We are assuming that m, v, w are not all parallel; if they are, we 
merely have a translation.) 

Also h = I [vw] = I [wu] = I [uv] = I [vw -^-wu^- uv ] ; 
h is the vector of the 'axis' of the displacement. We shall see 
later that such a vector always exists. 

3. If o = Oi is fixed, then each point o + xA (x scalar) is fixed, 
and the displacement is a rotation round A of angle 

sin~^ (mag [A WJ mag [h'w] mag [A'w;,]), (i) 

where A' is a unit vector along A, and w, w^ are initial and final 
positions of any vector. 

4. If o # Op then the point p = 0 + a becomes />i = -f flp 

Pi =P + (.Oi-o) + {ai-a)=p + Ui, 

where «! = (oj — o) + (cj — «) = (oj —o) + u. 

Similarly q=o + b, r = o + c become q-k-v^, r+w,, with similar 

definitions. Denote these points by qx,r^. 

* For a treatment of kinematics and dynamics by Grassmann*s methods, 
see Lotze, Die Grundgleichungen der Mechanik (1922). 
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Thus h=\\vw+wu-\-uv\ — + + 

Hence Chasles’ construction for the axis. Draw op', oq', or' 
parallel and equal to ppi, qq^, rr.^, then the axis is perpendicular 
to the plane \_p'q'r'\ 

For, as/>' = o + M„ q =o + v^, r' = o+Wy, we have 
[p’q'r’] = [o(v, tv, +tv,u, + u, i>,)] + [m, v, w,], 
and this is parallel to + + and hence perpen- 

dicular to h. 

If p, q, r and p,, q,, r, be projected on to [p qr ], the axis goes 
through the point which is the centre of the rotation that turns 
the projections of p, q, r into those of p,,q\,r,. 

5. If j be any point, the rotor sh becomes an equal parallel 
rotor s,h. If these are collinear, then s-s, is parallel to h, 
s— = xA (x scalar). 

Let j be a point with this property, in plane [pqr]\ let 
s^kyp + k^q + kir, then 5, = k,/), + k29, + k3r, (since distances 
are preserved), where ij, p,, q,, ry are the displaced positions of 

^9 Pi Qi 

Thence kj : kj : kj = mag \vwH\ : mag {wuh] : mag {uvK\, (2) 
where u -p, ^ - 9, w = ry — r. 

Thus ^ is a definite point of and the displacement is 

composed of a translation parallel to h and a rotation round the 
axis sh. The angle of the rotation is given by (i); the magnitude 
of the translation is mag [Mt;w]:mag h. 

Hence follows Mehmke's construction for the axis. If p\ q\ r' be 
constructed as before, and ohy which is perpendicular to [/>'?>'], 
cuts this plane in h\ then by (2), p'q'r'h' is a figure similar to 
pqrs and to piqxT^s^, Hence s can be found and thus a point on 
the axis is known. 

§ 47. Motions in space.* 

I . Since a displacement in space is a combination of a rota- 
tion round an axis L and a translation parallel to L, it follows 
that a motion is a combination of a rotation and a translation 

• Lotze, loc, cit. The geometry of motion is treated by different methods 
from the present in the following books: Schoenflies-Stackel, La GeomHrie 
du mouvement (Paris, 1893); Mannheim, Geomitrie cinimatique (Paris, 1894). 
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(or rather of a rotation-velocity and a translation- velocity) ; the 
first is given by an axis and an angular velocity, the second by a 
vector r. 

If we place a rotor R along the axis with a magnitude equal 
to that of the angular velocity, the velocity of p due to the 
rotation is ![/?/>], and the velocity due to the translation is \[Vp\ 
where F is a suitable constant bivector. 

The velocity due to both is ^ = |[5/)], where S, =/?+ F, is 
a screw. 

Velocities are compounded by adding the corresponding 
screws. 

2. The velocity system which corresponds to S satisfies 
[p jS/)] = o, hence the direction of the motion of p is perpendicular 
to the plane [S/)], that iSy to the nul plane of p for S. 

3. Acceleration. Since p — 

p = [[Sp] + [[5>] = i [.$/)] + I [5 

If p = o, then [ 5 /)] + [5p] is a trivector or zero, and for this 
it is necessary and sufficient that its outer product with three 
independent vectors w, v, w vanishes : — 

[m 5/)] -f [uS = [p{S |5w — Su)] = o, 

and similar equations for Vy w. 

Hence p is the cut of the planes 

[S iSu] - [Sul [S iSv] - [Svl [S iSw] - [Szcl 

If these are independent, there is only one point of zero 
acceleration. 

4. If the motion is the resultant of a translation represented 
by the vector r and a rotation represented by (oR (co scalar, R 
unit rotor, parallel to r), then 

p = r + (o ^[Rpl p=f-h(o |[/^/)] + (i) + (h ![/?/>], 

p=zr-\-(o + (b 4- (o^ (3) 

Let o be any other point of the body, then forming the 
equation for o similar to (3), we have 

p — d=i(o — o)] + a> o)] -f ![/? — o)]. 

13 
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If q is the point at which the acceleration vanishes, then 
p = (o - ?)] + a» - ?)] + \R{p - ^)]. 

Hence the body moves as if the point of zero acceleration were 
instantaneously fixed in the body. 

Of the terms in (3), (o depends on the change of position 
of the axis; d) | is in the direction ^ - r, or in the direction 
of the motion due to the rotation only, and it is of magnitude 
(bd where d = dist ( 7 ?, p); o)^ is a vector of magnitude 

(o^d parallel to the perpendicular from p to R. 

5. As each motion is represented by a screw, therefore, if a 
body has freedom two, its possible motions are represented by 
a pencil of screws IcjaSi -}- k2*S2, and each screw of the pencil is 
a linear combination of two rotors L, M, real or imaginary. 
If we suppose them real, then each possible motion is the result 
of rotations round these lines, and the velocity of any point p 
is perpendicular to [pLM], (Schonemann.) 

Thus the normals to the surface of possible positions of p 
all cut L, M, and so constitute a linear congruence. 

If a body has freedom three, an arbitrary general point can 
be moved by an infinitesimal motion to any adjacent place, but 
if the direction of motion is fixed for one point it is fixed for all. 
The rotors of the system of corresponding screws lie in a 
regulus, a point on these rotors moves instantaneously only in 
a certain plane. (Cf. § 35.) 

Examples, 3 1 . The points p ^ , />2, p^ of a straight rod move on planes 
obCf oca, oab respectively; p is a point on line pip2py Then the locus of 
p is an ellipsoid. 

We have py^=p^-k^u, p2=p + k2U, />3=/> + k3M, 
where k^ k2, kg are fixed scalars, and « is a unit variable vector. 

[oflfe] w = - [uobc\ (a - 0) - \uocd\ {b-o)- \uoab\ {c - 0). 

[pobc] = -ki[uobc], [poca] = - k2[uoca], [poab] = - k^luoabl, (4) 

Hence [oabc\ m = k f ^ \pobc'\ (a - o) 

■\-k2\poca] (6-o) + k^i[/)oa6] (c-o), (5) 

[oabc'}^ = kf2[poJ^]2 (a — o)2 

+ 2k^ ^k^ ^ [pocd\ [poab] [(A - o) | (r - 0)] + . . . . 
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Hence the locus of p is an ellipsoid,* with its centre at the cut of 
the planes. 

It is an ellipsoid and not another type of quadric, since p cannot 
go off to infinity. 

Cor, I. If the given planes are perpendicular, the principal axes 
of the ellipsoid are their cuts. 

Cor, 2. If the given planes are parallel to a line, p describes a plane. 

Cor, 3. From equation (5), when {pobcy,[pocd\:{poab\ are given, 
the direction of u is fixed. 

32. If in Ex, 31, ^ point p^ on the line pip^ olso moves in a fixed 
plane ahcy then the locus of p is an ellipse. 

For ^>4 = /> + k4 M, [uobc\ + [uocd\ + \uoab'\ = [(« — 0) abc\. 

Now we have (4) and 

hence = -Ki^abc], 

k f * [pobc^ 4- k^ ^ [poca] + k ^ [poab\ — k^ ^ [pabc\ = [oabc\ , 

Thus p lies on a plane, and hence by Ex. 31 on an ellipse. 

33. If the four normals to the four planes in Ex. 32 at the points 
where the line meets them lie on a regulus, motion is impossible. 

34. The centres of the various elliptic loci in Ex. 32, for the various 
points of a given line, lie on a line H on which the planes cut off equal 
intervals ; the angle between H and the moving line is constant. 

35. If a line moves so that one point of it always moves perpen- 
dicular to the line, then this is so for all points of the line. 

36. If a triangle moves so that its inclination to a fixed plane is 
constant, and its vertices move on planes, then any fixed point of 
the triangle describes an ellipse. 

37. If a solid moves so that each point describes a plane curve, 
the motion is generated by the rolling of a circular cylinder inside 
a fixed circular cylinder of twice the radius, and sliding along it, so 
that some point of the solid stays in a fixed plane. All paths are 
ellipses, which for the points of one line degenerate into lines. 

38. When a rod moves in a plane so that two of its points move on 
fixed lines, the ellipses described by points of the rod are all of equal 
area. When a rod moves in space so that three of its points move on 
fixed planes, the ellipsoids described by points of the rod all have 
equal volumes. 


• This is easily seen by comparison with Cartesian equations. 
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39. If a^byCy ... and a\ h\ c\ be corresponding points of a line 
in a displacement, then the right-bisector planes of aa\ hh\ cc\ ... 
meet in a line equally inclined to ah and a!h\ 

40. If a plane a undergoes a motion in which five of its points 
describe spheres whose centres are on a plane there is a sixth 
point of CL which describes another such sphere. 

41. (i) If a line moves so that all its points move on fixed spheres, 
their centres lie on a twisted cubic, or conic, or line. 

(ii) Given five positions of a line, there are in general four points 
of the line each of whose five positions lie on a sphere. 

(iii) If five points of a line stay on fixed spheres, all do.* 

(iv) If four points of a line stay on fixed spheres whose centres 
are on a plane, any other point of the line stays on such a sphere. 

(v) If three points of a line stay on fixed spheres whose centres 
are on a line, any other point of the line stays on such a sphere. 

42. If two particles move under one another’s influence, the force 
between them being along their join, but otherwise arbitrary, then 
the tangents to their paths cut any fixed plane in two points whose 
join always goes through a fixed point, and the joins of the tangents 
to any fixed point cut in a fixed plane. 

For three such particles the instantaneous accelerations are 
concurrent. 

For four such particles, if the forces are any powers of the 
distances, the instantaneous accelerations are concurrent if 

*'12^34 == ^23^14 = ^31 ^24* 


Duporcq, Liouville* s Journ. (5), 4 (1897), p. 121. 
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CHAPTER VI 

PROJECTIVE TRANSFORMATIONS ON 
THE LINE, PLANE, AND SPACE 

§ 48. Projectivities on a spread of step two* 

1. In chap. I, § 13*2, we considered a transformation of 
points on a line which was produced by ‘projection and section*. 
The result of a finite number of such transformations is a pro- 
jective transformation or projectivity (cf. chap, iii, § 23), for if 
the transformation carries i^^o it carries +k2«2 
into kjAj +k2A2> ^itd as this is the case for one transformation, 
it is so for the result of a finite number. 

Thus a projective transformation leaves cross-ratio unchanged, 
and is determined when the positions of three transformed points 
are known (§ 23), or when the transforms, with weights^ of two 
weighted points are known. 

We now consider these projectivities from the point of view 
of linear transformations (§ 10), that is, of transformations 
which change ]s.^a^-\-k2a2 into kj6j-f-k2 62 when they change 
into Aj, and ^2 into 62- 1 he work may then be interpreted also 
on linear transformations of vectors in a plane. 

If be a projectivity, and a = then k« = k6.‘ijj. We define 
the transformation k^^ so that k£? = ft.k‘ip. 

If 0 be projectivities, then the equation a. kj^^J + a. k2£l = b 
gives a projectivity between the ranges of a and b. If this 
projectivity is 91 , we write 91 = kj^^-f k2Cl. 

Then 91(93 + ©) = m + m, (« + S) 91 = m + (£ 91 . 

2. The projectivity which changes into points con- 

gruent with ^2, aj, and changes p into 9, will change g to a point 
congruent with /). We are assuming (Cf. § 26*13.) 

For if /) = li^i + l2<22» ^2 become k2^2» then 

q = I}k2a2~^^2hi^i» 
and q becomes kj k2(li aj + Ig ^2) - P- 

• H. Grassmann, d.J., Projektive Geometrie der Ehene, Band i (1913). 
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Thus a projectivity S which interchanges the positions of one 
pair of points, is such that for all a, if a© = b, then 6© = a. 

We can write this as a©^ = a, or & = k^, where k is a scalar, 
and ^ the identical transformation. 

We call © an ‘involution', if ©2 = kJ^, though this name is 
usually reserved for the case when k = 1 . We assume that © is 
not a multiple of 3- 

3. If a, b be any points in our line, D, any projectivities, 
then we define : 

[ab . . id] + [aCl . b%]). 

Herein is an ordinary outer product of the points 

a^, b£L. 

Then [k . a6 . ^£l] = k[ab . %£i ] ; 

[(ai + aj) . ^£1] = [a, i + [a.^b. 

We may therefore regard [ab . ^Q,] as a product of [ah\ and '.pO. 

To justify this, we observe that [aft . -r [a6] is a scalar, 
independent of a, ft. For, if we replace these by k,a+l,ft and 
k2a + l2ft, then [aft] becomes (k,l2 — l,k2) [aft]. Hence, if we 
regard [aft . ^Q,] as a product of [aft] and [?piQ], the latter depends 
on O only. 

We denote the scalar [aft . ^O] -r- [aft] by [']?£!], and call it 
the ‘ outer product' of ^ and Q,. 

But here we have the commutative law: [^iD] = [!Q^]. 

Also = [^iG]+M, m] = I. 

We may write [^^j instead of [^^], the square brackets being 
necessary to distinguish it from the sequence product (§ 10), for 
which no brackets are used. 

4. If © is an involution, then [ 3 [©] = o, and conversely. 

For if a© = ft, then ft© = a, 

2[aft] [S©] = [a . ft©] + [a© . ft] = o. 

The converse follows by retracing steps. 

5. Pencils of projectivities* If then k, ^ + k2C!, describes 

a ‘pencil' of projectivities as the scalars kj, k2 vary. 

• In accordance with the general use of the sign =,91=® means there is 
a scalar k not zero such that 91 =k®. 
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If Cl are both involutions, so is each projectivity of the 
pencil, since [S^] = [i3Cl] = o. 

In the contrary case, there is still just one involution in the 
pencil (ignoring the weight factor in the involution), and it is 

given by k. ^ + k2[30] = o, 

and hence is [3^1] $ — O. 

If we take Q = 3 ) we have — [ 3 ^ 3 ] 3 ; we call this the 
'double point involution’ of 

6 . Let S = 

then since [3'iP] is a scalar, say k, we have: 

Any projectivity can be written in the form 'ip = ® + k^, 
where S is the double-point involution of 

7. If ^ = < 3 -l-k 3 , then since [ 3 S] = [S 3 ] = o, we have 

['p2] = [@2] + k2. 

Let O = S - k^, then [Q^] = [@2j + 1,2^ = [@2j _ k2. 

If a be any point, then a '3 = aiS + ka ; also a'P"* = — ka, 

- k'jj) = «(S - k3) (® + k^) = a{& - k2) = a. 

(The products in the last line are sequence products.) 

Hence a^, a^~* separate a and a@ harmonically. 

Also if a is a double point of that is, if a = a^, it is a 
double point of ®. Hence the name ‘double point involution’. 

8. The projectivities 'P, O are 'harmonic' if [^C!,] = o. 

Let e,^ = a,, = — ^2* 

then [^£1] = o gives [^2 ^1] = [«i ^2] • 

(i) Let S be the projectivity which interchanges the positions 
of aj, 6,, and turns aj into ^25 it is then an involution, and it 
turns ^2 iiito a point in position 02- Hence O s "ip©, Q,© = 

(ii) Conversely, if 0 , = ^©, ©^ = 3 . then [^ 0 ]=o. 

For, then © interchanges a„ and also a2, in position; and 
if 6, = a,©, 62 = «2®> we have 

2[c, 62 . ^O] = [ci ^ + [«i O' • «2^] = [^1 *2] + [^1 "2] 

= [aj .a2<S\ + [a, © . aj] = 2[ai a2] [3©] = o. 
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9. If the involution % is harmonic to ^ = ^^en 

o = [^ 2 ] = [© 2 ^], since [SS] = o. Hence % is also harmonic 
to ©. The converse is true. Hence the involutions % harmonic 
to ^ are all and only those harmonic to the double-point 
involution of ^ ; and if % is harmonic to the involution ©, it is 
harmonic to © -f- k;^^. 

10. If ^ has distinct double points, then an involution X, 
which interchanges them, is harmonic to 

For let 

= d 2 ^ = d 2 y = d^ = d^. 

Then 

2[d,d,] [2^] = = O, [%m = o. 

11. By 8, if ^ = ®©', where ©, ©' are involutions, then 
[©^] = o. We now shew [©'^^] = o. We have, for any points 
^1, ^2 on the line, 

[®'^] = [^i©'.^2®®'] + h®®'-^2®']- 
Choose for e^y ^2 points whose positions are interchanged by ©, 
then the last expression is zero, and hence = o. 

It will be shewn later, from a general theorem (§ 101*2), that 
every projectivity on a line is the product of two involutions. 

12. If £l are commutative y that iSy if = (sequence 
product), they have the same double-point involution. 

For let ^ = ©-f kiig, O = X + k 23 , then the condition gives 
©2; = X©, where @, % are the double point involutions of C. 

Let the positions of Uy b be interchanged by ©; a© = Ij6, 
6© = l2fl. Then a&^X^X^ay = by 2. 

[ab] [©2] = [«© . 6©] = ^ Ij X^iab] = - [ab] . ©2. 

As this holds for all such a, 6, we have, whenever © is an 
involution, [©2] = — 

(Since ©2 is a transformationy a multiple of % and [©2] is a 
scalar y we ought to write [©2] ~ ©^ ; we omit the ^ for 

simplicity.) 

Thus ©2: = 2;©, [© 2 ] = - ©2, [ 3 ; 2 ] = - 22. 

By 5> ® + is an involution, hence [(© + 2^)^] = — (© + X)2. 
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Hence [©S] + [ 2 ;©] = — © 2 — S©; each product commutes. 

Hence [© 2 !] = — ©S^; thus ©X = k 3 , where k is a scalar. 

Hence ©23: = k©, lil 23 : = k©, S^©. 

Cor, Two involutions are commutative^ if and only if they are 
congruent, 

13. If © 3 : = k 3 :© and ©2 = 3:2 = ^, then = % so that 

is an involution, U, say. Thence 3^11 = U 2 ; = ©, ©U = U© = I. 

If we only regard the positions of points^ and therefore ignore 
the zveights of transformations^ if two involutions are commutative, 
their product is an involution. 

Conversely, if ©X = U, ©2 = 3:2 = U^ = ^, then 
®xu=a ux=xu=©, usx^a US=SU=X. 

By 8 (ii) any pair of ©, X, U is harmonic. Each interchanges 
the double points of each of the others. 

14. If p, q be not double points of the involution S, and they 
become Xj/) + yi?, ^2p'^y2l ^^en Xj = ~y2. 

For = (x? + xjy,) /> + yi(x, + yj) 9 =p, 

9®2 = X2(x, + >'2) /> + (yi + X2y,) q = q. 

Hence if yiT^o or X2 7^o, we have Xj = — y2. If yi = X2 = o, 
then p, q would be double points of 3. 

Thus if p 3 =/)j, = 2z = yi+X2, 2vv = yi-X2, 

then /)j = X,/) -f (z + w) q, = (z - w) p-x^q. 

Let ,*Pi, .'p2, .^3 be the involutions which change />, q into 
py —pi respectively. Then the last formulae give 

3 = Xi,'Pt+z 4)2 + W.^ 3 . 

Hence every involution is a linear combination of t’pj, 

It is easily shewn that these involutions are commutative, apart 
from weights, and hence harmonic in pairs, and that 

~ ~^ 3 » *^^ 35^2 4 > 1^3 “^2> 

Thus ©2 = (xf 4- z 2 — w 2 ) 

Also Xi^i-hZj^2 + Wi^>3» ^2^1 +Z2^2^"W2^3 harmonic if, 
and only if, X1X24-Z1Z2 — W|W2 = o. 
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§ 49. Collineations in a plane* 

1. Def. A * collineation^ in a spread of points of any step, or 

between two spreads of the same step, is a transformation of 
points into points such that if the points (with any absorbed 
weights) , ^2 become , 62^ then kj + k2 ^2 becomes kj + k2 

that is, it is a linear transformation (§ 10*2). Collinear points 
become collinear points. 

2. A plane collineation is determined by the fate of three 
independent weighted points. For if flp fl2> ^3 become ij, 62> 
then kl<^l +k2a2 + k3«3 becomes k^b^ + k2b2-\-k^b^. 

Collineations will here be denoted by small German letters; 
then if p is the collineation just mentioned, a^p^b^, 

3. If we ignore weights, and consider positions only, a 
collineation is determined by the fate of four independent points. 
For if ^1, ^2) ^3) ^ become ^9, ^3, a in position, we can adjust 
the absorbed weights so that 

e = e^ -h e2 ~i~ a — a^ -j- a2 ~h a^. 

Then, if eip = ai, ^3p = %> have ep = ay and if 

~ ^11 ^1 ^12^2 ^ 13 ^ 3 > ^2 “ ^21 ^22^2 ^ 23 ^ 3 > 

^3 ~ ^ 31^1 +^ 32 ^ 2 + ^33 ^ 3 > 

the ajj are fixed by p apart from a common scalar factor; any 
other point of position/) = Xi^i + X2^2 + ^3^3 becomes 

pp = Xj p + X2^2p + X3^3p = Xi +X2a2 + 

and is fixed in position. 

4. A collineation in a plane gives a linear transformation of 
lines into lines. We denote these transformations here by 
German capitals. But shall always denote identity. 

If p transforms e^, ^2> ^3 ii^to Aj, a2> ^3> Q transforms 

^2> ^3 ^2» ^3> ^hen we define [pq], the * outer product^ of 

p, q, as follows: 

[pq] is the transformation which turns [^2^3]> [^3^i]> [^1^2] 

i([« 2 * 3 ]-K* 2 ]). KKM-[« 1 ^ 3 ]). K[«iy-[«2M)- 
The product is commutative, and the bracket is necessary to 
distinguish it from the sequence product. 

* H. Grassmann, dj., loc. ciL BSnde ii, iii. 
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5. Thus 2[a6] [pcj] = [a)) . Aq] + [aq . A))]. 

For let a = k,e, + k2e2 + h3e3, A = 1 , 6 , + 12^2 + 1363, 
then [ah] = (k2 13 - kj I2) [62 

+ (^ 3 ll~^ll 3 ) b 3 ^l] + (^^ll2'“^2^l) 

2[ab] [pq] = (k2l3 - k3l2) ([aj A3] - [<13 A2]) + 

= [(k, a, + k2a2 + ks^s) (li h + 13^2 + 13*3)] 

- [( 1 , a, + 12 ^2 + 13 03) (k. A, + k2 A2 + k3 A3)] 

= [ap . Aq] — [Ap . aq] = [ap . Aq] + [aq . Ap] . 

6. We define the ‘outer product' [pqt] of p, q, r as follows: 

For any points a, A, c, 

[ap . Aq . cr] + [aq . At . cp] + [at . Ap . cq] 

+ [aq . Ap . cr] + [at . Aq . cp] + [ap . Ar . cq] 

when divided by [aAc] is a scalar independent of a, A, c. 

One-sixth of the quotient is [pqt]. 

6[pqr] [aAc] = 2 ''[ap.Aq.ct], the sum being over all per- 
mutations of p, q, r. 

7. We write [p^], [pS] for [pp], [ppp]. 

If e,p = ai (i= I, 2, 3), then [p^] = [a,a2«3]- 

If ^, = [a2a3], ^2 = K«i]. ^3 = [«1«2]. 

^i = h« 3 ]. E 2 = [e 3 e^]y £'3 = [e,e2], 

then £i[p''^] = [e2p-e3p]- ■E'2[P'^] = [f3p-^il^]. ^3[P^] = hP-C2p]- 
Hence [p^] changes E^ into Ao, A^, 

8. Dually we can define [^Cl], [$Cl 9 l]. 

For example, is a transformation p of points, and we find 
[^ 3 ] = [p 3 ] 2 . 

9. Pasch collineations: = 

If p be a collineation such that there is one triangle abc with 
flp, ftp, cp on be, ca, ab respectively, then there are oo^ such 
triangles. (Pasch.*) 

For, by hypothesis, 

[ap . ftc] 4- [ftp . cd\ + [cp . ab] = o. (i) 

But the left-hand side is 3[aftc] [pS 3 ], hence [pS 3 ] = 0- 

* Math. Ann, 23 (1884), p. 419; 26 (1886), p. 21 1 ; Kraus, 29 (1887), p. 234. 
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Hence (i) holds when any points />, r are taken for a, b, c. 
Take />, q arbitrary — there are oo^ such pairs of positions — and 
let r be the cut of [/)p . q\ and [qp .p ] ; then [pp . qr^ = o, [qp .pr] == o. 

Hence by (i), [rp .pq\ — o, rp is on \pq\- 

10 . If p is a Pasch collineatioriy then ap^ is on [a . flp], ap^ is on 

ap^ is on and so on, p^, ... being sequence 

powers, (Gordan.) 

For, let b=^ap, c — bp = ap'^, then [ap.ftt:] = o, \bp,cd\ — o. 

Hence [rp.ai]=o, and rp, =^lp^ is on [uMp], 

The rest is similar. 

11. If five of the six vertices of a quadrilateral are on five of 
six sides of a quadrangle, the sixth vertex is on the sixth side. 

In the plane this is merely a version of Desargues’ Theorem 
on perspective triangles. It holds in 
space, as the proof shews, though we 
only use the plane case. Let five of the 
vertices of the quadrilateral be on the 
sides be, cd, da, bd, ac of the quad- 
rangle. By absorbing weights, we can 
take the points on be, cd, da to be 6 + c, 
c-\-d, d’^-a. The vertex on bd is then 
b — d, that on ac is a — c. The join of 
6 + r and a — c cuts ab ina-{- b, so does the join oi a -\-d and b — d. 

12. If p be a Pasch collineation, and a, b, c, d be any four 
independent points, there is a quadrilateral whose sides A, B, C, D 
go respectively through a', b' , c\ d\ and whose vertices \BC], \CA\ 
[AB], {AD], [BD], [CD] lie respectively on [ad], [bd], [cd], [be], 
[ca], [ab], where a' = ap, ..., d' = dp. 

For we can draw* a triangle whose sides A, B, C pass through 
a', V, c' and whose vertices are on [ad], \bd], [cd]. We can weight 
these latter points 2 ,% a + d,b — d, c-^-d. Then 

[{b-d) (r + rf) a'] = o, [{c+d) {d-^a) V] = o, 

[{d+a) {b-d) r'] = o. 

• Start with any point p on [ad]. Construct q = [pc' .bd], r = [qa' .cd], 
p' = [rb' .ad]. Then p, p' describe projective ranges on [ad], because those 
points are connected by a series of projections and sections. Now take p at 
a double point of these ranges, and the triangle can be constructed by starting 
with p. 
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Add these together, and use \j>qr'\ + {qrp'^ + = o> for all 

points, then 

o = \bca’ + bda' + cda'^ + \cab' + dab' + cdb''\ 

^ahc “1" dhc -h dac J 
= - [abd'] - [acd'] + [cdV] + [dbc'] 

= - [abd'] - [acd'] - [bed'] = - [(a + b) {b + c) d']. 

Hence d' lies on the line Z)s[(a + 6) (6 + c)]. Take this as the 
fourth side. The rest of the Theorem follows as in 1 1 . 

13. The case when [ 1 ) 1 ) 3 ] = o is dual to the case just con- 
sidered; for if [l)^] = ^] 5 , we have [lp33] = °‘ 

14. Collineations p, q with [pq 3 ] = o. If a, b, c be points and 
p, q collineations such that there is one hexagon with vertices 
bp, cq, flp, b(\, cp, aq whose opposite sides cut in the points a, b, c, 
assumed non-collinear, then there are co* triads a, b, c, with this 
property, and [pq3] = o. 

For if [abc] [pq3] be expanded, the hypothesis secures that 
each term vanishes, and since [abc]^o, we have [pq3]'=o. 
There are 00® triangles in the plane, and hence 00* triangles 
fgh such that five terms of the expansion of [fgh] [pq3] vanish. 
The sixth term then vanishes. 

15. If a, b, c, a', b', c' be given points, the locus of a point p, 
such that [pa], [pa'], [pb], [pV], [pc], [pc'] are pairs in involution, 
is a cubic curve. 

If [abc] = [a'b'c'] = o, the curve breaks up into the lines ab, a'b' 
and the Pascal line of the hexagon ab'ca'bc'. 

For .8([^a], [pb], [pc], [pa']) =R{[pa'], [pb'], [pc'], [pa]), 
[pab] [pea'] -T- [pbc] [pa' a] = [pa'b'] [pc' a] -r- [pb'c'] [paa']. 

If [paa'] 7^ o, we have 

[pb'c'] [pea'] [pab] + [pbc] [pc' a] [pa'b'] = o; 
hence p describes a cubic locus. 

If [abc]^[a'b'c'] = o, 

we can absorb weights so that 

a-\- b •^c = a' -{-b' '[•c' = o. 



2o6 projective transformations on [chap. 

The equation then becomes' 

[pab]\pa'b'] ([/>ai'] + [pa'6]) = o, 
giving the triad of lines \ab\, \a'b''\ and [aJ'] + [a'6]. The latter 
can be written [Ac'] + [6'c], or [ca'] + [c'a], and hence is the 
Pascal line. 

16. If a, b, c be any points, and ap = a', aq = a", and b\ b”, 
c', c" are similarly defined, we can define projective ranges on 
b'c' and b"c'' by making hi' + kc' and h6" + kc'' correspond. 
(Weights are now relevant.) These give, by 15, the Pascal line 
\b'c"]-\-[b"c'] = L, say. 

Similarly, we obtain the Pascal lines: 

M = [c'a"] + [c"a'l N = [a'b"] + [a''b'l 

Then 

[La] + [Mb] + [Nc] = [Ap . cq . a] + [6q .cp.a] 

+ terms obtained by cycling p, q, 

= [abc] [pqS]. 

Hence if [pq^] = o and a be on L, b on M, then c is on N. 
There are 00* triangles abc such that abc is inscribed in the 
triangle LMN which corresponds to abc. For take a, b arbi- 
trarily, then a', b', a", b" are determined, and c can be found from 
[La] = o, [Mb] = o. 

We call LMN an ‘involution triangle' of p, q. 

17. If a, b, c, d be four general points, and we weight them 
so that a-‘rb-\-c-\-d = o, and their transforms for p, q be a', h', c', 
d' and a", b", c”, d" respectively, we get projective ranges on 
corresponding sides of the quadrangles a'b'c'd' and a"b"c"d”, 
if we make ka' + 16 ' correspond to ka" + 16 ". Hence we derive 
six Pascal lines : 

L = [b'c"] + [b"c'], M = [c'a"] + [c"a'l N = [a'V] + [a"b'l 
P = [a'd"] + [a"d'], Q = [b'd"] + [b"d'l R = [c'd"] + [c"d’]. 

Since a' + b' + c' +d' = a" -\-b" -{-c” d" = o, these six lines 
are the joins of four points; for we have, from these equations: 
P-M->rN = 0, Q-N-{-L = o, R—L-\-M = o, P+Q + R = o. 

Now let p' be the collineation which turns the points a, b, c 
into [MN], [ATL], [LM], which call Aj, 6,, c,. 
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Now, by 16, if = 0, and if a be on L, b on M, then c is 
on N. Hence [p'p'S] = o, by 9, 13. 

Also rfp ' = - (« 4- i + c) b ' = [MN] 4- [NL] 4- [LM] 

= [QR] = rfi, say. 

Hence p' transforms a, 6, c, d into [MN], [iVL], [LM], [ 0 /?]. 

But [p'p'S] = o. Hence there is a quadrilateral ABCD whose 
sides pass respectively through a, b, c, d and whose vertices [BC], 
[CA], [AB], [AD], [BD], [CD] lie respectively on a^d^, b^d^, 
Cyd^, by^c^, c^a^, a^b^, that is, on P, Q, R, L, M, N, We call 
a^b^c^d^ an 'involution quadrangle^ of p, q. 

18. Let p, q, r be collineations such that [pqr]=o; let 
ap = a', aq = a", at = a"', 

and so on. Then there are 00^ triads of points a, b, c such 
that the hexagon aVca'bc' has its opposite sides cutting in 
a!‘ , 6", c" , Conversely, if this is so for one hexagon, then 
[pqr]-o. 

If ^qr] = o, there are oo^ triads a, b, c which are transformed 
by p, q, r into triads each inscribed in the involution triangle 
of the other two. Conversely, the existence of one such triad 
entails [pqr] = o. 

If [^)qt] = o, and a, b, c, d be any four weighted points, then 
a'b'c'd', a"b"c"d", a'"b'^'c"^d"' are such that each corresponds 
to a quadrilateral whose sides go through the vertices and whose 
vertices lie on the sides of the involution quadrangle of the other 
two, in the order given in 17. Conversely, one such set of four 
points entails [pqr] = o.* 

§ 50. Collineations in space, \ 

I. Collineations in general were defined in § 49. In space a 
collineation turns collinear, or coplanar, points, into such. 

A collineation is fixed by the fate of four weighted independent 
points, or if we regard positions only, by the transformed posi- 
tions of five independent points. 


* Kraus, Math. Ann. 29. Pasch, Math. Ann. 26, by other methods, 
t Muth, Math. Ann. 33 (1889), p. 493, by other methods. 
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2. If p, q, r, § be collineations, we define [pq], [pqr], [pqr§] 
by the following equations, where a, b, c, d are any four in- 
dependent points. It is easily shewn that the expressions 
[Pl]) [PQt]> [p£lt§], so defined, are independent of a, b, c, d. 

2[a6] [pq] = [ap . 6q] -h [aq . ip]. 

6[aic] [pqr] = [ap.iq.ct] 

+ terms obtained by permuting p, q, r. 

2^[abcd] [pqr§] = [ap.iq.cr.d§] 

+ terms obtained by permuting p, q, t, §. 

We write [p 2 ], [p% [p^] for [pp], [ppp], [pppp]. 

When points are transformed by p, lines are transformed by 
[p2], planes by [p^j. 

For, if ap = a', ip = i', cp = c\ 

then [abW] = [a'b'], [abc\[p^] = [a'b'c']. 

If also dp = d\ then [aicti] [p^] = [a'iVd']. Hence if four 
independent points are always transformed by p into indepen- 
dent points, then [p^J^^o; and conversely. 

Thence if [p'^J^^o, then p has an inverse, and p is ‘non- 
singular’. 

3. If [pi 5 ^] = 0 ) there are 00® tetrahedra abed such that, if 
a' = ap, ..., d' = dp, then a', b', c', d' are on bed, eda, dab, abe. 

If [p*$$] = o, there are 00® tetrahedra abed such that a, b, e, d 
are on b'c’d', e'd'a', d'a'b', a'b'c'. 

These can be shewn as in § 49’9. 

If [p^®] =» [p^ 3 ] = o, there are <xP tetrahedra each in Mobius 
relation to the corresponding tetrahedron. 

4. If [p 3 ®] = o, and 

a' = ap = b, a" = bp = b' = e, a'" = ep = c' = d, a^'' = dp = d', 

then o = (}\abed'\ [pi^*] = [a'icd] + \ab'ed\ 

+ [abe'd] + \abed'] = [abed']. 

Hence, if a be any point, then 

[aa'a''a‘^] = o. 

Similarly, if [p®i 3 ]=o» then 

[aa"a"V^] = o. 
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5. If there is a collineation p between distinct planes a, a', 
there is a third plane /? such that if a' be projected on to a from 
any point of there results a Pasch collineation (§ 49*9) on a. 

For, let \abc\=OL, [a'6V] = a', and let a, b, c, d (no three 
collinear) and a\ b\ c\ d' correspond by the collineation, where 
d is on a, and hence d' on a'. 

Consider /) = [fl'6£:.a6'c.a6c']. If we project the plane a' on 
to a fromp, then, since [pa'bc\ — o^ and so on, a\ b\ c' are pro- 
jected to points a", V\ c'* on be, ca, ab respectively; the pro- 
jection gives a collineation on a, in which a, b, c correspond to 
a", ft", c", and which is a Pasch collineation (§ 49*9). 

Similarly we get Pasch collineations by projecting from any 
of the points : ^ [b'cd.bc'd. bed'], 

P2 = \c'ad . ca'd . cad'] , 
p^ = [a'bd.ab'd.abd']. 

Further, if the points q^, ^3 give Pasch collineations, so 

does k,5, + 1^292 + ^3 ?3, for the conditions are {q^a'bc] = o, and 
so on. 

It remains to shew that p, p^, p^, p^ are coplanar. Take weights 
so that d = a + b-’rc. Then 

d' = a' + i' + c'; 

[b'cd] + [be'd] + \bcd'] = {a'bc] + [ab'e] + \abc']. 

The last equation and similar ones shew that p,pi, P2, P3 are all 
on the plane {a'bc] + [ab'c] + [abc'], which is accordingly the 
plane fi required. 

6. If a, b, c, d be four points on a plane a, we can weight them 
so that a + b + c + d = 0-, then, if p, q be collineations in space 
which transform a into a', a”, and a into a', a", and so on, we 
have a' + b' + c' + d' = o, a" + b" + c" + d" = o. 

Let y = ftp. ^:q]-h terms obtained by cycling ig, p, q. 
Then y is called the 'Z-plane* of a, a', a". 

If we project a', ft', c\ a", ft", c" from any point p on to a, 
we shall have in a two collineations pj, qi, connecting a, ft, c 
with the projections of a\ ft', c\ and with the projections of 
ft", respectively (the weights being relevant). 

14 
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If flj, b[, c[' be the projections on a, then 

a[ = [a.pa'] = [(m']p-[ap] a', c{' = K'] /»-[«/»] c". 

[ah[c['p\ = [apf[ab'c'>pl 
If p is taken on the Z-plane, then 

[p{ab[c['^ab['c[^a\c['^a^b['c^^a'\c[ + a'^^^^^ = o, 

and hence with this position of /), we have on the plane a, 
[ 3 Piqi]=o- 

7. To construct the Z-plane. Let 

f' = b' + c', g' = c' + a', h' = a' + b', 
f" = b'' + c", g" = c'' + a’', h”=^a" + b". 

Join a to the lines b'c", b"c\ b'f'\ b"f', c'f”, c"f', and we have 
planes cutting in lines 

[ab'c” .ab''c'l [ab’f'.ab'Tl {ac'f" .ac"f']. 

The second of these is 

[{ab'b" + ab'c") {ab"b' + ab”c')] 

= [ab'b" . ab"c'] + [ab'c " . ab"b'] + [ab'c " . ab"c'] 

= [ab'b"{ab"c' + ab'c")] + [ab'c" . ab"c']. 

Hence it lies on the plane ab'c" + ab"c'. So does the third line, 
and the first line. 

Similarly, from b, c we obtain the planes a'bc" + a"bc' and 
a'b"c + a"b'c. These three planes meet in a point on the Z-plane : 

ab'c" + ab"c' + a'bc" + a"bc' + a'b"c + a"b'c. 

If we use the point d ( = —a — b — c) instead of a or 6 or c, we 
get three other points on the Z-plane. 

8. Degenerate or singular collineations. If [p‘*] = o, and a, b, c, d 
be (independent) points, then [ap.6p.cp.<i'p] = o, hence their 
transforms lie in a plane. 

If [))^] = o, their transforms lie on a line; if [l3^] = o, they 
coincide. Such collineations are 'singular' or 'degenerate'. 

9. Correlations and polarities. A one-to-one correspondence 
or transformation in space between points and planes, such that 
if /», g correspond to a, yff, then k,/> + kj 9 corresponds to k, a + 

is a 'correlation'. 
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A correlation turns points of a line into planes of a pencil; 
points of a plane into planes of a bundle. It is fixed when we 
know the fate, with weights, of four weighted points, or the 
positions of the transforms of five points. 

An instance of a correlation is a ' polarity \ which makes a 
point correspond to its polar plane with respect to a quadric. 

If Di be correlations, then (sequence product) is a 
collineation. 

The corresponding definitions and results in a plane are clear. 
§51. The tetrahedral complex. 

1 . Let L = ^ -f kB, L' — A' -{• kB', where B are fixed lines 
in one plane, and A\ B' are fixed lines in another plane. As k 
varies, L and L' describe two projective pencils. Consider all 
lines which cut any two corresponding lines of the pencils. 

If the cut of the planes in which the pencils lie is self-corre- 
sponding, we know that in this way we obtain a linear complex 
(§ 34). Suppose now that the cut of the planes is not self-corre- 
sponding and also that the pencils are not in perspective (§ 34). 

Let A = [ma]y B = [w6], A = [m'a'], B' = [m'ft']. 

Any point/) on L is of the form a + k6-hxw; any point/)' on 
U is of the form a'-f-kA' + yw'. The line pp' which cuts the 
corresponding lines can be considered as the join of the points 
/)+/)' and/)—/)', that is, of 

{a -f a') + k(A + V) + xw + yw' 
and {a - a') + k(6 - V) -f xw + y( — m'). 

It is therefore the join of corresponding points in the collineation 
in which the weighted points a + a', 6-f 6', w, m' correspond to 
a — a\ b — b\ m, —m'. 

2. A ^tetrahedral complex^ of lines is the set of lines joining 
corresponding points of a (non-singular) collineation which has 
just four distinct self-corresponding points,* and hence just 
four distinct self-corresponding planes (those joining the self- 
corresponding points). 

• The question of the number of self-corresponding points in a collinea- 
tion will be treated generally later. 


14-2 
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The tetrahedron whose vertices are the self-corresponding 
points is the ^fundamental tetrahedron^ of the complex. 

If X be the collineation, the lines in the complex are of form 
L=[p.pxl 

Let/)'=/>r, = then 

L[r2]==[/.r./>rr] = [/»'.yr] = L,. 

Now p' is on L and ; hence L and L\x^] meet. 

Conversely, if \LL{\ = o, where Li = L[r^], and if p' =px be 
the point where L, Lj meet, then 

o=[^'LJ = [/,r.L[r2]] = [/>L][r^]. 

But [t^]? 6 o, hence [/)L] = o. Hence L goes through p and p\ 
and so is a line of the complex. 

Hence the complex consists of all lines L which cut the lines 
L[r^] which correspond to them in the collineation, 

3 . Dually, the complex is the set of cuts of corresponding 
planes tt, n[x^], 

4 . All lines through a self-corresponding point, all lines on a 
self-corresponding plane are regarded as being in the complex. 

The complex is thus the set of lines L such that, if [Lp] = o, 
then [L,px] = o, 

5 . Fundamental theorem. The planes joining a variable line of 
the complex to the four self-corresponding points have a constant 
cross-ratio. The lines of the complex are cut by the self-corre- 
sponding planes in a constant cross-ratio. 

For, let 9i = [x^], and a, ^ be any planes; then ^ = [a.a9fl], 
5 = are lines of the complex, if 

Let L = [aP] = [qs], M= [a3i ./?9fl]. Then 
M= [?r .^r] = [qs] [r2] = [ocp] 

Suppose Ay By L, M do not lie in a self-corresponding plane, 
or go through a self-corresponding point. We have 

M=L[9t2] = L[r2]. 

The lines L, M are axes of two projective pencils of planes, 
[Lp]y [M/>i], where />! =/)r. For 

[Mp,] ^ [Lr2 .px] = [Lp] [r3] = [Lp] 

Let abed be the fundamental tetrahedron. 
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The cuts of corresponding planes \Lp\^ [M./)r] (L, M being 
fixed), lie on a regulus through L, M which goes through a, 6, c, d. 
The regulus also goes through B, For we can take p on A, 
so that px is on Aj then [Lp\ 9 i=[M/)i], where pi—px\ and 
[L^], \Mp{\ cut in Ay since L, A are coplanar, and M, A are 
coplanar. Similarly for B. 

Thus Ay B lie on a regulus through a, by Cy d\ hence 
R(Aay Aby Acy Ad) = R{Bay Bb, Bcy Bd). 

This is the first part of the theorem. The second follows dually 
or by § 23*12. 

6. If the quadrics corresponding to the polarities have 

just one common self -polar tetrahedrony and p is any pointy then 
[/)^./)^i] describes a tetrahedral complex. 

For, let/)^ = a, then /)^i ; hence that 

is describes a tetrahedral complex, provided that the 

collineation has just four self-corresponding points, and 

hence just four self-corresponding planes. 

Now, if = 77 , then 77 ^“^ = 77 ^f S hence 77 has the same 

pole for the two quadrics. The theorem now follows from the 
hypotheses. 

Cor. The complex consists of the joins of the poles of a variable 
plane for the two quadricSy and of the lines whose polar lines for 
the two quadrics cut. 

7. If the points of a plane a be in projective correspondence with 
a bundle of lines whose centre is not on a, then the joins of points 
on CL to all points on corresponding lines form a tetrahedral complex. 

8. Lie's Theorem. A tetrahedron abed is inscribed in a quadric 

; the generators through ay by Cyd of a regulus of ^ are aa\ bb'y 

cc\ dd ' ; then a generator L of the opposite regulus cuts the faces 
of the tetrahedron and these generators in points of an involution. 

For, project from a on to \bcd'\ = (x. Let e be the cut of a and 
the generator of through a. Since bVy cc'y dd* meet \ae^y their 
projections are [i^], \ce\y [de^. Let U be the projection of L 
on a. Then by Desargues* Theorem (§ 26*13), U cuts \bc'\y [de \ ; 
{cd]y \be\\ [rfft], [ce] in pairs of an involution. Hence L cuts 
[abc]y [dd^y [acd[\y [M'J; [abd]y [cd] in pairs of an involution. 
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Cor. I . The generators of are cut by the faces of abed in 
projective sets of points, for they are cut in projective sets by 
the generators of 

Cor. 2 . If ^ is a cone, vertex p, and i, c, d points on the 
cone distinct from />, and no two be on the same generator, then 
the generators of 1 are cut in projective sets by the faces of the 
tetrahedron abed. 

For, if L is any generator, then S(La, Lb^ Le, Ld) is constant; 
hence by §23*12, L is cut by the faces of abed in a constant 
cross-ratio. Hence: 

Cor. 3. If Lj, L2 be two generators of the cone, their plane 
cuts the faces of the inscribed tetrahedron in four lines which 
with Lj, Lg touch a conic envelope. 

Cor. 4. Dually, if a non-degenerate conic envelope C be 
inscribed in a tetrahedron abed^ and does not lie in any face- 
plane, nor touch any edge of the tetrahedron, and if p be any 
point on the plane of C, not on C nor on any face-plane of the 
tetrahedron, then pa, pb, pe, pd and the tangents from p to C 
lie on a quadric cone. 

Cor. 5. If abed be a tetrahedron inseribed in a qtiadrie, the 
generators of the quadrie are eontained in a tetrahedral eomplex 
whose fundamental tetrahedron is abed. 

§ 52. Congruenees of lines defined by planar fields.* 

1. Let the distinct planes abe, a'Ve' cutting in L be related 
by a collineation so that p — a-vk^b + k^e and />' = a' + kj 6' + k2 c' 
are corresponding points for all kj, k2, and suppose the planes 
are not perspective for this collineation. Consider the lines [/>/>']. 

Let TT be any general plane through the corresponding points 
p, p\ Then [p7r] = o, [p'7r] = o, give two equations for kj, k2. 
Hence on a general plane lies just one line joining two eorresponding 
points. 

2. First, suppose that the planes, though not in perspective, 
are such that points on L correspond always to points on L. 
If q be any point, denote the corresponding point always by q\ 

Take a, b, e not on L, and weight so that a — b,b — e, and hence 
c — a, are on L. Then so are a' — b\ V — e\ d — a! . 

• Mehmke, Vorlesungen Uber Punkt und Vektor-Rechnung (1913). 
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Let A = [aa'l B = [bb% C=[cc'l 

Then D = [pp'] = A + k\B + klC-\- ki([a6'] + [ba']) 

+ k,{[ac'] + [ca']) + k, k^{[bc^] + [eft']). 

A + B^ [ab'] - [ba'] = [{a ~ ft) («' ~ ft')] = L, 

5 + C - [fte'] - [eft'] = [(ft ~ e) (ft' - e')] = L, 

C+ A- [ca'] - [ac'] = [(e - a) (e' -a')] = L. 

D = A-\-k\B + klC^k,{A + B) 

+ ki k2(B + C) + k2(C + A)- kL (k some scalar) 

= (i 4 -ki + k2) (-4 + kiJS-f k2C) — kL. 

Hence any line of the set is a linear combination of Ay By C, L, 
and hence of any four independent lines of the set. 

The set is a linear congruence (§ 29*10). 

3. Next, suppose points on L do not always correspond to 
points on L. If a= [«fte], a' = [a'ft'e'j, and r be the collineation, 
then, as p describes a, p' ^px describes a', and g=/) + k/>', 
where k is a fixed scalar, describes a plane /?, since four positions 
of p on a, being dependent, give four dependent positions of q. 
Further, /> on a and qon ^ correspond by a collineation. Hence 
there are 00^ planes, each pair of which gives the same set of 
lines as a, a' give. Such a plane is of form 

[{a + kaf (ft + kft') {c + kc% 
and its envelope, as k varies, is a 'cubic developable\ 

4. With the assumptions of 3, we have, by i, that in a general 
plane lies just one line of the set. If two lines Lj, L2 of the set lie 
on a plane tt, the plane is 'singular'. Since the lines Lj, L2 cut 
a, a' in corresponding points, therefore each point of the line 
[not] corresponds to a point of the line [/ra'], the points describe 
projective ranges on these lines, and their joins envelope a 
conic on the plane n. 

In particular, a, a' are singular planes; for the lines of the set 
through any point p oi L are [/>./>t"^], which lies on a, and 
[p,px]j which lies on a'. 

As a, a' may be replaced by any pair of planes which give the 
same set of lines, therefore, by 3, the singular planes envelope 
a cubic developable. 
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5. Dually to 3, consider two projective bundles of planes, 
with distinct centres, 

7r = a+kiy?+k2y, 7r' = a'+k,/?'H-k2y', 

a plane through the two centres not always corresponding to 
such a plane. Through a general point goes one line which is 
the cut of corresponding planes. The set of lines is a ‘co«- 
gruence\ but not a linear congruence. If two lines go through a 
point, the point is ‘singular’, and through it go 00^ lines, and 
they lie on a quadric cone. 

There are 00* bundles of planes each pair of which gives the 
same congruence. The centres of the bundles are singular points, 
and are of form [(a+ka') (y9+kyff') (y+ky')], and their locus is 
accordingly a twisted cubic, of which [otoc'], [P/i'], [yy'] are 
bisecants. 

6. Conversely, if a twisted cubic is given by 

p = a + kft+k^c+kV, 

then k"‘ [ap\ = [ab] + k[ac] + k^[<jd] = A + kB + k^C, say, 

[dp] = [da] + k[d6] + kyc] = A' + kB' + k^C, say. 

Thus we have two projective bundles of lines, and two corre- 
sponding lines meet on the cubic. Hence any twisted cubic is 
the locus of singular points of two general projective bundles of 
planes. 

Example. If we have three projective bundles of planes, such 
that three corresponding planes do not always meet in a line, and 
such that the join of the centres of the bundles is not a self-corre- 
sponding plane for each bundle, then the cuts of corresponding 
planes lie on a cubic surface. The three centres of the bundles can 
be taken anywhere on the surface. (Grassmann.) 
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CHAPTER VII 

THE GENERAL THEORY* 

We now build up the general theory of Grassmann’s algebra 
from its foundations. 

§ 53. Linear dependence, 

1. We begin with any number of elements, which we call 
‘ extensives of the same step * ; we assume that they can be multi- 
plied by scalars, and can be added to one another, and that these 
processes give definite extensives of the same step as before. 
The reader may think of points or vectors of the earlier 
chapters. 

We assume that the addition of these extensives satisfies the 
laws given in § i , in particular, the associative law, and the 
two distributive laws with respect to multiplication by scalars; 
the same extensive results when any extensive is multiplied by 
the scalar o, and no confusion arises if we denote the resulting 
extensive by o, though it is a different entity from the numerical 
zero. 

2. Def, a^y ..., a^^ be any extensives of the same step, and 
if kj, ..., kjj be any scalars, not all zero, we call kjOj 4- ... H-kj^a^ 
a 'linear combination' of <7^, ..., a^, 

Def, The set of extensives ..., is 'linearly dependent' if, 
and only if, there are scalars kj, ..., k^^ not all zero, such that 

ki«, + - + k„a„ = o. (i) 

If there are no such scalars, the set is 'linearly independent'. 
We shall usually omit the word ‘linearly’. Any single extensive, 
not zero, will be called, for convenience, 'independent' , This is, 
in fact, involved in the definition above. 

3. //* r<n, and r of the extensives aj,...,^^ be dependent y 
so is the complete set. If the complete set be independenty so is 
any sub^set, 

* This theory is the subject of the first portion of the Ausdehnungslehre 
of 1862, referred to as Af. 



2i8 the general theory [chap. 

4. If the set be dependent, at least one of these 

extensives is a linear combination of the others, and conversely. 

For we have equation (i) with at least one coefficient, say k^, 
not zero. Divide by kj, and take to the other side of the 
equation. 

The converse is clear. 

5. If the set flj, ..., be independent, but ..., b 
dependent, then 6 is a linear combination oi •••» ^n* 

For there are scalars k such that kj«j + ... +k„«j^ + k6 = o, 
and k cannot be zero, otherwise the set would be 

dependent. Hence as in 4. 

6. If the set ..., be independent, and b is not a linear 
combination oia^, . . . , <2^, then the set , . . . , b is independent. 
This follows from 5. 

7. If the set •••> dependent^ there is a subset y which is 
an independent sety and such that each of the remaining a is a 
linear combination of the extensives of this subset, 

8. If 6 is a linear combination of ..., then every linear 
combination oi by a^y ,,.y a^ can be expressed as a linear com- 
bination of flj, ..., a^. Conversely, if ft is a linear combination 
of ..,y a^y in which the coefficient of is not zero, then every 
linear combination of a^y a^ can be expressed as a linear 
combination of 6, a^y ..., 

For, if 

6 = kjaj + ...+k„fl!n, c^\^b-\-\a^ + ,,.-¥\^a^y (k, 1 scalars), 

then c = Ij k, flj + (Ij + 1. k J + (I3 + 1, kj) + . . . + (1„ + k„) a„. 
And if kj ^ o, then 

a, = k- 'i - k^ k- 'a, - . - k„ kr 

Hence, if d — mj^a^-\-.,,-\-m^a^y then as in the first part, d can 
be expressed as a linear combination of 6, a^y ..., a^, 

9. Def. If flj, ..., be extensives, then the extensives 

kjflj + ... as the k traverse all scalars, constitute the 
^spread spanned^ by a^^y ..., a^. If «j, ..., a^ be independent, then 
n is the 'step^ of the spread. We denote the spread spanned by 
«i. «n by.5^(a, a„). 
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10 . If the set 6j, be independent^ and the b be linear 

combinations of a^y a^y then we can select n — m of the ay so 
that the spread spanned by Aj, b^ and the selected a is that 
spanned by a^y a^,^ 

For, Aj is a linear combination of a^y a^y and we may 
suppose, renumbering if necessary, that the coefficient of a^ is 
not zero. Then, by 8, 

a^, aj .... a„). 

We use induction, and suppose, with r<m, that 

^{bjy ..., Aj., a^^^y ..., ..., a^. 

Now Aj.^j is a linear combination of a^y ..., a^y and hence of 
Aj, ..., Aj., a^» Suppose 

^r+i = kj Aj + . . . + Aj. + Ij+i -f . . . + ln«n» (k) 1 scalars). 
Since the A are independent, not all the 1 vanish. Let 
then, by 8, 

S^{bj.y Aj, •••> ^n) ^r+2> ***> ^n)> 

for ^ij.+j is a linear combination of Aj, ..., Aj.^.j, a^^^y ..., 

We can so proceed till r = m. 

Cor, i. If n = m, then*9^(aj, ..., a^) =^(Aj, ..., AJ. 

Cor, 2. If m extensives Aj, ..., Aj,j be linear combinations of n 
extensives «j, . . ., ^j^, where n < m, then Aj, . . ., Aj^^ are dependent. 

For, if Aj, be dependent, this is true; and if the latter 

set be independent, then e9^(Aj, ..., AJ =y(aj, ..., aJ, and 
hence, as Aj^^j, ..., Aj^^ are linear combinations of a,, ..., they 
are such of Aj, ..., A,j. 

1 1 . All extensives of a spread of step n are linear combinations 
of any n independent extensives of the spread. If a spread of step 
n is spanned by Aj, ..., b^ these are independent, (By lo. Cor. i, 

7. 9-) 

12. Defs, Any n independent extensives a^y in a spread 

of step n constitute a 'basis* or 'frame* of the spread. If 
a = kjaj + ...H-kjj«,j, then the scalars kj, ...,kn are the .‘co- 
ordinates* of a with respect to the basis Aj, ..., a^, 

* This theorem and its applications below are due to Grassmann (A2, § 20). 
In recent literature it is usually quoted as Steinitz’ Austauschsatz {Crelles 
Journ, 143 (1913))- 
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13. If A, B be spreads of steps m, n respectively, with bases 

Oj, and i,, respectively, and if A, B be sub-spreads 

of a spread, and have a common spread of step r, then there is a 
set of just r independent extensives in the common spread, say 

Cj, . , c^. 

Hence, by 10, we may suppose Cj, ^ 

basis of A, and Cj, 6^ is a basis of B. 

Now c„ ..., are independent. For 

if we had a relation c + a-\-b = Oy wherein c depends on Cj, ^r» 
and a depends on a^y and b depends on b^^^y b^y 

then would b + c^Oy a + c^o (since these are linear com- 
binations of the bases of By A respectively), and hence a^Oy 
b^o. 

Now is in — ft — ^ is in JS; these equal extensives must 

therefore be in the common spread ; on the other hand, since a 
is a linear combination of •••> ^m» since ..., a^y 
Cjy,.,yCj. are independent, therefore a is not a linear com- 
bination of Cj, .,,yCj. and hence a is not in the spread mentioned. 

Thlis we can have no relation of the type c-ha + ft = o. 

The spread spanned by the independent extensives 

•••> contains all extensives which are linear 
combinations of extensives in A or in B or in both. 

It is called the ^join^ of A and By and its step is s = m + n — r. 
Hence : 

If spreads of steps m, n have a common spread of step r, and 
a join of step s, then m + n = r + s. 

The common spread of two or more spreads is their ‘ cut ’ ; the 
spread of lowest step containing them is their foin\ 

14. Def. If A=S^{a^y ..., aj and B=S^{b^y ..., ft^) have no 
common extensive, save zero, then the spread 

S^{a^y ..., ftj, ..., ftjn) 
is the * direct sum^ of A and B. 

Def, If a = + 

then kiax + ... 4 *kj.a^ (r<n) 

is the ^projection' of a on^(£i,, ..., from. 5 ^(^j^j, ..., a^. 
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15 . If i? 2 > •••> spreads of steps r^, 12 , cut in a spread S 
of step s, and have R of step r as join, then the spread T of step 
r — s, such that R is the join of 5, T, cuts i?j, i? 2 > •••in spreads 
whose join is of step r — s. 

For the cut of T and R^ is of step r^ — s. If the Tj were all 
sub-spreads of a spread T' of step r — s — i, then as *S, T' have 
no common points, their join is of step r — i, and this join con- 
tains S and the Tj and hence all the /?j, contrary to the hypothesis. 

16 . If the r spreads 7?^, 7?^, ..., 7?r be each of step r', and their 
join be R of step r, and their cut be S of step r' — i, then in an 
infinite number of ways we can find points /)j, which span 
7?, where is in R^, 

For, if be independent points, not in 5, p^^ in 7?i, 

(i=i, ..., m<r), then r' — i independent points in S together 
with span TJj. If all points of R^^j^ ..., 7?^ were dependent 
on these spreads would be in 6^{p^, •••, 7 >m)» which 

therefore would contain *5, and hence ^{p^y would 

contain 7?^, ..., R^ as well as R^. Hence nfi = r. 

17 . If i?j, be each of step r', and each pair cuts in a 

spread of step r' - i, then either they all cut in one such spread, 
or are all contained in a spread of step r' + i . 

For, if i?j, Rj^ cut in S, and R^ does not contain S, then the 
cuts 5j, (of step r'-i) of R^ with R^ are distinct, and 
hence their join is R^ for if they were in a sub-space of Ry 
they would coincide. Hence the join of /?„ R^ of step r'+i 
contains R^-, similarly it contains R^, for as R^ does not cut 
/?j, R^, R^ in the same spread of step r' — i, it cuts at least two 
of them in distinct spreads of step r' — i ; and so on. 

§ 54 . Outer products.* 

I. We work throughout in a spread of step n. A product of 
several factors is to be interpreted in accordance with the general 
convention of § i 3 'i. 

We assume the distributive laws for all products : 

a{b + c)d = abd + acd, 

where a, b, c, d may be any expressions. A combination not 
satisfying these laws would not be called a product. 

• A„ §§ 37-76. 
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2. If e^he independent extensives in our spread, their 

linear combinations are said to be 'extensives of step one\ If 
by c be of step one, we assume that \bc\ is a unique 'outer 
product' of b and it is called an 'extensive of step two'. 

If r^n, we assume that combine to form an 'outer 

product of step r'. 

We assume that if one of the factors is multiplied by a 
scalar k, the product is so multiplied. Extensives of step greater 
than one will be denoted by capitals. 

Our assumptions give us, for example, 

[AbcD] + [AadD] = [A{bc + ad) D\, 

If . 5 ^ is a spread of step n, we assume there is a set of n 
extensives spanning the spread whose outer product is not zero. 

3. We assume there is a linear relation between the products 

(i, j = I, ..., n), which has the same form whatever in- 
dependent extensives, instead of ^j, ..., taken as the basis 

of the spread, or in whatever order they are taken. 

Suppose this relation is 

IJ 

Change the sign of e^ and subtract, then we have 

+ = (j, l>i). 

j 1 

In this, change the sign of and subtract, then 
k„c.c^ + k„e,c, = 0. 

Interchange e^, e^, then 

k„e,e,+k,,c,e, = o. 

Hence (k„ - k„) (e^ c, - e,) = o. Either k„ = k„ or e, c, == c, e, . 

But k, J = kji gives Cj + e^e^ = o, unless k„ = o. If kj, = k^ = o, 
we proceed similarly with e^, e^, ..., e„. Now we shall assume 
that not all the k vanish. But the relation between the ejCj 
has to hold when the Ci are permuted in any way. 

Hence, either = e^e,. for all r, s 

or e^e^ + e^e^ = o for all r, s. 

In the latter case, replace by + c,, then 

e,e.-\- e^e, + e.e. = o, hence e.e. = o. 

rr rs rr sr * ** 
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We take the latter alternative for outer multiplication, and 
accordingly assume 

[ah] = — \bd\y \ad\ = o, for all b. 

Thus [AbcD] + [AcbD] = [A{bc + cb) D\ = o. 

4 . If ^ be a product of r extensives of step one, then 

[...a-46...] can be changed to as a result of r inter- 

changes, one corresponding to each factor of -4. As each inter- 
change changes the sign of the product, we have 

l,.aAb...] = {-iy l..abA...]. 

Similarly [... aM. ..] = ( — [.,.bAa.,,'\. 

Hence = —{..,bAa..J\. 

5 . Thus the interchange of two extensives in a product changes 
its sign, 

6. If a product contains a factor twice^ the product vanishes, 

7 . If Ay By C be products of q, r, s simple factors respectively y 

[ABC] = {-i [CAB] 

= ( - l)(<l+rts+qr|-C'5yi] = ( _ i)qs+sr+qr ^CBA]. 

This follows from 5 by simple counting. 

8 . If b^y .,,yb^be linear combinations of a^y ..., then 

where D is the determinant of the coefficients of the a in the 
expressions for the b. 

For, if = k„aj + k„aj + ...+k„a„ 

6 r = k„aj+k„aj + ...+k„a„ 

then [b,... = [(k„ a, + k„ a, + . . . + k„a,) . . . 

(kr,a,+k„a, + ...+k„ar)]. 

and if the right-hand side be multiplied out, we obtain [a^ a^,.. a^] 
multiplied by a combination of the k constructed in the same way 
as the expansion of the determinant 

k k k 

k k k 

•••> 
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9. Ifa^, dependent, then [Aj . . . a J = o, and conversely. 

For, if they be dependent, one can be expressed as a linear 
combination of the others; substitute the expression for it in 
[flj and expand, using the distributive law; each term has 

a repeated factor and so vanishes. 

Conversely, if [«!... a J = possible that a„ . . ., 

were independent, we could adjoin extensives Om+K ^m+2> •••> 
so that a,, ..., a„ are independent. Now we have assumed that 
there is a set of n extensives, say Cj, ...,e„, which span the 
spread, and whose outer product is not zero. But Cj, ..., are 
linear combinations of tij, ..., a„. Hence, by 8, 


[Cj . . . e J = k[a, . . . a J for some scalar k. 

But [e,...e„]¥=o, [«!...«„] = 0. This gives a contradiction. 


10. If a„ be independent, so is the set formed of all 

products A, B, ... of v of these. 

For, if k,J + kjB + k3C+... =0, and X be the product of 
those a which are not factors of A, then one or more of these 
occur in B, C, ..., and so on. Multiply by X, then, using 9, 

kfiAX] + k,[J 5 X] + k^[CX] + ...= o, 

[BX] = [CX] = ... = o, [AX]¥=o. 

Hence kj = o, similarly kj = o, ... and so on. 

Def. If ^ 4 , B be any extensives, not zero, then A = B means that 
there is a scalar k such that A = kB. We call A, B 'congruent'. 


11. If a^, ..., flm are independent, then = 

if, and only if, •••. O •••» ^m)- 

Hence the first notation can replace the second. 

For, if the spreads coincide, then by 8, K = 
Conversely, if K ... Oml = where k is a non-zero 

scalar, then b,] = k[fe, ...b„,bf\^o, by 6. 

Hence a„ ...,a^, b, are dependent, by 9; hence 6, is a linear 
combination of the a; similarly, so are 6,, ..., b^. In the same 
way the a are linear combinations of the b. 

12. Def. An 'elementary transformation' is one which, applied 
to an ordered set of extensives of step one, adds to them a scalar 
multiple of one immediately before or after, that is, it changes 
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a set q, ...) into + q, ...), or into ? + ...), 

where k is some scalar. 

The result of a series of elementary transformations is an 
‘ affine transformation ’ . 

^3- U \abc = then a^, ij, Cj, ... can be 

derived from a,b,c, ... by an affine transformation. Conversely, if 
the sets are so related, the outer products are equal. 

The converse is immediate. To shew the direct theorem we 
need some lemmas. 

•I. By a series of elementary transformations, we can change 
(.../), q, ...) to {,.,q, —p, ...). For, denoting change by we 
can secure 

(/>. 9) ->(/>+?, ?)->(/>+?. 9 -(/>+?)) 

= (/>+ 9. -/>) ^ (/>+ 9 ^ (9. - p )- 

•2. Thus we can interchange any two elements of a set, with 
a possible change of sign of one of them, for this interchange can 
be brought about by a succession of interchanges of neigh- 
bouring elements. 

•3. We can change ,..,q,.,) to (...k/), qjk.,.), where k 
is any non-zero scalar, and kp, q/k occupy the same places in 
the second bracket as p, q do in the first. 

For, first, if p, q be adjacent, we can secure 
q, ...)^(...p,q + {k-i)p, ...) 

->(.../) + 9 + (k-i)/>, g + (k-i)/), ...) 

= (...k/> + 9,9 + (k-i)/), ...) 

->(...k/» 4 -g, ? + (k-i)/)-k-*(k-i) (kp + ^X ...) 

= {...kp + q,qlk, {...kp + q- q, qjk, ...) 

= (...k/), qjk, ...). 

If />, y be not neighbours, we can secure 

r, ...,q, ...)^(...k/),k-‘r, i, ...,9, ...) 
and so on. ^ (...k/>, r, k->^, 

•4. If the set {a, b, c, ...) is the same as the set {a', b\ c', ...) 
apart from arrangement, then we can change {a,b,c, ...) to 
( ± a\ V, d , ...) by a series of elementary transformations, where 
+ or — is taken according as [aftc...] = ± ...]. This 

follows by *2. 


FCE 


15 
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•5. The change from ...) to (...jp + kj, ...) 

or to j + k/), ...) (the terms written out being in the 

same positions in all brackets) can be brought about by a series 
of elementary transformations. This follows by 12 and -4, since 
the outer products of the elements in each set are equal. 

We can now shew the theorem. If 
[abc,.Ap] = 

then, by II, ^ 1 , ij, are linear combinations of a, 6, ..., /, /). 

At least one combination has a non-zero coefficient of a\ other- 
wise if r is the number of extensives in set a, A, then 

^(^1, Aj, would be of step r— i, and the outer product 

would vanish. Let a' be one of Aj, ... with 
= k^^^-f XiA+..., (ki^o). 

Then, by elementary transformations, we can secure 
(a. A, c, ...,^)->(ki«. A, c, ...,kfi/)) 

((kia + XiA-f ...), b, c, ..., k^^p) = {a\ A, c, ..., kf ^p). 
Thence, using ii, 

^i> •••> A, r, y A, r, ..., k^ 

Thus aj, Aj, Cl, are linear combinations of a', A, c, ...» 

kf^p, and at least one combination, say A', has a non-zero 
coefficient of A. 

Suppose A' = yitz' + k2A + ..., (k2 7^o). 

Then b'^a\ and by elementary transformations we can secure, 
as before, b, c, .... kf/.) {a', b', c, .... 

So proceeding, we find that, by elementary transformations, we 
can secure 

{a, A, c, (a', A', c', ..., kf ik^L..k7Jip), (i) 

where a'y A', ..., /' are r— i of aj, Aj, in some order. The 

outer products of the sets in (i) must be equal, and since \abc . . .p] 
is not zero, a\ A', ...,/' must be distinct elements of the set 
(«!, Aj, ..., /i,/>i). Let /)' be the remaining element of the set, 
and let ^ = k;a' + k'6' + ...+ky. 

Then k,k2...k,_,[a6. ..//)] = k'[a'6'.../'/)'], by (i). 

Also [a'6'. ../)'] = ±\aibi...p{\ = ±\ab...p\. 

Hence in (i) we may put +k'~‘ for kf*k^‘... k^‘i. 
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Now, by *5, we can change {a\ b\ by elementary 

transformations to {a\b\ c\ ...yp')y and as the latter set is 
(«!, ij, in some order, we can change it to 

Hence, by elementary transformations, we can proceed from 
(a, b, to («!, 61, ..., ±/)i), and since [ab...p]=^[a^b^,,.p^]y 
the sign before p^ in the last set is positive. 

Thus the theorem is proved. 


§ 55- Outer multiplication of spreads of higher step,^ 

1 . Def If m < r ^ n, where n is the step of the basic spread, 

the ' outer product' of [^i***^r]* 

2. Def A ^simple extensive' is one which can be expressed as 
the outer product of extensives of step one. A ^compound 
extensive' is one which can only be expressed as a sum of such 
products. 

For example, [^j is a simple extensive. 

(In ordinary space, a rotor is a simple extensive of step two, 
a general screw a compound extensive.) 

3. If A = {a^...a^^o,B = [b^... ^ , and alla^, are in 

...,6,), then there is a simple extensive C such that B = [AC], 

For ...,ajn are linear combinations of 6j, ...,6^ and are 
independent. Thence we can adjoin •••> ^hat 

[«i •••««! = 

Then take C = • 

Cor, If Ay B are simple extensives of steps Sj, S2 and 
Si + S2 = n + r, then Ay B have a common spread C of step r 
at least. 

Thence there are simple extensives A^y B^ of steps Sj — r, S2 — r 
respectively, such that A = [CAi]y B=[CB^, 

4. If the sum of the steps of Ay By C be not greater than n, then 

[A,BC] = [ABC]. 

(The right-hand side, of course, means [AB.C] (§ 13*1).) 

For simple extensives, this follows from definitions, thence 
for compound extensives by the distributive law. 

• A„ §§ 78-85. 
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5. If [- 4 B] = o, and ftj, independent y and 

A be of step iny{a^y a^) and B of step inS^{b^y b^)y 
where gm, r^^k, then A = o or B = o, 

For [ABI is the sum of certain weighted products of the a, b 
of step ri + r2; these products are independent (§ 54* 10); hence 
as [AlB'\ — o, their coefficients vanish. But these coefficients are 
of form x-Yj, where xi, yj traverse all coefficients in the expres- 
sions for Ay B respectively. If then some y is not zero, 

hence all the x vanish, and A = o, 

6. If S be any extensive and [«*S] = 0, « # o, then there is an 
extensive P, such that * 5 = [^P]. 

For adjoin to a such that a^y a^ is our 

basic spread, then 5 = kj \aB^ + k^ {ciBf[ + . . . + 1^ Cj + 12 Q + . . • , 
where the C do not contain and [«PJ, C^, C^, ... 

are independent. 

Since [a 5 ] = o, we have Ij \aC^ + + . . . = o. 

But the [aC] are independent, hence Ij =1^ = ... = 0. 

Hence S = [aP], where P = kj Pj -h k^ + . . . . 

Cor, I, If S be any extensivey and 

[a. 5 ] = K 5 ] = ... = K 5 ] = o, 

where a^y a^ are independent y then there is an extensive 
such that *5 = [^j 0:^ . . . Pjn] • If S is of step m, then 

Cor, 2. If Sis of step m, and [a^ S] = P] = . . . = = o, 

then S = o, or [a^ a^,,, 0:^+1] = 

§ 56. Supplements and regressive products,* 

1. As before, we work in a spread of step n, but we now as- 
sume it is spanned by extensi ves , . . . , and that [e^ e^...e^ = i. 

These e will be called 'basic unities' \ an outer product of r 
of them will be called a 'unity of step t\ 

2. Def, If E be any unity of any step, we define the 'supple-- 
ment' of E as \E=[EE'] P', where the factors of E' are all the 
e^y which do not appear in P, each taken just once. 

* A2, §§ 86-126. 
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The supplement of a scalar is defined as itself. 

Thus 

ki ~ • • ^n]> ka “ — \e^ey.. \e^ = \e^ 

kiki] = i» kikj] = o, (i,j = i, ...,n, i#j). 

3. We note that [EE'] = ± i, the sign depending on the order 

of the factors e\ if the factors of E' are rearranged, then the 
signs of [EE'] and E' are either both preserved or both changed. 
We have [i? |£] = [EE’] [EE’] = i . 

If £, F are distinct unities of the same step, [JS|F] = o. 

If E is of step r, then |F is of step n — r. 

4. Def, If ^ = kiFi+k2£2+***+^r^r» •••> arc 

unities of the same step, then |^ = kj [Fj + ... +k^|Fj.. (The 
distributive law for | .) 

Hence if 

^ = kiFi+k2F2 + ... + k,F„ B = k;Fi + k'2Fo + ... + k;F,, 
then [A\B] = kikj-f k2k2 + ... + k^k', 

[A\B] = [B\A]. 

If A is of step r, then \\A = ( — A; thus ||^ = ^ or 

( — if A according as n is odd or even. 

[This explains why for vectors in a plane (n = 2), ||i; = 
while in space l|w = ®.] 

By the distributive law, it suffices to shew the first part for 
the unities E. Let F=\E, then [£F] = i, [F£] = ( — 

\F=[FE]E = {-iy'^-^^E. 

Hence | ]£ = ( - E. Hence the first part. 

'fhe second part follows, since if n be odd, then one of r, n - r 
is even ; but if n be even, then r(n - r) and r have the same parity. 

6. If Ey, £'2 be unities of steps r,, r2, and rj + r2>n, then 
their outer product as already defined is zero; we define their 
’regressive outer product’ , denoted by [E^E.^, as follows: 

Def. If E^, J?2 be unities of steps rj, r2, and r, + r2>n, then 
[E,E^] is such that \[E,E^] = [\E, {E^l 

The earlier outer products will now be called ’progressive outer 
products’. 
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Since \E^y 1^2 steps n — Tj, n — r2 whose sum is less than 
n, therefore [\E^ IJE2] is a progressive product, and our definition 
is significant. The step of [\E1\E2] is 2n — ri — r2 (the extensive 
itself may be zero). The step of [E^E2] is hence (ri + r2) — n. 
Thus we have 7. 


7. If Ay B be any extensives of steps Tj, r2, the step of \AE\ is 
rj + r2 or (rj -f r2) — n, whichever of these two is not greater than n. 

8. If Ay B be any extensives of steps r^, r2, then 

(1) For, if ri-|-r2>n, this is true for unities, by definition, 
and hence generally, by the distributive law. 

(2) If ri + r2 = n, it is again sufficient to prove the theorem 
for unities. 

(2*1) If E^y J?2 contain a common basic unity there must be 
a basic unity which is in neither E^ nor £*2, and hence which is 
in both \Ey and |£2* Now the sum of the steps of \Ei and 
is n. Thus [£i£2] [\^\ 1^2] both vanish, and hence are equal. 

(2*2) If £1, £2 contain no common basic unity, then 

1-^1 ~ [^1^2] 1^2 “ [^1*^2] ~ i 

hence [|£i [£2] = [^i£'2] = |[^i^2]- 

(3) Lastly, if rj-f-r2<n, let \ A = A'y |£ = £', then, by 5, 

\A' = (- Ay ]£'=(- B, 

The sum of the steps of A'y £' is greater than n, hence 
\[A'B'] = [\A',\B'] = (- i)ri(n-rx)+r,(n-r,) 

The step of [^'£'] is n — rj-fn — r2~n = n — rj — r2, hence, 

II [A'B’] = ( - i)(n-r.-r,)(r,+r,) [A'B']. 

Hence 

l)ri(n-ri)+r2(n-r,) ^ jyn-T,-T,)(r,+T,) 

and since 

ri(n - r,) + r^{n - - (n - rj - r2) (fj + r^) = 21^ r^, 

this gives | \AB'\ = WA |fi]. 
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9. If Ey Fy G be unitieSy and the sum of their steps is n, then 

[EF.EG] = [EFG] E. 

(1) If jP, G contain a common basic unity, then [EFG] = Oy 
and there is at least one unity, say, not in any of Ey F, or G; if 
[jPjP] = \ Qy [EG] — |i?, then ^ is in 0 and Ry hence 

[QR] = o, [ 5 F.EG] = [|( 3 .i/i] = l[( 3 i?] = o. 

(2) If no two of E, F, G contain any common basic unity, 
the set contains each basic unity just once ; then by 2, 

[GEF]=±i, \G=[GEF][EF], 

|F = [FEG] [EG], i [GF] = [GF£] E. 

Hence [EF] = [GEF] \G, [£G] = [FEG] jF, 

[EF.EG] = [GFF] [FFG] [|G|F] = [GFF] [FFG] \[GF] 

= [GFF] [FFG] [GFF] F 
= [GFF] [FFG] [GFF] F, (since [FF] = ± [FF]), 

= [FFG] F. 

10. Rule of a repeated factor. If A, B, Che any simple extensives, 
the sum of whose steps is n, then 

[AB.AC] = [ABC]A. 

For let a,, ■■■, a^ be any extensives of step one, not neces- 
sarily distinct or independent; first assume the theorem is true 
when A, B, C have these as simple factors, arranged in any way; 
we shew that then it holds when a, is replaced by 
a' = kja, + ... + k„a„, 
where kj, ..., k„ are any scalars. 

(1) If a, is in A, let ^ = [a,D]. First change to kjOj + k^a^, 
then A becomes 

A' = k,[ajD] + k,[a,D] = k,^ + k,[a,D]. 

(I'l) If is in D, then [ajD] = o, and 

[A'B.A'C] = k][AB.AC] = k^^ABC] A 
= [k^ABC] k,^ = [A'BC] A'. 

(i -2) If aj is in B or C, say in B, let F = [a^ G], then [a^ DB] = o, 
[A’B] = k^[AB], [A'C] = K[AC] + k,[a, DC], 
[A'B.A'C] = k\[AB.AC] + kX{^B.aJ[)C\. 
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But \AB.a^DC\ = \aj^Da^G .a^DC\ = — \a^Daj^G .a^DC\ 

= — [fljjDajGC] by hypothesis, 

and -[a,Da,GC\=^[a,Da,GC\ = [ABC\ (§55-4). 

Hence [A'B.A'C] = k\[ABC\ A + kXl^BC] [a.D] 

= k,[ABC\ (k,J+k,[a,D]) 

= k^ABC] A’ = [A'BC] A'. 

Hence, if Aj is in A, the hypo'thesis continues to hold when Aj 
is changed to kjA, + kjAj, and hence when it is changed to 
(kiAi + kjAj)+kjAj, and so on. 

(2) If A, is in B, and a, be replaced by a' = kj a, + ... + knA„, 
let B=a^D, B' = a'D, then 

[AB' . AC] = [A Zk^ aiD.AC]=^ Ek-^Aa^ D.AC] 

= Ek^\Aa^DC\ A, by hypothesis. 

But (§ 55 - 4 ) 

E\[Aa^DC\ A = [Aa'DC] A = [AB'C] A. 

(3) If is in C, the proof is similar to that of the last case. 

Hence in all cases, be replaced by ftp 

if these are linear combinations of them. For of these b a certain 
number (perhaps all) will be independent, and the rest depen- 
dent on them. Suppose 6j, independent, and •••» 

linear combinations of them. Then we can select m of the a, so 
that K...aJs[ij...6J. 

Now y’(Ai, ..., A„) = 6 ^{b^, Aj, ..., A„) b^, a ^, ..., a„) 

= ... —S^(b^, ..., Clia+i> •••> ^n)' 

Thus the replacements corresponding to these equations can 
be made, and then finally we can replace ip ..., 
hyb„...,b^. 

Now the theorem holds by 9, when ap ..., are any basic 
unities. Hence it holds generally. 

11. Def. A spread is a 'subspread' of a spread S2, when 
each extensive of step one, contained in , is also contained in 

Then (§ 55*6, Cor. i), there is an extensive 53 with ^2 = 

12. If A be simple^ 5 , C simple or compound^ and if the sum 
of the steps of A, B, C ben or an, then [AB . ^C] = [ABC] A, 

For, when the sum of steps is n, this follows from 10, and the 
distributive law. When the sum is 2n, let A\ B\ C' be the 
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supplements of S, C. The sum of the steps of A\ B\ C' is n, 
hence [A'B\A'C] = [A'B'C] A\ Taking supplements of both 
sides, we have the equation stated. 

Cor, Under the same conditions, . BC] = [^SC] fi, 
[^C.BC] = [^BC]C. 

Note. The theorem is not, in general, true, if A is compound. 
For example, in step four, let A = [ad] + [ic], [aicrf] #0, then 
[Ab.Ac] = [adb.adc] = [adbc] [ad], 

[Abe] A = [adbc] {[ad] -f [be]). 

13. If A, C be simple^ and the sum of their steps is n, and B be 
a subspread of A ^ and hence simple y then* 

[A . BC] = [AC] By [CB . A] = [CA] B. 

For there is an extensive Z), with A = [BD]. 

Hence [A . BC] = [BD . BC] = [BDC] B = [AC] B. 

The same result follows if ^ is a subspread of B. 

14. If Qy R be simple extensivesy not zeroy of steps q, r, and 

(1) q + r^n, then [QR]¥^Oy ify and only ^/, q-f r is the step 
of the join of Qy /?, 

(2) q + r > n, then [^B] ^ o, ify and only ify q + r — n is the step 
of the cut of Qy R. 

For (i). In the first case, the product is progressive, and hence 
vanishes if, and only if, the factors of step one in Qy R are 
dependent, and then one is a linear combination of the rest. 
Hence if [QR] — o, the join of Qy R has a step less than q -h r. 

For (2). If q-hr = n-f p, p>o, then Qy R have common an 
extensive of step p at least; hence there is an extensive A of 
step p, and extensives B, C such that Q = [AB]y B = [^C], the 
sum of the steps oi Ay By C being n. 

Hence [QR] = [AB . AC] = [^BC] A = [QC] A. 

Henpe [QR] can vanish, if and only if [ 0 C] = o, and as the 
sum of the steps of Q and C is n, this only happens if the step 
of the join of Q and C is less than n; but ^ is a subspread of Q; 
hence the join of Q and [AC]y that is, of Q and B, has a step less 
than n; thus the cut of Qy R has a step greater than q-f r — n. 

* For brevity we shall often speak of the spread where ^ is a product, 
meaning thereby the spread represented by A. 
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15. Generalisation of theory. The above theory holds if, 

instead of beginning with we begin with any n 

independent extensives a^, step one, such that 

[«i...an] = i, and define supplement as follows, (where J is the 
sign of the supplement) : 

= A\ where A is any product of a set of the 
and A' the product of the remaining a in any order. 

We assume the distributive law, and take the supplement of 
a scalar to be the scalar itself. 

For the theory will be shewn when we have proved 
= JB], where A^ B are products of simple factors, 
which are elements of the set ..., a^y and the sum of the 
steps of A and B is greater than n. This is easily shewn from the 
theorems above, in particular from 12 Cor. 

Thus, in particular, 12 is independent of the elements used 
in defining regressive multiplication. But \A and need not 
be equal. 

1 6. If [PP'] = [A A'] = [BB'] = . . . = K . . . a J = I , anrf P, P', 
Ay A\ By B\ ... are products of simple factorsy these being elements 
of the set a^, ..., and if P=[^PC...], then P' = [^'B'C'...]. 

For define supplements by means of the «, then 

IP = [PP'] P' = P', and so on. 
tP=[XA 4 B...] = [A'B’...]. 

17- Ar=[«i "«r-i«r+i •••«»]. K-«n] = K;, 

then h] = [«I • • • «m] K"-™-' (m< n). 

For [a,... aj;\ = [fl, . . . a,(a , . . . . . . aj] 

= by 13. 


= K 

K. 


Hence = 

^n-i ^n-i] “ [^i • • * 

«„-z] K, 


^ “ \P'i 


and so on, to 




...A]= K--. 


Cor. = 
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18. Def. A product of extensives which involves only pro- 
gressive or only regressive multiplication of the factors is ' pur e\ 
the product being taken in accordance with § 13*1. 

A product \ABC,,,L\ of step zero, in which ABy AB.Cy 
ABC.Dy ... are regressive, and the multiplication by L is the 
only progressive multiplication, will also be called pure regres- 
sive. An example of this is \abMc,bc\ in step three. 

A product of two factors is always pure. 

A product which is not pure is 'inixed\ 

A product of m extensives is thus pure progressive if the sum 
of their steps is not greater than n; it is pure regressive if that 
sum is not less than n(m — i), for then the supplements of the 
factors will have the sum of steps not greater than 

nm'-n(m— i) = n, 

and hence the product of the supplements will be progressive. 

Pure progressive products, if not vanishing, represent the 
join of the spreads represented by their factors; pure regressive 
products, if not vanishing, represent the common cut of the 
spreads represented by their factors. 

19. Pure products obey the associative laWy and permutation 
of factors at most changes the sign of the product » 

For their factors, if simple, can be resolved into factors of 
step one or n — i, according as the products are progressive or 
regressive. For factors which are compound, the result now 
follows by the distributive law. 

20. A pure progressive product [^J 5 C...] vanishes ify and only 
ify at least one pair of the spreads Ay By Cy has a cut of step 
greater than zero; a pure regressive product \ABC vanishes 
ify and only ify at least one pair of spreads Ay By Cy ... has a join 
of step less than n. 

21. If [ABC^ is a mixed producty and Ay By C are simplcy 
not zerOy then [ABC] can only vanishy if either [AE\ = Oy or 
Ay By C have a join of step less than n, or a cut of step greater 
than zero. 

The last two cases arise when \AB'\ is a progressive and a 
regressive product respectively. 



236 THE GENERAL THEORY [CHAP. 

22. Conditions that [ABC]^[ACE\y where A, B, C are 
simple and not zero. 

This is the case (i) for pure products and (2) when both 
sides vanish, which happens when \AB'\ and \AC] vanish, or 
when the products are mixed and the spreads represented by 
A, By C have a join of step less than n or a cut of step greater 
than zero. 

The case remains (3) when the product is mixed and not 
zero; let then p, q, r be the steps of Ay By C, then 

n<p + q + r<2n. 

If p + q<n, p + r<n, then \AE]y [- 4 C] are progressive, 
[AB.C] is regressive. Now since [ABi]^ Oy therefore Ay B have 

A . . B . 


F 

C 


no common spread; neither have Ay C, but [AB] and C have a 
common spread, of step p-fq + r—n, and hence they have a 
common factor Z), say, which must be a subspread of B and C 
of step p + q + r — n. Then \AB .C] = Dy \AC .Bi\ = D, 

If p + q>n, p4-r>n, take supplements; we find that By C 
have a join of step p + q -f r — n. 

If p-hq^n, p-hr^n, then \AE\y C have a common spread 
D and [ABC] = D, Also Ay C have a common spread Fy [AC] = Fy 
[ACB]^[FB], Hence, if [ABC] = [ACB]y then [FB] = D\ thus 
J? is a subspread of D, and hence of C. (Actually in this case, 
[ABC]y [ACB] are equal and not merely congruent.) 

Hence, if [ABC] is a mixed producty and not zerOy then 
[ABC] = [ACB]y ify and only ify By C have a cut or join of step 
p-fq + r — n, or one of By C is contained in the other, 

23 . The conditions for the weak associative law [BA C] = [B,AC] 
for simple extensives Ay By C are the same as in 22. 

(The law is ‘weak’ because it concerns congruence and not 
equality.) 
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For, since \BA'\ = \AE\, therefore if [ABC]s[ACE\, (22) 
then [BAC] = [ABC\ = [AC.B] = [B.AC\-, 

the last step follows, by 19, since the last two expressions are 
products of two factors [AC] and B only, and such a product is 
always pure. Conversely, (i) follows from [BAC] = {B ,AC], 

24. If \A^ ^2 . . . A^ is of step zerOy then 
[A,A,...A,]^[A,.A,A,_,...A,] 

— • •• ■'^n-r-l •• • ■'^n-r]' 

For, let 

then [A,A,...A„] = [PA„_,A„]. 

The step of the last product is zero, hence the sum of the steps 
of Py is divisible by n, and hence is n or 2n; thus the 

product of Py Aj^_jy A^^ is pure by 18. Hence, by 19, 

[PA„_,A„] ^ [PA„A„_,] ^ [P.A„A„_,], 

[A,A,...A„]^[A,A,...A„.,.A„A„_,]. 

Considering the last expression as the product of [Aj A^... Aj^_^]y 
and [A^A.._Ay we find similarly that it is congruent to 

[^lA - A-3-^n^n-iA-z]. and so on. 

Def If a^y a^y be any extensives, their 'multiplicative 

combinations' of step r are the outer products of r of them. 

25. If a^y ...y a^ be independent extensives of step oney and 

K = [a,aj...a„]/o, P= [i,...ij7^o, 

and A^,...,Ag be the multiplicative combinations of 

a„ ..., a^ of step r, and /),, ..., be such that [.i 4 iD,] = K, then 

KB = 's [^A] A- 

For B = + ... +k5.(45 for some k. 

, Hence \BD^ = 2 kj[.i 4 jZ)j]. But \A^D^ = o, if 

j=i 

Hence [PD,] = k,[. 4 ,D,] = k,K, KB = '£ [iSA] 
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Cor. If JFj be such that 

[£'i^i] = [«i ...ajj 
then KB^ 2 :[E^B]A.,. 

Def, The scalars K“*[fiZ)j] are the ^coordinates' of B in the 
frame A^. 

26. If A be of step p, and B be of step q, and 

p + q = n + r, (r<p, q), and if Cj, C^, be all the multi- 

plicative combinations of r of the and be the product of the 

iq not in the factors being arranged so that [C'^Z),^] = B, 

then [AB] = 2 [AD^] C^. 

I 

For, since 6j, iq are independent, vve can adjoin 6^^^, ..., b^^ 
so that fundamental spread. Now is a 

linear combination of the multiplicative combinations of 
of step p. 

Let A = + 2 yj Gj, where Fj, Gj are simple extensives of 
step p, and contains just r of the factors Aj, ..., Aq, namely 
those in Cj, while Gj contains more than r of these, and hence 
has in common with each (which contains q — r of these A) 
at least one of A^, A^. 

Thus [GjZ)j] = o, for each i, j. As B has in common with 
each Gj a spread of step greater than r, we have [Gj F] = o for 
each j, by 14. 

Hence [AB] = B] = Zx^lF^ . Q Z>J. 

Now F^ contains all the factors of the set A^, ..., Aq which 
appear in Cj; hence Q is a subspread of Fj. Also if iT^k, then 
[F^D^-o, since then [CiDJ = o. 

Hence, by 13, 

k 

[AB] = Sx.[F,Z)J q = S[(x,F,+yjGj)i)J C, = I,[AD^] C,. 

ik ijk k 

27. If A = [a^...a^]¥=o, B = [fj...fi^], where are 

of step n — I, and r>s, then B is of step n — s, and 

[AB] = [A,B]D, + ... + [A^B]D^, 
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where ...,Ap are all the tnultiplicative combinations 

of a^f of step s, and 7)^, are such that 

= /),] = ... = A 

For adjoin so that span the fundamental 

spread; and form all multiplicative combinations of 

a^y H — s. Then there are scalars k such that 

iB = kj Sj + kj jBj - j- . . . “h kj_5j.. (i) 

A By. has at least r — s factors of step one common with A, 

Let Bj, 5p, where p = be those B which have just r — s 

such factors. Then [ylfij] = o, if i>p, by 14. Hence 
[^B] = k,[^fiJ-f...+kp[^5p]. 

With A^y /)j as in hypothesis, we have j?j = [DjCj], where Cj 
consists of those n — r factors of By which do not appear in A, 
Then, using 12, Cor., 

[ABy] = [AyDy,DyC.;\ = A = A> 

[AB]=ik,[Aa^Dy. (2) 

1~ I 

Multiply (i) by A^. The sum of the steps of A^, is n, hence 
the]only one of the which gives a value not zero is that which 
contains only factors absent from A^, and this is 5j = [Z)iCi]. 

Hence [A;B] = ki[^i D^ CJ = ki[^Ci]. 

Then, by (2), [AB] = ^ [A.^B] D^. 

i — i 

28. // = [a j . . . a,] o, C = [7j . . . y J, tvhere the y are of step 

n — I , then 

[^C] = K--«r-7i-”7r]= K7,]. [a^y^l .... K7r] • 

K7,]. K7j. •••. K7r] 

K7i]. [ar7*]. •••. K7r] 

For, take the outer products /?j of a j, . . . , a^ of step n — i , such 
that [«i/?i] = [a, then for some scalars kjj we have 

7i = 


(3) 
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[Ti • • • yj = I ky I [Ai • • • PA + t®>™s involving other p than 
yffj, where det | kjj | means the determinant with elements 

ky, as i, j traverse i, .... r. 

Hence [AC] = [a,,,.a^.y,...y,] 

= det |kjjl (4) 

By (3). 

Kri] = = kisK/?s] = kisk ••.««]• 

j 

Put [a,...aJ = K. 


Hence ^ = [a^ yj ~ [a, . . . a^] = [a^ y i] - K. 

Substitute this in (4), and we have the determinant of the 
theorem, multiplied by [^i ***/^r] divided by K^ 

But the two latter quantities are equal, for by 17, Cor. 


[A • • • = [«I • • • [«r+i • • • ^n] • 

Hence [^i 


Thus the formula follows. 


29. Example. IfR^j . . be independent spreads of steps r,, . . r^^^, 
and n = rj + ... + rjjj, and p he any point of Sy the join of all the Ry 
outside the joins of any m — i 0/ the Ry then through p goes just one 
spread of step m which meets each R in just one point. 

For, we can find independent points 

a', a[, in R^, a[', a,', a'' in /?,, . . . , 

^(m) ^(m) ^(m) Ij. JD 

and can take 


p = iL\a\-\-x^a\ + ... -f + ... -bx'^^a:'' -f ... 

H- + . . . + 

* ‘ ‘m 

Then r=[(«+...+x;^a;,)(x;'a;'+...+x;;«;;)... 


is of step m; it goes through p and contains one point of each of 
i?j, ..., Rjj^, viz. those given by its factors. It cannot contain more 
than one point of JRj, for if, for example, it goes through 


^ = yi<+-+yr,<> 

then [Tq\-o would give a relation between spreads of step m+i, 
which are independent. 
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Nor can any other spread of step m which cuts each Ri in just one 
point pass through/), for if it did, we should again have a dependence, 
by expanding an outer product, between spreads of step m-f i. 

We have assumed Tj^o, If r=o, the factors of T are dependent, 
and hence p is on the join of m~ i of the contrary to the hypo- 
thesis. 

§ 57. Condition that an extensive should be simple* Extensives 
of step two, 

I. A necessary and sufficient condition that an extensive Ay of 
step m, in the spread ^n) simple is that \AB,A‘\ — o 

for all simple extensives B of step n — m + i . 

Necessity, [ABi] is regressive of step one, and if A is simple, 
[AB'\ is in ^ . Hence \AB ,A\ = o, 

Sufficiency, We need only assume 

[AE.A] = o, (5) 

for all unities E of step n — m+i; then [AB,A\ will vanish 
for all simple extensives B of that step. Let \e^.,. ef\ = i . 

We may assume that A contains a term in Let 

m n - m 

A — k[^j . . . f ^rs[^i ' • • ^r-i ‘ I * ' • ^m+sl "^2 

r= 1 s - 1 i 

where k^o, and each is a unity of step m which contains at 
most m — 2 of e^^. Then if i ^r^m, 

n— m 

= K + (- i)"-^ =«„ say. 

Since e^e^^^,,.e^ is a unity of step n — m+i, the last equation 
and (5) give [aj.A] = Oy r=i, m. 

Since k#o, therefore a^y independent, and since 

\a^A\=^Oy they are elements in Ay and as this is of step m, we 
have A==[a^,,, a,J, and A is simple. 

Example, If n = 5 and m = 2, take . . . ^5] = i . A general extensive 

of step two is of form 

5 

ij-i 

• See the notes by Study to the edition of the second Ausdehnungslehre 
in Grassmann’s Ges, Werke, 


FCE 


16 
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Take then 

[AB,A] = (a33a,3 + a3,a,5 + a,,a35)[^,^,^3] + .... 

The condition that A is simple is that the four coefficients of this 
expression and of the similar expressions vanish. 

2. A general extensive of step two in a spread of step n can 
be expressed as the sum of at most s = [ijn] rotors.* 

This is true when n = 2, 3, 4, as we know; we assume it for 
all n ^ 2m — I , and then prove it for n = 2m, 2m 4- 1 . 

(1) If n = 2m, then a sum of m-l- 1 rotors can be reduced to a 
sum of m rotors, or fewer. 

For let 5 = + = (i= i, ni+ i), 

where a-^y are points (extensives of step one). 

If Aj, a^y b^ be dependent, their joining spread is of 
step 2m — I at most, and hence, by hypothesis, j -f- . . . + 
can be expressed as the sum of at most m — i rotors, and hence 
S can be expressed as the sum of m rotors or fewer. 

If a^y Aj, ..., a^y b^ be independent, and, say, 

*m+. = kx«i + l,6, + ... + k„a„ + l„^»n,. (k. 1 scalars), 

then S is the sum of extensives of the form 

[«lM+kiKa+i«l]+li[«m+i^i]> (i=I> •••» ■")• 

But each of these is in a spread of step ^ 3, and hence gives 
a rotor, or zero. Hence S is the sum of m rotors, or fewer. 

(2) If n = 2m 4- 1, then a sum of m 4- 1 rotors can be replaced 
by a sum of m rotors, or fewer. 

For, let 

S = R, + ... + R^+,y R^ = [a^b.;]y (i=i, ..., m4-i). 

As before, if a^, ...» A^^ be dependent, then /?j4- ... 4-/^,„ is 
the sum of fewer than m rotors, and hence S is the sum of at 
most m rotors. 

If a^y ...y A^ be independent, and A^+j are in the spread 
defined by them, so is r» by the first part, these m4- 1 rotors 
in a spread of step 2m can be replaced by a sum of at most m 

• Rothe, Archiv Math. Phy s. Ser. 3, 20, ( 1913 )* P- 210. It is the algebraic 
form of a theorem on Pfaffian differential expressions. 
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rotors. But if is not in the spread • • •> ^in» 

^m+i ^re independent, and we may take 

““ I161 + ... + 

Then 

^m4-i ““ "4 li[^m+i^i] T ••• + k^[(a:j„^j<2^ + 

and S is the sum of extensives of the form 


+ (i=i, ..., m). 

Each of these is a rotor, or zero, and hence S is the sum of m 
rotors, or fewer. 


3. If S can be expressed as a sum of r rotors y then [5^+^] =0, 
where means the outer product of x+i factors S. If S cannot 
be expressed as a sum of fewer than r rotorSy then [S^] ^ o. 

For *S ... +i?r gives 

m 4 -... 

[ 53 ] = 6{[R,R, R^] + [R,RJi^] + ... 4 - 


[5^J = r![/^,y^,...i?J, 

[5^ H] = o. 

If [5^] = o, and R^ = [a^ 6 J, then b^. is in b^a^b^.., a J ; hence 
5 is in a spread of step 2r — i, and hence is the sum of at most 
r — I rotors. 

4. Def. An extensive 5 of step two is of ^rank' r, if it is a 
sum of r rotors, and cannot be expressed as a sum of fewer. 
The condition for this is [5*^+*] = o, [5^] ^ o. 

5. To express 5, of rank Vy as a sum of r rotors. 

Let be a rotor of rank r, and suppose 5 = k^yl j 4- 5,, where 
5j is of rank r~i, then [5[] = o, [(5 — kj^,)'] = o. 

Hence [5*-] - rk,[5'^-M J = o. 

Now [S^] and [5*^~*i4 J are simple, and of step 2r in the same 
spread of step 2r. Hence kj is determined by the last equation, 
provided [5*^“Mj]^o, i.e. if is not in the ‘complex* in [5*^] 
such that [5*^“Mj] = o. As 5j is of rank r-i, we can proceed 
with the reduction, and express 5 in the form 5 = ^4^4- ... -bA^y 
where 5j = 5~(^j4- ... 4-^i) is of rank r~i, and [5[rjMJ^o. 
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§ 58 . The spread of step five.* Segre's figure. 

Let i? be a spread of step five. 

1. If A, B, C, D be rotors in R, then 

[AB . CD] = [ABCD] + [ABDC\. 

For let C=\f>q], Z) = [w], then 

[AB.CD] = [AB.pqrs] = \pqr] — [ABp] [qrs] 

+ ["/»] - [ABr] [sp?] 

= [ABs][rC\-[ABp][qD] 

+ [ABq][pD]-[ABr][sC\, 

, [ABC] = [AB .pq] = [ABq] p - [ABp] q, 

[ABD] = [AB.rs] = [JBf] r - [ABr] s. 

These shew the theorem. 

2 . In particular [AB .CA] = [ABCA], since [ABA] = o, and 
hence [ABAC] = o. 

Hence [AB.AC] = [ABC A], since [CA] = [AC], 
[AB.AC.AD] = [ABCA.AD] = [ABCA.DA], 

(§56-i9)- 

Now [ABC] is a point p, say; [ABCA] = [pA]. 

Hence [ABCA.DA] = [pA.DA] = [pDA]A = [ABCDA] A. 
Thus [AB.AC. AD] = [ABCDA] A. 

Similarly [AC.AB.AD] = [ACBDA]A. 

But [AB.AC.AD] = -[AC.AB.AD]. 

Hence [ABCDA] = - [ACBDA] 

= — [ABDCA], similarly. 

Hence if any two of B, C, D be congruent, then [ABCDA] — o. 
We note also that 

[ABCDE] = [BACDE], [ABCDE] = [ABCED], 
the latter since [pDE] = [pED] for any point p. 

• E. Muller, ‘BeitrSge zur Grassmannschen Ausdehnungslehrc *, Wiener 
Ber. II A, 118 (i 909 )» P- 1047. 
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3. Associated lines. Let ^1, ^44 be four independent rotors 

in R and let 

^ik — ~ ^ki> (i, k = I ...4). 

Let Bj = [/^i2^13A4]> ^2 ~ U 2^^2A^2\\y 
^3 “ [^34^1^2]* ^4 == [Al ^2^3]* 

Q == U\ 3 ^ 34 ^ 42 ]i ^2 ^ [^4 Al ^3]* 

^3 == [^41^ 12 A4]> ^4 == [^2^23 Al]» 

kj = ^2 ~ ~ [-^2-^3 -^4^1 '^2]* 

^3 “ [^3-^4-^! ^2^3]* ^4 ~ “ [-^4^1 -^2-^3 ^4]* 

Then, by 2, B^ = k^A^, .,.y = 

[fiiCi] = [^ 12/^13^4.^23^4^2] 

= [/ 13/^14/^23/^34/^42] /^12+[/l4/'l2/^23/^34/42] ^13 

+ [/'l?/ 13^3/^34/42] /^14 

= ■~ki2/^12~k3j/ 31 +ki4/ 14, 

where ky is that scalar which is the outer product of r'12, T23, 
/ 3i> /^i4» A4» /^34> ^hat order, omitting Tjj. In interchanging 
the Fy we note that, since they are of step four, they behave like 
extensives of step one. 

Similarly, [/^2^2] ~ ^r2'/'i2~^^23'/23 ^24^24^ 

[/^3/^3] ~ ^23/23"“^3l/^31 +^4/ 34> 

[B^C^]= ki4Ti4 — k24T24H-k34T34. 

Hence 


1 {[B, Cl] + [B2 C2] 4- [B3 C3] + [B, C4]) 

= ~ki2/ i2~^k23B 23 ~ k3i T3I 4- ki4Ti4 — k24T24 + k34T34. 

Now the last expression vanishes by § 56-25. For /^23> /^31» 
/'14, T24> / 34 independent extensives of step four (§ 54*10), 
and r^2 ^ linear combination of them, whose coefficients are 

determined as in § 56-25. 

Hence [Bi Cj] 4- . . . 4* [B4 C4] = o, 

or ki[.4i Cl] — k2[-42^2] “^^3[.^3/^3] “ ^4[.^4 ^^ 4 ] ~ O. 


Hence if A^y ,,,y A^ be any four independent rotors in /?, and 
Cl is the intersection of solids through the pairs A2A^y A^A^y A^A2, 
and similarly for C2, C3, C4, then the solids ^iCj, ^42^* ^3^3* 
A4C4 meet in a line, (A ‘solid’ is a spread of step four.) 

This new line is called the 'associate^ oi A^y ..., A^, 
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4. We have 

[As All ~ [-^ 2 ^ 3 * -^3-^1] ~ [-^ 3 -^ 2 -^! -^3]* 

[A4A4A4] = ““k4^4. 

Thus kj2 = •— k4[-^3^2-^l-^3-^4] ~ k4[-43-42-4l -^4-^3] 

= k4 [^3-^4 -4 j -42-^3] = k3k4. 

Similarly 

[Al A2] “ [-^l-^3^2^l]> [A2A3] “ [-^2^1 -^3 -^2] > 

[A4A4] “ [^4^1 ^4-^2]* [A3A4] “ [-^3-^2-^4-^2]> 

[Al A4] “ [^ 1 ^ 3 -^ 4 ^l]> 

and we find 

k23 = "“kik4, k3i = k2k4, kj4 = — k2k3, k24 = k3ki, k34=-kjk2. 

Hence, by 3, 

^k 4 ri 2 + kik 4 A3'^k2k4jr3j+k2k3T'j4 + k 3 kj/^ 24 ^"kik 2 T ' 34 — o. 
Let Li = kj"^^j, L2 = k^^^2> 

A “ ^3 ^^ 3 > A “ A ^^4 > 

then [Lj L2] + [A A] [A^i] [*^1 A] + [A A] [^3 A] “ 

or [(Z/j 4 “ Z/2 + i3 + A)^] “ 

Hence L1 + L2 + A + A ^ rotor. Call it -Ly 
Then L2 4 “ Z/3 4 " — L5) 

hence [^2 A] [As Al [A A] “ [^^lAl- 

But Cl is the cut of [AA]> [A A]> [AAl* Hence Cj is in 
solid [L1L5], and L5 is in solid [CiLJ. Similarly, L5 is in 
[C2 A]> [A^sl* [A A]- Hence L5 is the associate line. 

Thus if five lines are dependenty but each set of four of them 
independent, then each is the associate line of the other four; con- 
versely, the associate line of four independent lines is a linear com- 
bination of them. 

Clearly any plane which meets four of the lines meets the fifth. 
For the plane a and line L meet, if, and only if, [aL] = o. 

5. If A = \bc'], B=[ca'], C=[a6'] be independent rotors, we 
can weight the points so that a-^b + c + a' + V + c' = o. 

There is only one line which cuts A, B,C, and it is given by 
each of the equal expressions 

[(6 + 0 (C + a')], [{c^a^){a^V)l [(« + *') (* + 0]- 
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For example, this line cuts [6r'], since \bc\b-\-c') = o. 

Now [BCA] = [ca ^ . aV . be'] = [ca'aV . be'] 

= [ea'ab'e']b--[ea'ab'b] e' 

= [abea'b'] {b + e'). 

Similarly [CAB] = [abeb'e'] {e + a'\ 

[ABC] = [abee'a'] {a-^b'). 

Hence [BCA] + [CAB] + [ABC] = o. 

The cuts of A^ By C and the common transversal are 6 + r', 
e-\-ciyCL-\-b, 

The transversal is [BCA. CAB] or [AB .BC .CA], 

6. Let Ay By Cy D be four independent rotors,* and let the 
transversals A' y B'y C' of the triads BCD, CADy ABD respec- 
tively cut them in points ^,^',5'; byu'yv' respectively. 

A' 

B' 

C' 

V Ti r -D' 

A B C D 

Then we can take 

A = [be']y B = [ea']y C^[ab']y /) = [?V], 

A' = [eb']y B' = [ae']y C' = [ba']y 

and can take weights so that 

p' = b'-\-ey q' = e'-^ay r' = a' + b. (i) 

Let p = b + e'y q = e-\-a'y r = ^? + 6', 

l—a + a'y m = b + b'y n = e-\-e'y 

L^[aa']y M=[bb']y N^[ee']y 

D' = [{e + a') {a + b')]y E ^ [{a + a') {b + b')]. 

• Baker, Principles, vol, iv. We have adopted the notation there with 
unessential changes. 
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Then 

A.-\- B C D — E — be' + co! + ab' 

+ (c'+a) (a' + 6) -(a + a') {b + b') 

= {a + b + c + b'-\-c')a', (2) 

A' + B' -^C -D' + E = a{b + c + a' + b' + c'). (3) 

So far we have only fixed weights so that (i) is true. We can 
adjust them still further so that 

p' -\-q’ -\-r' = 0, or a + 6 + c + a' + 6' + c' = o. 

Then p + q + r = o, l+m + n = o, 

and D' is the transversal of .^ 4 , B, C, 

L + M N — D-\- D' = {a b c -{■ u' -\- c') b' = o, (4) 

and the right-hand sides of (2), (3) vanish. 

Let P=[pp'l <3 = [99'], R=[rr']. 

Then P=[{a-\-a'){b+c')l 

Q = [(6 + 6') {c + a’)l R = [(c + c') {a + b')l 

A + A' + L-R + Q = bc’ + cb’ + aa'-(a + b') (a' + b) 

+ (6 + 6') (c + a') 

= b(c + + <2' + 6' + c') = o. 

These and similar equations, and (2), (3), (4), shew that the 
rows in the following table are associate lines among the 
fifteen lines 

. E D A B C 

E . D' A' B' C 

D D' . L M N 

A A' L . R Q 

B B' M R . P 

C C N Q P . 

We have also such formulae as 

AA’ + BB' + CC = DD', 
A..BC.CD.DB-B..CD.DA.AC 

+ C. .DA.AB.BD-D. .AB.BC.CA = o. 
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Examples, i. Prove generally 

[(b + c') ib' + c)] + [{c + a') (c' + a)] + [{a + E) {a' + b)] 

= [be] + [ca] + [ab] - [b'c'] - [c'a'] - [a'b']. 

The right-hand side vanishes when a, b, c are collinear, and a', b\ c* 
are collinear. Hence 

(i) If the lines [ab]^ W'b'] are coplanar, we can weight the points 

so that a + E = a' + by b c' and then c a' = c' + a. Pappus* 

Theorem follows. 

(ii) If the lines are not coplanar, and through a point p be drawn 
lines /)M, /)z?, pw to cut {bc\ Ec\ (ca\ c'a)^ (ab\ a'b) respectively, then 
pUy pVy pw are coplanar. 

(iii) If we take points of unit weight and a, by c are collinear, and 
a' y V y d are collinear, then the joins of the mid-points of ah' and 
a'by of be' and b'ey of ea' and e'a are coplanar. 

2. Generally 

[{b + e') {b' -f e) aa'] + [{e + a') (e' + a) bb'] 4- [{a + b') {a' + b) ee'] 

= [abe{a' + 4 - c')] 4 - [a'b'e'{a 4- ^ 4- c)] . 

Hence, if a b e a' b' + e' = o, 

b + e' =py e + a' = qy a 4 - ^' = r, b' -\-e = p'y e' a = q'y a' + b^r'y 
then [PP'^^'] •+• [Q^'bb'] 4- [rr'ee'] = o. 

Hence if, in step five, />, <7, r be collinear points on be'y ea' y ab' y and 
p'y (j'y r' be collinear points on b'ey e'ay a'by and pp' meets aa y and 
qq' meets bb' y then rr' meets ce' , 

3. [(^4- e') {a + b')] + [(b' 4 - e) (e' 4 - a)] = [aa'] 4- [bb'] 4- [ee']. 

Hence the transversals of be'y ab'y of b'ey e'ay and the diagonals 
aa' y bb' y ee' are associated lines. 


(Baker, PrineipIeSy iv, p. 117, Ex. 2.) 
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CHAPTER VIII 

APPLICATION OF THE GENERAL THEORY 
TO SYSTEMS OF LINEAR EQUATIONS AND 
DETERMINANTS 

§ 59. Matrices and linear equations. 

I. Def. A 'matrix^ is a set of scalars ajj^, functions of integers 
i, k, where i = i,...,n; k=i,...,m, and n,m are fixed for a 
given matrix. Matrices will be added and multiplied in accord- 
ance with rules given later. If m = n, we have a 'square matrix'. 
The scalars a^^ niay be arranged in an array 



We often indicate the matrix by the notation (ay) with a speci- 
fication of the range of the suffixes i, j. 

If (ajj^), (i= I, ...,n; k= i, ...,m), is a matrix, the matrix (aj^j), 
(k=i,...,m; i=i,...,n), obtained by interchanging rows and 
columns in the array of the original matrix is called the ‘ trans- 
posed' matrix. 

2. Consider the set of linear equations for Xj, . . . , Xj^ : 

a„x, + a„x, + ... + a,„x„ = bp ] 

W 

a.„x. + aMX, + ... + a„^x„, = b„,j 

where m, n may have any integral values, and all letters denote 
scalars. Denote the matrix of the coefficients by (ajj). 

Introduce extensive unities and let a^, b be extensives 

defined by 

«k = a,k«i+ajk«» + -" + ank«ii> (k = i,...,m), 

b - b,«, + bjej + ... + bne„. 
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Then we may replace the n algebraic equations by the equation 
+ + + = 6 (2) 

between the extensives b in the spread ^n)« 

If equation (2) can be satisfied by some Xj, then 6 is a 

linear combination of hence is in «m)* 

Conversely, if b is in this spread, the equations can be solved. 
Hence, a necessary and sufficient condition that (i) can be solved is 

^{ai, ...,aj = S^{a,, ...,a^^,b), 

3 . Defs, We call the a^ the ‘ column-extensives ’ of the matrix a| j . 
The ‘ rank * of the matrix is the maximum number of indepen- 
dent column-extensives. It is clearly not greater than m, the 
number of these extensives. 

Hence, a necessary and sufficient condition that (i) can be solved 
ts that the ranks of the matrix and of the matrix formed from 
a^ j and bj are the same. 


4. Ifb, = ...=b,, = o in equation ( I ), we have n 'homogeneous 

linear^ equations. To solve these we must find scalars Xj, ...,Xn„ 

such that ^ ^ L 1 ^ ^ 

Xj -+•... "f* Xj^ a^^ o. 


Let the rank of the matrix (ajj) be r<m, and let a^,...,a^ be 
linearly independent, then a^^^^ •••» linear combinations of 

a^y...^a^\ hence so is l^^s^ of 

Xj.^j, . . ., x„^ is not zero. 

Thus there are definite scalars x„ ...,Xr such that 


+ + + = 0. 

Hence, if the rank of the matrix (ajj) is r < m, we can take 
Xr4.i, arbitrary, notallzero, andthenthese and certain definite 
values of Xj, ...jX^ constitute a solution of the homogeneous linear 
equations. 


5. If m>n, we can adjoin unities ...ye^to e^, 

In any case if x^, ...,x„^ constitute a solution of the homo- 
geneous or non-homogeneous equations, we call the extensive 
X = Xj^j-f ... 4-Xn^^j„ a 'solution-extensive". 

If Xy y be solution-extensives of the homogeneous equations, 
so are kjjc-f (kj, k^ scalars). Thus the solution-extensives of 
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these equations fill a spread, and since m — r, and no more, of 
the Xj, can be taken arbitrarily, the step of the spread is 

m — r. 

Since the order in which the equations are taken is irrelevant, 
the rank of the matrix (ay) is not changed by permutation of its 
rows. 

6. Return to the non-homogeneous equation in x^, . . . , x^^ : 

x,a, + x,aj + ... + x„a„ = ft, (2) 

and suppose it solvable; suppose also the corresponding homo- 
geneous equation is solvable, and let j + ... +yjn^m 

be a solution-extensive of the latter, so that 

yi^i+y2^2+---+ym^m = o. 

Then if a: is a solution-extensive of (2), so is ^4-jy. Conversely, 
if tt, V be any solution-extensives of (2), then u — v is a solution- 
extensive of the homogeneous equation. 

Thus we get all solution-extensives of (2), if we add to any one 
of them all the solution-extensives of the corresponding homogeneous 
equation. 

Also by 2, the spread of the solution-extensives of (2) has the 
same step as the spread of the solution-extensives of the corre- 
sponding homogeneous equation. 

7. In the spread ^{e^, .,.,e^, let E, = |^i, (i= i, ...,m), then 
the * row-extensives^ of the matrix (ay) are ..., ^ 4 ^* where 

[ ( 3 ) 

If, as above, x = x^e^ + x^e^^ .,,-{-x^e^is2i solution-extensive 
of the homogeneous equations, these may be written, if 
[^1^2 ••• ^m] = the form 

= 0, [^„x] = 0. (4) 

Suppose just s ^ n of the extensives ,,.,Aj^are independent, 
and take them to be Aj,,,,,A^y then each x which satisfies 
[A^x] = 0, ..., [A^x] = o satisfies all equations (4). 

Now the step of the spread of solution-extensives is m — r, 
hence the rank of the matrix of the first s equations of (4) is r. 
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But the ro/t/m«-extensives of the matrix of the first s equations 
of (4) have s coordinates, therefore they lie in a spread of step g s, 
hence s-l-i of them must be dependent. Hence the maximum 
number r of linearly independent column-extensives of the 
matrix is g s. Hence r ^ s. 

The same argument applied to the transposed matrix gives 
s g r. Hence r = s. 

Hence the rank of a matrix, which was defined as the number of 
independent column-extensives, is also the number of independent 
row-extensives. 

The rank of a matrix is hence the maximum order of the non-- 
vanishing determinants of its sub-matrices. But it will be noticed 
that so far we have not needed the theory of determinants. 

8. From 4, if we have n homogeneous linear equations in n 
unknowns, and these are solvable by values of the variables, not 
all zero, then the determinant of the coefficients of the equations 
vanishes. 

Conversely, if this determinant vanishes, at least one solution 
exists, in which the values of the variables are not all zero. If the 
determinant does not vanish, the only solution is that in which the 
values of the variables are all zero. 

If we have r equations in any number of unknowns, and the 
rank of the matrix of the coefficients is r, we say the equations are 
'independent, 

A system of n independent non-homogeneous linear equa- 
tions in n unknowns has a unique solution. The equations are 
independent if, and only if, the determinant of the coefficients 
of the variables is not zero. 

9. To solve + = 6, (5) 

when the condition for solvability is satisfied, and the notation 
of 2 is used. 

From (5) we deduce by outer multiplications in 

= [a, 603... a J, 


••• «m-i4 


( 6 ) 
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First, suppose then are independent, 

and as the condition of solvability is 

, a J = -ya^^b), 

there are scalars yj, . . ., ym such that 

* = yi«i+y»«j+-+ym«m- 

Substituting this in (6), we find Xj = y^, (i = i, m). Hence the 
values of Xj given by (6) satisfy (5). 

Next, if the rank of the matrix (ajj) is r < m, then r of 
are independent, say « j, . . . , and = o, while . . . , 

depend on ...,^2^,. 

By 4, we can take x^^j, ..., x^ arbitrary, then (5) gives 
x,aj + ...4-x,a, = c, where r = 6-x,+,a,+, - ... -x„a„. 
Thence 

[a,...ajx, = [ca^a3...a,], .... [a, ... ajx, = [a^ ... 

and, as before, these give values of the x which satisfy (5). 

Also when Xj.^j, . . . , are given, then Xj, . . . , x^. are unique ; for 
if Xj, ...,x' be any set satisfying the equations, then 
(x,-x;)a, + ...+(x,-x;)a, = o, 

and because aj, are independent, each coefficient 

vanishes. 

§60. Determinants, General theorems* 

I. If be unit-extensives, with ... 

a, 6, . . . , / be n extensives in ^{e^y . . . , where 

n n n 

^ ^ ^ bj^j, ..., / = S 

i=i i— I i=i 

(ai,bi, ...,li scalars), (i) 

then \ab ,,, /] is that determinant which in the usual notation is 
denoted by its diagonal terms thus : | aj b^ . . . | . 

The minors of the first row a^, a^, . . ., an of this determinant are, 
in our notation, 

[e^bc..,l]y [be^c,,,l\y [bce^...l]y ..., [bcd,.,le^y 

and, in the ordinary notation, 

I bjjC^ ... Ijj |, |bjC^...l^|, I bjCjd^ ... Ijj |, ..., I bjCjd^ ... In-i I* 

* The sections on determinants are to be regarded as illustrative only. 
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The co-factors of ...,an, i.e, the minors with the signs 
with which they occur in the ordinary expansion of the deter- 
minant, are 


\Cjbc ^j^bc 

Thus, for example, 


[e^be 

.../] = 

M 

II 

I-f .. 

• + b„ 0 (c,ex 


+ Cr 

i^n) 





... 

(Il«I 


"h ^n^n)] 

- b., 

bj, 

.... b„ 

\p2^1 

«3-en] = - 

bx. 

b3, 

.... b„ 

1 

C 3 , 

. .., Cjj 



Cx. 


..., Cj, 

|lx. 





li. 

I 3 . 

•••. i„ 


The minor obtained when, for example, the rows b, d, f, ... 
are retained and the columns, i, 3, 4, ... are struck out is 

[e^be^e^df...]. 

Again, for example, 

{e,bceJ...\ = Wc^iy..\. 

(To avoid confusion we omit e from the sequence of letters 

Uy by Cy dyfy . . ..) 

Example, If a determinant vanishes, then the co-factors of the 
elements of any one row are proportional to the co-factors of the 
elements of any other row. If all minors of order m + 1 vanish, then 
all m-lined minors formed from any set of m rows are proportional 
to the corresponding minors formed from any other set of m rows. 

2. The rule for adding determinants is simply the distribu- 

live law: [abc ...l] + [a'bc ...1] = [(a + a')bc ...I]. 

3. Laplace^ s expansion and Sylvester's Theorem, Consider 
[abcd]y where by c, d are in the spread ^{e^y ^2, ^3> ^4) and given 
by (i). By § 56*25 Cor., we have 

[€162636^] [bed] 

= [e, bed] [eaCjeJ - [e2bed] [e^e^e^ 

+ [eibed] “ [eibed] [^162^3]. 

Hence [e^ ^2 ^3 ^4] [<^bcd^ 

= [^1 bed] [ae2e^e^ + \e2bcd] [e^ ae^e^ 

+ [e^bed] [e^e2ae^ + [e^bcd][e^e2e^a], ( 2 ) 
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If now we take [^1 ^ 2 ^ 3^41 = ^hen [eybcd\y ••• 

co-factors Aj, ..., A4 of aj, ...,24, while 

[a^ 2 ^ 3 ^ 4 ] “ [^ 1 ^^ 3 ^ 4 ] ” ^2» •*** 

Hence [abcd\ = a^ Aj + a2 A2 + ag A3 + a4 A4, 

the usual expansion. 

Next, 

[e^e2e^e^] [cd] = [e^e^cd] [e.^e^ + [Cie^cd] [cjC,] 

+ [e-^eiCd] [e, + [eze^cd] [e^e^ 

+ [« 3 ^I [« 2 e 4 ] + h [^ 3 « 4 ]- (3) 

This is a special case of § 56-25. Multiply by \ah\, then we have 
[e^e^_e^e^] [abed] = [e^e^cd] [abe^e^ + .... (4) 

Now take [^i ^ 2 ^ 3^41 = 

then [e^e^cd] = C2d3 — C3d2. 

Do this for each term of (4), and we have 
[abed] = (c2d3'~C3d2)(aib4 — a4b|)4-(c3dj ~Cjd3)(a2b4 — a4b2) 

+ (Ci dj - C2 d, ) (aj b4 - 84 bj) + (c , - C4 d 1 ) (32 bs - 33 b.,) 

+ (Cj d4 - C4 d2) (33 b, - a, bj) + (C3 d4 - C4 dj) (a, b2 - 83 b, ). 

This is a simple case of Laplace’s expansion. The general 
formula follows in the same way from § 56-25. 

We could, however, interpret each outer product in (2) or (4) 
as a determinant, writing ai for ei. We then have a case of Sylves- 
ter’s Theorem on the product of two determinants. The general 
theorem is given below. 

4. Determinants of minors* In §56*17 take n = 4, then if 
[abed] = K, we have 

[abe.abd.aed.bed] = K^, or [bed.aed.abd.abe] = K^. (5) 

Now if Aj , A2, A3, A4 be the minors of the first row of [abed], then 

[bed] = Ai[^2^3^4] + A2[^1^3^4]+'^3[^1^2^4]^”^4[^1^2^3]• 

As there are similar results for the other factors of the left-hand 
side of (5), that expression is the determinant of minors. Thus this 
determinant equals K^. 


* Turnbull, Determinants and Matrices. 
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Similarly from 

\abc,abd,acd\ = aK^, \abc,abd\ = [a6]K, 

we also derive theorems on the minors of the determinant \abcd\. 
(Jacobi.) 

5. Muller's generalisation of Laplace's expansion and of Syl- 
vester's product theorem* 

Let a\y a\, (t = i, p), be p sets of n extensives of 

step r^ in a domain of step n. Let =^[a\a\.,, 

Let A\^ be the s = j multiplicative combinations of 

a\ya\, of step r^ and D\^D\y be such that 

[D\AS\ = 

Let be a non-zero extensive of step r^ < n, then, by §56*25, 
= 2 (i runs from i to s), 

i 

Let be a non-zero extensive of step n ~ (r j + r^ + . . . 4- tp), 
then [B^B ^ ... = Ay say, a scalar. 

Hence . . . Am = i:[D\ B^] [D] B^] 

...[DlBP][A\A],.,AlBP+^l 

where the sum is over all combinations of values of i, j, . . ., k, and 
each bracket represents a determinant. 

Hence we have a generalisation of Sylvester' s theorem: 

If A^'^\A^^\ 6^ p4- 1 determinants of order n, and A be 

split into p-f-i sets of say r,, r^, ...,rp, rp+j rowSy and we write 
the first p of these sets with n — rj, n — r^, ...,n — rp rows of A^'^\ 
...,zl^p^ respectively y to form a determinant y and write the 
remaining rows of these determinants with the remaining rows of A 
to form a determinanty and then multiply together the determinants 
so formedy and add all such possible products y we get A^^^A ^^^ . . . A^p^A . 
(The signs of the determinants must be properly chosen.) 

A special case. Let 

J(I) ^^(2) J(P)= = I, 

then A ^ E[D,B^][D^B^],,,[D^B^][A,A^,,,A,^B^^^^^ 

* E. Muller, ‘Beweis einiger Determinantensfitze *, Zeit. Math, Phys. 
44. (1899), p. 28. The superscripts are merely distinguishing marks. 
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But now the D, A are products of the unities, 

.... 

are minors of A taken from rj, r^, rp, rp^j rows. 

The last outer product is zero unless some of appear 

twice in it, i.e. unless are taken from distinct 

columns. This generalises Laplace’s expansion. 

Examples, i. In determinant notation, 

ai I a2b3C4 1 — a2 1 aib3C4 | = | aiC2 1 . | a3b4 | “ | aib2 | . | a3C4 1. 

T . .u- • (M.M.* § 180.) 

In our notation this is \ j / 

[ae2e^e^ \e^ abc\ + \e^ ae^e^ [e^abc] 

= ^^ 3 ^ 4 ] [^1 - [^^^ 3 ^ 4 ] [^1 

and this follows from 

[e2ahc\ €1 + [abce(\ €2 + [bce^ a 4 - [ce^ e2a]b + [e^ ^2^^] c = o, 
on outer multiplication by [^2^3 ^4]. 

2. If I aib2C3d4 I = o, then 

1 aibs I . I aiC2d4 1 = | aibj | . | aiCjd^ | + 1 a,b4 1 . | aiCjdj |. 

(M.M. § 180.) 


— a2a3 1 a,b2C3d4 1. 

(M.M. §§77, 188.) 


|a,b2|, |a2b3|, |a3b4| 

lajC 2 |, |a 2 C 3 |, 13304! 

I aj d 2 I , I 32 d 3 1 , I 33 d 4 1 
The left-hand side, if [eie2e^e^] = i, equals 

[abe-^e^, [e^abe^, [e^e^ab'l 
[ac 63 C4], [ci ac e^], [e, ^2 ac] 

[ade^e^, [e^ade^, [e^e2ad\ 
and by §56.28, this equals \bcd.y^y2y^, where 

ri = [««3«4]. 72 = h««4]. 73 = [«1«2«]. 

and hence [ 7 i 72 73] = [‘^3^4^i] [ae4eie2]4*. 

Thus the original determinant equals 

[6,06364] [6,62064] [abed] = 3233 1 a,b2C3d4 j. 

4. If, in Ex. 3, we write e^, 63, 63, 64 for o, b, c, d, and vice versa, 
we obtain 


[6,62Cd], [6,620d], [6,6306] 
[6,63Cd], [6,630^], [6,6306] 
[e^e^cd\, [6,640^], [6,6406] 


= - [6, acd] [6, abd] [6, 636364], (6) 


* M.M. refers to Muir, Treatise on the Theory of DeterminantSy revised 
by Metzler, privately published, New York (1931). 
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or, if [^1^2 ^3 ^4] = then. 

I^3^4l> l^3^4l> \^ 3 ^ 4 \ = I ^2C3^4 M ^2t^3^4 !• 

I^ 2 ^ 4 l> l^ 2 ^ 4 l> 1 ^ 2^4 1 

|c2d3|, |a2d3|, |a2b3| (M.M. § 180.) 

A formula obtained in this way from another is called its ^com- 
plementary', For example, the complementary of 

\abe^e^ \acde{\ + [ace^e^ \adbe^ + [ade^e^ \abce^ 

= \abcd\ 

is [e^e2cd] [e^e^e^a] + [e^e^cd] [e^e^e^dl 4 - \e^e^cd\ [ei^2^3^] 

= [e^acd][e^e^e^e;\ (7) 

and each of these can be expressed in determinant form. 

Blit we can also replace ...,^4 by any extensives, and thus 
obtain a formula which includes both as special cases, 

5. The other general law for formulae involving determinants is 
the ^ law of extensible minors'. 

Consider any of the above formulae which involves scalars only, 
and suppose it relates, for example, to step 4. Consider ^{e^^ ..., ef)^ 
of any step n. The formula will hold in the sub-spread ^(^i, ...,^4). 
Thus taking (7), we can prolong the outer products by multiplying 
by any extensives^g . . . /, till they become of step n. Hence, if A be any 
extensive of step n — 4, 

[e^e2cdA^ \e^e^e^aA'\ 4 - [e^e^cdAI \eye^e2aA] 4- [e^e^cdA] [^i^2^3^-^] 

= [^1 acdA] [^1 ^2 ^3 ^4 ^] . 

Again, (6) is an extension of 

[e^cd], [e^ad], [e^ab] = - [acd] [abd] [^2^3^4]» (8) 

[e^cd], [e^ad\, [e^ab] 

[e^cd\, [e^ad], [e^ab] 

and this follows from §56*28, since in step 3, 

[^2 ,cd,ad, ab^ = — [^2 ^3 ^4] 

If we put b = c m (8), and change the notation, we get the 
extension, (M.M. § 188.) 

|^2^3^4d5|, |a2N^4d6l> I ^2W^4d7 | 

|aib3C4d5|, |aib 3 C 4 d 6 |, |ajb 3 C 4 d 7 | 

|ajb 2 C 4 d 5 |, |aib 2 C 4 de|, |aib 2 C 4 d 7 | 

17-2 


aib2C3d4 |2 I a4b5C6d7 1. 
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[chap. 


6. 

= [«1 «2 ] K • • •] - [<*1 <* 3 ] [<*2 <*4 • • •] + [“1 <* 4 ] [«2 «3 • • •] > 

M [/>?«! « 2 « 3 « 4 -] 

= [/>9«1 " 2 ] [P?«3<»4 • • •] - {Pi^\ <* 3 ] [/’?«2«4 • • •] 

+ {pqa^a^][pqa 2 a^...], 

[pq\ [pa^ fljfls] = [pq<^i O2] [/>« 3 ] “ [Pq^i ^*3] \.P^‘i\ + [Pq<^2*^^ [P<^i\* 

7. [abe^e^, Ipce^e^, [<^<^^3^4] = [a6c<i] [ifi2^3^4] [^®2®3®4]- 

[abe^e^, [bce^e^, {cde^e^ 

[abe^e^, [bce^e^, [cde^e^ (M.M. §§77, 180.) 

For, in step 4, 

\cd\ [6^2 6364] = [6c<fe4] [e2«3] + \bcde^ [^3^4] + \bcde^ [^4^2] 

+ terms involving [Acj] (i = i , . . . , 4). 

Hence \abcd\ [^^ 2 ^ 3^41 

= [bcde^ \abe2e^ + [bcde,^ [abe^e^ + \bcde^ [abe^e^. (9) 
Now \bcde^ + [c<fe4 b + [<^4 63 c + [^4 bc\ d + [^2 bed] = o. 
Hence [bede^ [ce^ — [cde^ \bce2 

+ [^4^2^^] [^<^3^4] = o- (^°) 

Multiply (9) by [ce2e3e4], use (10) and similar formulae, and 
we obtain the result. 

8. If capital letters denote co-factors, and we use the ordinary 
determinant notationf : 

I aj A 2 A 3 . b 2 5381 . 03 CjC 2 I = ~ I 3 lb 2 C 3 I . I a 2 a 3 .b 3 b 1 .C 1 C 2 1^, 

I Aja2a3.B2b3bi.C3CiC2 1 = — | a2^3-^^i •^i *'2 

|a,A,.b2B2.C3C3| = |a,b2C3|{|a,b2C3|2-|a2a3.b3b,.c,C2|}, 
|B,C,.C2A2.A3B3| = -|a,b2C3|2.|b,c,.C2a2.a3b3l, 

|A?BlCil-|A,A 2 .B 2 B 3 .C 3 C,| 

= 1 a,b2C3 p{| afb|c| | - | a,a2.b2b3.C3C, ]}. 

6. A general theorem on determinants whose elements are deter- 
minants.X 

Let be the s = I outer products, in any order, of 

step r of the original unities e„ . . ., e„. These unities of step r may 
be regarded as unities of a spread ^ of step s. Let a^, •••yO„ be 

• H. F. Baker, Proc. Land. Math. Soc. (i), 29, p. 141 ; Am. Journ. Math. 
20, (1898), p. 360. 

t Muir, Contributions to the History of Determinants, pp. 307, 340, 357 - 
t E. Muller, loc. cit. 



VIII, 6o] LINEAR EQUATIONS AND DETERMINANTS 261 

extensives of and let A^,...,Ag be multiplicative 

combinations of the a formed in the same way as E^, are 
formed from the e. Let be combinations of e j, . . . , of 

step n-r such that [EiE{] = i. Then = S [A^E'^E^. 

k 

If A^ = [a^a^^...a^^, and K = 

and A = [a, ... a„], then [^j E'^ is the cofactor of A derived from 
rows i„i„...,i,. by suppressing columns k„kj, 

Consider outer multiplication in spread ^ and denote it by 
[Is,, and let [E^...E,]y= i. 

Then [J.^,...^J.^ = Det[^j£:a. (j = i, k = i, ...,s), 

where Det [ ] denotes the determinant of the outer products 
[A^E^ formed in ...,e^). Thus this determinant, d, say, 
has for its elements the minors of A of order r. 

Let 6 = x,a, + ... + x„a„, (ii) 

fix i, and denote the multiplicative combinations of a„ . . . , ai_„ 

of step r corresponding to i?„ by 

Of these 




contain b, and if in them we substitute for b, 

then such a B^ becomes a sum of extensives A^ in which A^ 
appears with coefficient Xj. If we form the product [fi, ... 
then from B^ we can omit all terms A^ except Ay.. The B which do 
not contain b equal the corresponding A. Hence 

[fij ... BJs, = x}[.(4, ... dJs,. 

But, by (ii), 

[a,...a„]x, = [a,...ai-,6a,+,...a„] =d', say. 

Hence Xj = d7d, = [.d,... 

Hence this equation holds when all the a are replaced by any 
independent extensives inS^{a^, if A' is their outer product. 

In particular, take e„...,e„ for then the fraction 

equals unity. Hence 

Hence d, = d‘ where ^ ~ * j > 

theorem on compound determinants. 


, and this case is Sylvester's 
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7. We call above the rth compound determinant of /I. 
Then a minor of the Vth order of A ^ is the product of the cofactor of 
the corresponding minor in the n — rth compound determinant and 


=rr)- 


A^,where^=^y m /* (M.M. § 185.) 

The rath compound of a product of two determinants equals the 
product of the mth compounds of the two factors, element by element. 


8. Bazin-Reiss-Picquet. If D, D' he determinants of the same 
order n, and every set of q columns of D be replaced in turn by every 
set of q columns 0/ D', and A be the determinant of the square array 
thus formed, then 

Zl = where ® = |q_ jj* 

(M.M. §202.) 

For example,* 


[b,a,.. 

[V*- 

• • ^n]> 

• • ^n]> 

[a,b,ay. 

[a^ay 

• • ^n]> 

. . . , [flj . . 

..., [a,a^.. 


•«„] 

[*r«2- 

•«n]. 

[a,b,ay. 

• ^n]> 

..., [a,a^.. 


• • ^n] 


= [a, *r«r+i •••««]• 

This theorem, of which the last theorem in Ex. 5 is a case, is 
an extension of a simple case of our general theorem: 


[b,a,.. 
[^2^2 •• 

•«r]. 

■«r]. 

[a.b^ay. 

. .<Ir]> 

., [a,a^.. 
., [a,a^.. 

' • ^r— I ^i] 


• ^r]> 

[a,b,ay 

..a,], .. 

., [a, a,. 



and, if we take a„ . . . , as unities, e^,...,efm step r, this is obvious. 


§ 61 . Arrays of m rows and n columns, n > m. 

1 . The array may be denoted by m row-extensives . . . , in 

S^{e^, ...,e„) or by n column-extensives b^,...,b„ in^{e^, ...,e^). 

2. If in a given array a certain ^-rowed determinant is not zero, 

but all p + h-rowed determinants which contain it, vanish, then all 
p + h-rowed determinants of the array vanish. (M.M. § 234.) 

* See Muir, History of Determinants y 2, p. 206. 
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Consider the case h=i. Take row-extensives aj, 

• • • > ^n)* We can suppose that . . . «p^p+i • • • is the non- 
vanishing determinant. By hypothesis, ai, (i = p + 1, is on 

each spread 

[^i ^p^p+2 ••• ^n]> [^i ^p^p+i^p+3 **• ^n]> •••> 

\Pi • * * ^p^p+i • * • ^n— 1]> 

that is, on n — p spreads of step n — i. These cut in the spread 
[<2j...ap], hence «p+i, i^ latter spread, and thus 

every product of p + i of the vanishes. 

The general theorem is proved by an extension of the argument. 

3. If in an array of n rowSy n + i columns y n — p 0/ the n-lined 
minors vanishy and at least one does noty then the array common to 
the said n — p minors has all its minors of order n — p vanishing. 

(M.M. §238.) 

Take row-extensives a^y ...ya^ m 6 ^{e^y and let 

= [^i^i ••• ^n]> ^2 ~ [^2^1 ••• ^n]> •••> ~ [^n+i^i **• ^n]* 

Suppose A,yA^y...yA^_p = Oy then ...aJ=?6o, 

and e^y e^y ...y ^„_p are in [a^ ...aj. 

Hence [^j ...^n-p] when multiplied by any p of the a^y 
vanishes. 

But these products are the minors of order n ~ p of the common 
array. 

For example, if n = 3, and 

[e^a^a^a^] = o (i = i,2,3), [e^a^a^a^i^o, 

then e^y e^y e^ are in [a^a^af[y and {a^a^af\i^o. 

Hence [^i€2,ef\ = [a^a^af[y and the ^^-coordinates of a^ 

vanish. 

4. If in an array of n rows and n + i columnSy the sum of the 

elements in each row is zerOy then the principal minors are equaly 
apart from sign. (M.M. § 250.) 

For take column-extensives ...,6n+i i^ 

+ = o; thence = -[X63...6„+,]. 

5. Relations between the m-rozved minors of an array of m rows 

and n columns (n > m). (M.M. § 240.) 

Take column-extensives ...,6^ ---jOj these must 

be dependent. Consider the spreads of step m formed from them. 
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such as Between these there will be relations, and 

these will be replaced by relations, and not lost, when we take 
ijn ^i, By doing this we fix m* of the coordinates 
of 6,, ...,6^ and leave m(n — m) unfixed. These coordinates give 


the 



— I ratios of the minors in question. Hence between 


these minors there are at most 


— m(n~m) 

relations. 

For example, in step 3, consider the array of three rows and 
six columns corresponding to the column-extensives a, b, r,/, g, h. 
There are ten relations. 

Nine of these are 


[abc] [(^h\ + [acg\ [abH\ + [agb] [acK\ = o 

(which is an extension of the relation in step 2 : 

[4c][^A] + [c^][M] + [^6][cA] = o), 

and those obtained by cycling a, b, c and cycling/, g, h. 
The tenth relation is 


[fgh\[abcf = 


Ubcl Ucal [/fli] 
[gbc], [gcd\, [gab^ 
[hbc], [hca], [hob] 


Example 9. The following determinant appears frequently in later 
work, writing ij for ajj : 


0 

12 

13 

14 

21 

0 

23 

24 

31 

32 

0 

34 

41 

42 

43 

0 


= (V«-34+V23-H+V3i-24)(+ + -)(+- +)(- + +). 


where the last three factors contain the same terms as the first 
factor, with the signs indicated. 
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CHAPTER IX 

TRANSFORMATIONS AND SQUARE 
MATRICES WITH APPLICATIONS 
TO CENTRAL QUADRICS 

§ 62. General notation. 

1. Let Cj, span a spread of step n, and let Oj, be 
n extensives of step one in the spread. Let 

a^ e^-\^ ... "haju 

^2 ^21 4" a^j ^2 4* ... 4" a2u e^^ 

^ni^i "i" 2n2®2 2nn^n‘ (^) 

These can be regarded as the equations of a linear transforma- 
tion in the spread which changes e„ ^i> 

a„ is the 'coordinate' of the transformation in the rs place. 

The transformation, being linear (§ 10-2), replaces 

X = x,e,4-X2e2 4-...4-x„e„ 

by x,a,4-X2aj4-...4-x„a„ = a, say. 

We denote the transformation by and if St transforms x 

into a, we write 

' a = jfSt. 

We have 

n n n 

*Sl = s = s XiaijCj, e^% = s aijCj = a,. 

i=i i,j=i j=i 

Hence the coordinates of x'il in the frame are 

SXiajj, (j = i,...,n). 

i 

We may write (aij)^ for the matrix* of equations (i), and omit 
n if no confusion results. 

We write detSl for the determinant whose terms are 

2. Since our transformation is linear, we have, if Xy y be any 
extensives of step one, {x-\-y)% = 

• Throughout the rest of this book all matrices are square matrices. 
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If 91, S be linear transformations, and 

*91 = SXjaijCj, *93 = SXibijCj, 

i.j i.j 

then *91 + *93 = 2 Xj(a, j + bj j ) Cj . 

>>j 

Let *® = SXiCijej, Cij = aij + bjj, 

then + = x(£. 

As this holds for all Xj we can define 91 + 93 to mean ® , when the 
coordinate of ® in the rs place is the sum of the corresponding 
coordinates of 91, 93. Then a:( 91 + 93) = ^91 + .x:93. 

3 . A 'zero transformation' is one all of whose coordinates 
vanish. We denote it by D. Then a:D = o for all extensives x (of 
step one) ; and if :c9l = o for all x^ then 91 = D. We may have jii;9l = o 
for some x^ and yet 91 # 0. If jc = o, then :c9l = o for all 91. 

91 + 0 = 0 + 91 = 91. 

4 . If k is scalar, we define k9l so that x . k9l = k . a; 91 for all 
extensives jc, and we define 9 lk so that JK?.91k = k.jc 9 l for all 
extensives x. Hence if 91 = (aij), then k9l = 91k = (kajj). 

5 . If Xy z be extensives of step one and y = ;c91, z = y®, 

then z = (^91) ® . We naturally wish to write z — x, (91®). 

Using components, let yj = SXiaij, Zk = Syjbjk, then 

i j 

Zk = SXiRijbjk. Hence Zk = SXiCjk, provided Cjk = Saijbjk- 

i.j i J 

Hence we define the productSof matrices 91 = (ay),,, 93 = (by),, 
as (Cy)n, where Cjk = Saijbjk, and write S = 91S. 

Then ify = *91, z = j93 and 9193 = K, we have 
ar = *91 . 93 = * . 9193 = *©. 

Also 91.93® = 9193.®, 91(93 + ®) = 9193 + 91®, 

(91+93)® = 91® +93®, 910 = 091 = 0. 

But 9193 = 9391 need not be true. 

We write 91* for 9191, and 91" for 91"“' . 91. 

The rule for multiplying determinants gives 

det(9193) = det91.det93. 

We call the present type of product of transformations or 
matrices, a ' sequence product’ . 
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6 . The ^identical transformation^ is the transformation, 
denoted by % which satisfies x^=x for all extensives x of step one. 

If ajj be its components, then ajj = 0 if i#j, ajj = i if i=j. 
For all transformations 31, 313 = = 31. 

7. A 'non-singular' transformation or matrix 31 of order n is 
one such that its equations (i) have rank n, that is, det3l#o. 
For such transformations, the equation y = x% has a unique 
solution X when y is given. We denote it by ^ = y%~~^ and call 
31“^ the transformation or matrix 'inverse' of 31. 

Since y = ^31, x =Jv3l“^ we have, for d\\ x^ y\ x = Jc3^3l“^ 
y = J'3l~^3l. Hence 

3131-1 = 3H3t = a (3133)-! = 93-131-1. 

The last follows since 

3158.93-131-1 = 31. 9393-1. 31-1 = 3l3l-i =S* 

If a: 31 = o for some a:#o, then det 31 = o (§ 59-8). 

If 31 is non-singular, and 3193 = D, then 93 = D ; if 93 is non- 
singular, and 3193 = 0, then 31 = 0. These follow from the 
definition of multiplication and §59*8. 

8. When the frame is given, the transformation 31 

is determined by the matrix of its coordinates, and if we keep the 
frame fixed throughout, there is little need to distinguish between 
the transformation and the matrix which represents it. When 
frames are changed, the distinction must be considered. 

9. If 31 = (aij)n be a matrix, the 'transposed' matrix (§59*1) 
will always be denoted by 31* = (a|j)n. Thus a*. = ajj. 

(31*)* = 31, (3193)* = 23*31* det 31* = det 31. 

n n 

If x = SXiCi, 91 = fli = SaijCj, e,9l = a^, 

l==I j=I 

then *91 = SXifli = SXiaijCj = SXjajiC, = 

1 i.j i,j ij 

Now as x% represents the extensive whose i-th coordinate is 

Sxjajj, we naturally let 58 jc represent the extensive whose i-th 
j 

coordinate is X bijXj, where the bjj are the coordinates of 58 
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Notice that in each case the adjacent suffixes are the same. 
Hence jc3l = xW^ = SIjc. 

The operation of transposing a matrix is evidently relevant to 
a frame; transformations which in one frame correspond to 
transposed matrices do not necessarily do so in another. 

10. In working with matrices of fixed order n, we denote by 
@ij the matrix whose coordinate in the ij place is i, and all other 
coordinates zero. 

®ijejic = ®ik, eijeiic = o ifi^j. 

Any matrix 31 of order n can be written in form 
when 31 = (ay). 

A matrix whose coordinates vanish except those on the 
diagonal is a ^diagonal matnx\ If these elements are a,, ..., a^, 
we may denote the matrix by diag (a,, . . a^). If a^ # o (i = i . . . n), 
its inverse is diag(a7% ...,a“*). 

§ 63 . Elementary properties of matrices of order n. 

i. The rank of 3193 is not greater than the rank of 3t or 93. 

For, let the row-extensives of 31 in spread ...jeJ be 
and let the column-extensives of 93 in the spread 
be where jE, = |e„ (i = i,...,n), and 

[e,...e„] = I. 

Then the element of 3193 in the ik place is [a, jBJ. Hence any 
t-rowed minor of det (3193) is of form 

•••> = [<*liaij..-ai,.Bki5ki---fikt]» 

[«lt-®k,]. •••> [<*lt-®kt] 

where ij.i^, ...,i( and k,,kj, are each a set of t distinct 
numbers drawn from the set i ... n(§ 56-28). 

Now if the rank of 31 is t — i, then [oij J = o, and hence 

any t-rowed minor of det 3193 vanishes. Hence the rank of 3193 is 
not greater than the rank of 31 or 93. 

Cor. If'^is non-singular, then 3193 and 9331 have the same rank 
as 93. 

For, if the rank of 93 is r, that of 3193 is ^ r. Let 3193 have rank 
s ; then since 93 = 3l“‘ . 3193, we have r ^ s. Hence r = s. 
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2. The secular equation. 

If 31 be a matrix, and k^, kj, ...k^ be scalars, then 
ko + k,3l + k,3l^ + ... + k,3l- 

is a 'polynomiaV in 31, where 31^,313,... are sequence-powers. 
These polynomials can be multiplied together like ordinary 
polynomials in a scalar x, and, since 31*^31® = 3l®3l"', they obey the 
commutative law of multiplication, as well as the other formal 
laws of the algebra of scalars. 

Let X be an extensive in ^{e^^ ..., e^)y and 31 be a linear trans- 
formation in this spread, with det3l#o. If x be such that 
x^ = x, jc^o, we say x is ^latent' for 31. 

If such a latent extensive exists and x% = \Xy (A scalar), then 
det(3l-A3) = o. 

We call ^ — A3 the 'secular matrix' of 31; det(3l — AQ) is the 
' secular polynomial' \ det(3l — A3) = o is the ' secular equation' y it 
is of order n, the order of 31 ; a root of the equation is a 'character- 
istic root' of 31. 

If X is a characteristic root of 31, and /(3l) a polynomial in 3t, 
then /(A) is a characteristic root o//(3l), and it corresponds to the 
same latent extensive x. 

For, if ac3l = A:c, then x%^ = Ajc 31 = A^jc, ...,^31*^ = X^x. 

This is true, also, if A = o. Hence x ./(3l) = /(A) x. 

Cor. If A#o, then A“‘ is a characteristic root of 3t~S and A“" 
of 3l~”, provided 31 is non-singular. 

For operate on ;c3l = Xx by 3l“* ; then x = Ax3l“S = :c3l“^ 

To each characteristic root corresponds at least one latent ex- 
tensivey which may be imaginary if the root is so. 

For, if A is a characteristic root, (3t — A3)^ = o has a solution 
X / o, since det (31 - AS) = o (§ 57'8). 

3. Similar matrices. 

If 93 is a non-singular matrix, we say 31 and 583l3i~^ are 'similar 
matrices'. If 31 is also non-singular, so is 933193“^ 

Similar matrices have the same secular equationy and hence the 
same characteristic roots. 

For 933193-^ - AS = 93(31 - AS) 93-S 

det (933193 - AS) = det93 . det (31 - AS) . det®-^ = det (31 - AS). 
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4. Symmetric matrices. 

If * = y = be extensives in where 

... c„] = I, and St = (ajj), then 

[*Sl I y] = [S Xi ajj Cj I S yk«k] = S xj aij yj, (§ 56-2), 

ij k i,j 

[ySt*|*] = [SyiajiCjl^Xk^J = 2:yiajiXj= Sxjajiyj. 
i.j k i,j i,j 

Hence [arSl = [ jSl* j*] = [a: jj'Sl*], by § 56-4. 

Thus [*si[ I j] = [.x lySt*]; similarly 

[ic|:)/St] = [A:Sl*b]. (2) 

If TT be a spread of step n — i, and n = |y, we have 
[AfSt.Tr] = [jc.TrSl*], 

where ttSI* is the same function of \e^,\e^, ...,\e^ that xW is of 
...,e^. Hence also [tt.^SI] = [/rSl*.*]. 

A matrbc St is 'symmetric' if St = St*; then ajj = ajj, for each 
ij, and [jcSt !>'] = [;» lyW] for all extensives x,y. 

A matrix St is 'skew-symmetric' if St = — St*. 

5. The characteristic roots of a symmetric matrix {mth real 
coordinates) are all real. 

For let St be a symmetric matrix representing a transformation 
in ...,Cn); if k be a latent root, then there is an extensive 

Ai^^^osuchthatJcSt = loc. Let .x be the extensive whose coordinates 
in the frame {e^, are conjugate complex to those of x. 

(Hence if jc is real, then x = x.) Let E be the scalar, conjugate 
complex to k. Then icSt = Eic, since the coordinates of St are real. 

Hence [jcSt 1 ^] = k[* |x], [«Sl |jf] = E[^ |jc]. 

Now St is symmetric. 

Hence, by 4, [jcSt ]*] = [xSt 1 *], hence k = E. Hence k is real. 

6 . Outer products of matrices. 

We generalise the work in §§48-50. If St is a linear trans- 
formation or matrix, in ...,e„), and p' =p%, q' = q%, 

r' = rSt, where p, q, r are any extensives in the spread, then 
[/* 9 ] = [P^t.^St] is a transformation of [pq\. We write 
\p'q'\ = [pq]m. 

Also r^'aV'l = is a transformation of \pqr\. We 

wri« 
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Similarly, we can introduce [Sl^], (r=i,...,n). We call [ 21 ^], 
[21*], ... 'outer powers' of 21. They are linear transformations in 
the spreads traversed by [pq],[pqr], ... as/), q, r, ... traverse 
&’{e„...,e^). 

For example, if L, M, N be rotors in ordinary space, and 
L-\-M = N, then there are points />, q, r, s such that 

^ = [^?]> ^ = [pAy ^ = [P^]» ^ = q+f- 

Thence 

[pq] [ 21 *] + [pr] [ 21 *] = [p% . ? 2 l] + [/) 2 t . r 2 t] = [p 2 l . (# + r 2 t)] 

= [/.2t.(?+r)2t] = [/.21.^21] = [p 5 ][ 21 *]. 

The matrix [21'] is of order . 

If/), 9 , ...,rt) be n independent extensives in S^{e^, and 

p' = /) 2 [, . . . , w' = w'H, then [pq ...w] and [p'q' . . . w''\ are scalars ; 
hence we must regard [ 21 "] as a scalar, whereas [ 2 t*], [ 21 *], . . ., ^F] 
with r < n are not scalars but linear transformations. 

If a, = e^% ...,«„ = e„2t, then 

[a,...a„] = [«!...«„] [ 21 "] = [ 2 t"], if [e,...ej = i. 

Hence [21"] is the outer product of the transforms of e^,...,e 
by 21 . 

If 21 = (ajj), then a, = hence [21"] = det21. 

If = C, = b,% ..., C„ = bJU 

then [^.c,...c„] = [ 6 , 6 ,...y[s 2 t"]. 

Hence, if det21 = i then the outer product of n extensives is 
not altered by the transformation 21 . 

As in §§ 48, 49 we can define the outer product [2123], and show 

[21(23 + 6 )] = [2123] + [ 21 ®], [21«] = [5821]. 

The formal laws of ordinary algebra thus hold, but we must 
distinguish between 21 and [ 213 ]. 

7 . If 21 = (ajj), the 'adjugate matrix' of 21 is S = (bjj), where 
bjj is the cofactor of aj, (not ajj) in det 21 . 

This matrix exists, of course, even if 21 is singular, and we 
always have 2123 = 3-det21, 2321 = 3-det21. For Saijbjk equals 
det 21 or o, according as i = k or i k. ^ 

If det 21 o, then 58 = 21-' . det 21. 
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If ® be the adjugate of 31 — then an element of ® will be a 
polynomial in A of degree not greater than n — i, with coefficients 
which are sums of products of elements of 31. 

Hence ® = (S:o + 6 :xA + (5,A* + ... + 6 „_,A"->, 
and (3l-A3)(S; = 3det(3I-A3!) = S-9i(A), 

where ^(A) is the characteristic polynomial of 31. 

Hence if $5(A) = a,, A" + aj A"“' + . . . + a„, 
then 

31(^0 + ©x A + . . . + (5„-x A"-*) - A( 6 o + e, A + . . . + A“-0 

= (aoA" + aiA“-* + ... + a„) 3 . 

Equating coefficients of powers of A, 

ao .3 = - 6 n-x. a. 3 [ = 3l6„_.-e„_„ 

a, 3 [ = 3ie:„_,-e„_3 

Hence ao3l" + ai3l““‘ + aj3l"~* + ... + a„$^ 

= - 3l"6„_x + 3t"e„_x - 
+ 3(''-e.x-* - • • • + ^I’^x - 2t®o + = o- 

Hence 3t satisfies its secular equation. (Hamilton-Cayley.) 

8 . Change of frame. So far we have kept our frame fixed. If 
we take a new frame e' , . . . , e|, so that the old basic unities referred 
to this frame are 

n 

ei = 2 bijej, (i=i,...,n), detbij^^o, 
j=i 

then the extensive x = acquires the form 2 Xib,jCj, and 

ij 

has coordinates S Xibjj, (j = i, n) in the new frame. 

If 95 is the matrix of the bjj, we can say that the coordinates 
Xj of X in the old frame are replaced in the new by coordinates 
of ^ 95 , namely Zxj by, (j = i , . . . , n). 

Then if, in the old frame, the extensives x, y were connected by 
y = x% then, in the new, they will be connected by j^95 = (^ 93 ) 91, 
or byjv = Jl^939l93"^ since det93 = 5 ^ 0 . 

Thus the same transformation is represented in different frames 
by similar matrices. Hence, by 3 , the secular equation is indepen- 
dent of the frame. 
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9. If oij, . . a„ be extensives satisfying (i) of § 62, namely, 







«z = a„c. + a„e,+ . 

••+ain«n. 


and if 
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. . ^n]> ^2 ~ “■ ••• ^n]> *•*> 


•* ^n-i]> 

II 
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then A^, ...yA^ are the transforms of by 

But if bjj is the co-factor of ajj in 31, then 


I • • • ^n] 

~ bij[ej ... e„] — b,j[ejej ... e„] -t- b,j[ejC2C^ ••• ^n] ~ 

= b,i£i-hb,j£j + ... + bi„£n, 

= bj,£+bjj£j + ... + bj„£„. 

Thus the element of in the ij place is the co-factor 

of 

If [31"“'] be regarded simply as a matrix, it is thus identical 
with the matrix 31*“' det 31. 

The case when 31 is symmetric is specially important, the 
matrices [31"“'] and 31“' det 31 are then the same. Hence then, 
if = o, where/) is of step one, n of step n — i, then 

[/)3l.7r3l“'] = o. 

10. If 31 is symmetrical, and [/)3l |/)] = o for all p, then 
[(/’ + ?)51|(/> + 9)] = o for all p, q. Hence [/>3[|9] = o for all 
p, q and so /)3l = o for all p. Hence 31 = O. 

If 31 be any matrix, not D, and [/>3t |/>] = o for all />, then since 
[/>3l I/)] = [/>3l* I/)], we have [/>(3l -H 31*) |/)] = o for all p. 
Hence 31 + 31* = 0, and 31 is skew symmetric. 

11. Def. The matrix 31 is ^orthogonal' if 

91*81 = (3) 

Then det31*det31 = det$$ = i, and since det 31 = det 31*, 
we have det31 = ± i. According as the upper or lower sign 
holds, 31 is a 'direct’ or 'indirect’ orthogonal matrix. 


FCE 


18 
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Since det3l#o, therefore exists, and ( 3 ) gives 
.31^ = 21 - 1 , = = 

Hence, by 4 , equation ( 2 ), 

[^91 b3l] = \y] = [x \yl ( 4 ) 

Inner products are not changed by an orthogonal matrix. 

If 9t is an orthogonal matrix with real components y its real latent 
roots are ± 1 . 

For, if x% = Xxy then \x% |a:91] = A.^[x \x]. 

Hence ( 4 ) gives A = ± i. 

If% S3 be orthogonal, so is For 21 * = 21“', 93* = 23“' gives 
(2193)* = 93*21* = «“'2l-' = (2123)-'. 

If 21 = is orthogonal, then i^ajj-ajj^ = = o or i, ac- 

cording as i # k or i = k. 

The relations 2(21* = 2(*2l = ^ can be thus interpreted: 

If a^,a 2 , ..-yan be the column- (or row-) extensives of an ortho- 
gonal matrix, then 

= «2 =••• = «n = I. [«il«j]==o. (i,j = i,..Mn; 

Hence [aiajf = i, [oiajakf = i, 

(i,j,k= I, ...,n; i,j,k ... unequal). 

Hence [21^], [2(^], ... are orthogonal matrices. 

§ 64 . Linear transformations of vectors in three-dime?isional 
Euclidean space. 

The vectors are supposed to be all drawn from the same origin. 
I . liUyVyW be three independent vectors, and hence [uvw'] ^ o, 
and if 21 be a linear transformation on them, they become m 21 , 
v%y w^y and [uvwl becomes 

[tt 2 l . z; 2 l . «^ 2 l] = [uvw'\\%’^]y where [ 21 ^] = det 2 l. 

We call these linear transformations ^ strains^ and denote det2( 
by K, and suppose K#o. Then three non-coplanar vectors 
remain non-coplanar. The sign of \uvw^ is preserved or changed 
according as K>o or K<o, and we call the transformation 
'direct^ or 'indirect^ according as K>o or K<o. As a result of 
the strain, the magnitude of any trivector is multiplied by K. 
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2. If X be any vector, and m, v, w be independent vectors, then, 
by § 17-13, X = [»«)*] u + \imx\ v + \uvx\ w. 

Hence \uvw\ *31 = [wro*] u% + [twi*] v% + [mw*] w% 

Denote m 31 , v% a; 3 t, *31 by v', w', *'. 

If u,v,w be unit orthogonal vectors, then 

x' = [u\x]u' + [v\x]v' + [w\x]w'. (5) 


3. Relation to matrices. Write, for a moment, e^, e^, Cj for 
M, V, w, and let ^ jc = x,e, +X2e2 + X3e3; 

then ^j3l = Sajk^k* 

i.J k 

If e^y ^2> ^3 orthogonal vectors, then 

Xi = [e^ \x]y x'U = S corresponding to (5). 


Also *31* = S Xka.k^j, [ej31 1*] = ^ aji,[e^ |*] = SajkXj.. 

j.k k k 

Hence = S h'Jf k]^j. 

j 

Translating this into the notation of 2, we have 

= [e^ I a;] + [e^ % \x] e.y + [^3 | a:] e.^ 

= [//' |.v] u + [v' |a:] V -f- [w' I Ac] to, 

'rhe strain, thus defined, and denoted by '31*, we call the 
‘ trafisposeJ' strain of ^31. 

Since det '31 = det *31*, a strain and its transposed strain multiply 
volumes in the same ratio. 


4. A:('3t - '31*) = ([w I a:] ii - [u' I A’] it) + {[v \x]v' - [v' | a:] v) 

+ {[w |a;] w' - [w' |.v] zv) 

= [uu I a] + [vv' I a] + [zow' I a] 

= [(wz/' + vv' + ww') I a]. 

5. If the vector a is unchanged in direction by the strain '31, 
then A (31 — A) = o for some scalar A. 

Hence det (31 A) = o, which is a cubic in A, and therefore 
always has one real root. Hence there is at least one invariant 
direction (§63*2). 
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6. A 'pure' or ' non-rotationaV strain is one which leaves (at 
least) three mutually perpendicular directions invariant. 

If w, V, to be unit vectors in these directions, then = 
v^ = Vf zv% = w. Hence, by 4, jc(9l — 5l*) = o for all x; hence 
21 = 21^. 

A necessary and sufficient condition for a non-singular 21 to be 
a pure strain is 21 = 21*. For the necessity has just been shown. 
To show sufficiency, let 21 = 21*, then the secular equation 
det(2l — A;5) = o has all its roots real (§63*5). 

Let them be k^, k2, k3, and let u^, ti.,, be the corresponding 
invariant directions (§63*2), so that 

Wi2I = ki^i, (i = i,2,3). 

Then kik2[wi 1^2] = [ki^i |k2W2 ] = [mi21 |w 251 ] = [mi2121* \u^ 

Hence, either kj = o, or kj = k2, or [wj \u<^ — o. 

If kj = o, then 21 = o, 

and even if Ui^v^w be independent vectors, we have 
[wi2t.z;2l.w2l] = o. 

Hence [u^ vw] [21*^] = o, [2t^] = o, 

and 21 is singular. We exclude this case. 

Hence, if ki/k2, then \u^ \uo\ = o, and hence u^-^u^- 
Similarly, ^/kj, k2, kj he all unequal, there is a triad of mutually 
perpendicular invariant directions. 

If ki= k2^k3, then \u^ IW3] = o = [1/3 [ws]- Hence u^ is per- 
pendicular to the plane of u^ and W2> vectors in this plane 
have invariant directions, for 

(xjWj 4-X2W2) 2t = kj(xi«j +X2W2)» since kj = k2. 

If kj = k2 = kj = k, say, then all vectors have invariant direc- 
tions, since w2l = kw. 

Hence in every case, if 21 = 21*, there are (at least) three mutually 
perpendicular invariant directions, and 21 is a pure strain. 

Cor. If kj, k2, k3 are unequal, there are only three invariant 
directions, for a fourth would be perpendicular to at least two 
of the three. 
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7. A 'dilatation^ from the origin is a transformation which 
multiplies each vector by the same scalar k, and leaves its direc- 
tion invariant. It is represented by the matrix ^3. 

If [W] = K^o, and 91 = K93, then detSB = i. 

Hence any strain 91 is the product of a dilatation from the origin 
and a strain of determinant unity, 

8. If three mutually perpendicular unit vectors become such by 
a strain 91, then any three mutually perpendicular unit vectors 
become mutually perpendicular unit vectors, and 91“^ = 91*, that 
is, 91 is orthogonal. 

For, if u, V, w and u\ v\ w', their transforms by 91, be each 
a mutually perpendicular set of unit vectors, then, by 3, 

w'9l* = [u' I m'] M + [v' \u']v + [w' \u'^w — u, 

?;'9l* = V, «;'9t* = w. 

Since [uvwl ^o therefore 91 is non-singular. 

But, as u' = u%, we have ti = w'9l“^ ; similarly 

V — ?;'9l“^ w = 

Hence for all vectors jc, 

^(9t*-9l-0 = o, 

hence 91* = 91“ ^ 

Conversely, if 91 is orthogonal, it turns perpendicular vectors 
into such, 

For,if[:c|>^] = o, 9t* = 9l“^ 

then [x^l I j9l] = [^9191* \y] = [xWl-^ \y] = [x \y] = o. 

9. Orthogonal strains leave the ?nagnitudes of vectors un- 
changed. 

For, by 8, putting a; = j;, we have 

[x^\x%] = [x\x]. 

They leave the absolute magnitudes of trivectors unchanged, since 
det9l = ± I. 

10. Direct orthogonal strains are called 'rotations'. They 
satisfy 9131* = S, [W] = i. 

A rotation, which is not identity, leaves just one direction in- 
variant, For, let the rotation 9J change the three unit orthogonal 
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vectors m, v, w into u\ v\ w\ which, by 8 , 9 , will also be unit 
orthogonal vectors : 

[uvw\ = I, = I, = I, 

[uvw] [(3i - A)3] = [M(9i - A) . vim ~ A) . w{m - A)] 

= I -> A{[uv'zv'] + {u'vw''\ -h \u!v'w'\) 

+ XWu'vtv] + \uv'w\ + [uvw'\j — A^ 

= I -A([w|w'] + [z; !«;'] + [«?!«;']) 

-f X\[u \u'] + [v \v'] + [w \w']) - A3 
= (i-A){A2 + A+i 

^X{[u\u'] + [v\v'] + [w\w'])}. ( 6 ) 

Hence the characteristic roots of 9? are A = i, and the roots of 
the quadratic factor. Now since 9i does not change the magni- 
tude of any vector, the roots of the quadratic factor, if real, must 
be + 1 or — I . 

If A = I is a root, then since [u\u']y [«^|«^'] cannot 

exceed i and their sum is 3 , each equals i, and u, Vy w coincide 
with w', v'y w\ 

If A = ~ I is a root, the other root is also — i (since the product 
of the roots is + 1 ), then w, Vy w become +Uy —Vy -Wyifu corre- 
sponds to the root of the linear factor. The vector u remains 
fixed, and all vectors k^v-{-k 2 W perpendicular to it are reversed. 

If the roots of the quadratic factor are imaginary, A = i is the 
only real root of the secular equation, and there is only one vector 
of invariant direction. 

1 1 . Indirect orthogonal transformations. 

If 91 be a strain of this kind, then K = — i , = — 9( is a rotation. 
Hence these transformations are rotations preceded or followed by a 
reversal of the vector y that isy by a reflection in the origin. 

If the orthogonal unit vectors w, Vy w become u\ v\ w' by 91, 
then \u' = —\v'w'\ and so on, since \u'v'w'^ = — i. Hence ( 6 ) 
is replaced by 

- I + A([w |w'] + [v \v'] + [w \w']) 

+ A 2 ([w|w'] + [t^|^^'] + [w|e(^']) — A3 = o. 

One root is A = — i , the others satisfy 

A2 _ A - A([w |m'] + [v \v'] + [w \w']) + 1 = 0 . 

If these be real, they are both — i, or both + i, and hence 
[w I + = — 3 or I. 
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The first case, (A = — i), gives \u |m'] = \v jz;'] = \w \w'] = — i , 
and 31 is a reflection in the origin. If A = 4- 1 is one root of the 
quadratic, the other is + i, and the three characteristic roots are 
— I, I, I. As in 10, it follows that one vector is reversed, and all 
those perpendicular to it are invariant. Thus 3f is a reflection in 
a plane. 

If A = — I is the only real root, no vector is invariant, but one 
is merely reversed . Hence there is always one vector which is reversed^ 
and either no vector is invariant or there is a plane of invariant 
vectors, 

§ 65 . Central quadrics , f 

I. If 31 is a pure strain, (31 = 31*), the corresponding 'strain 
quadric* is the locus of ends of vectors v such that [v% \v] = 1 . 

Differentiating, we have 

[d{v^){)\v]-\^[v%\dv] = o. 

Now since 31 is a fixed matrix, 

<f(z;3l) = (^; + e/z?) 31 — ^^31 = dv,%. 

Since 31 = 31*, we have 

[d{v%) 1^;] = [{dv,%) \v] = [dv |t;3l] = [^;3l \dv]. 

Hence, if [v% \ v] = i, then [z;3l \dv] = o. 

But dv is a vector in the tangent plane to the quadric at the 
point V, (We shall often say ‘the point t;' for the point at the end 
of the vector v.) Hence 

The tangent plane to the strain quadric at the point r is perpen- 
dicular to ?;3l. 

Thus the strain quadric is such that the vector from the origin 
to any point p of the quadric is turned into a position perpendi- 
cular to the tangent plane at />. 

Let q be the vector (from the origin) to the foot of the per- 
pendicular to the tangent plane at the point v. 

Then q = k.7;3(, (k scalar). 

Hence 

I = [v = [{v - q) \v%] + [q |z;3l] = [q |^‘3q = k[z;3l]2, 
k = i/[t;3l]2, q^ = i/[v%Y. 

t We recall, § 63 4, that if = then = [jc|y 3 l]. 
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2 . The mutually perpendicular invariant directions of 21 (§ 64 - 6 ) 
are along the ^principal axes^ of the quadric. 

For let w be a vector to a point of a quadric whose magnitude 
is stationary with respect to nearby vectors. Then we say u is 
along a 'principal aocis\ A plane perpendicular to such an axis is 
a ' principal plane\ [m31 \u\ = i, is stationary. 

Hence [u \du\ = o, whenever du satisfies [u% \du'\ = o. 

Hence u% = kw, (k scalar), 

I = [u% |w] = ktt^, k = w(9l- = o. 

Hence det(2l — i/w^.$ 5 ) = o. 

The roots of the secular equation for 21 are i/w^, where are the 
lengths of the principal semi-axes. 

The results of this paragraph and the preceding clearly hold 
for space of any dimensions. 

3. To find the lengths of the axes of sections made in a direction 
perpendicular to a vector v. 

If u is the vector along such an axis, then 

[w2t |w] = I, \u\v'\ = o^ is stationary. 

Hence \u \du\ = o, whenever « satisfies \v \du\ = o, [w2l \du\ = o. 

Hence w, v^ z/2l are coplanar vectors, and the directions of the 
axes are given by [u.u%.v]^ = o, as an equation in w. 

Further, uSH = k^v + k 2 U, for some scalars kj, k 2 . 

Hence i = [w |w2l] = k-^w^, w(2l - i/w^ -S) = kj v, 
u = k^v{%-i/u‘^.^)-K 

Hence [v \v{%-ilu^.^)-^] = o 

is the equation in aJu^ for the lengths of the axes of the section 
perpendicular to v. 

To compare with the usual Cartesian results, we can take the 
equation of our quadric referred to its principal axes as 

ax^ 4- by 2 + cz^ = I . 

If w be a vector whose components are (x, y, z), and [m21 |w] = i, then 
w 2 l has components (ax, by, cz) ; hence 

2 t = diag (a, b, c), (21 - iju^ .^) = diag (a - r- 2 , b - r~ 2 , c - r- 2 ), 
where r is the length of the vector u. 
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The inverse of a diagonal matrix is obtained by inverting its 
elements ; hence if 1, m, n be the direction cosines of Vy we have 
12(a - r-2)-i + m2(b - r-2)-i + n2(c - r-2)-i = o. 

But of course our work holds for the general equation of the 
quadric. 

4. The locus of the mid-points of the chords of a quadric parallel 
to a given vector u is a plane through the origin with bivector \u%. 

The locus of course goes through the origin ; let v be the vector 
to one of the mid-points, then for some scalar k 

[(«; + kw)3l|(e; + kw)] = i, [(z;-kM)9t |(z;-kw)] = i. 

Hence [v% | v] + k[u^}i \ v] + k[v% | u] + k;^[u% \u] = iy 

[vSll\v]-k[u%\v]-k[v%\u]-\-k^[u%\^^^ = I. 

Thus [u% \v] + [vSH \u] = o, but as 91 = 9t*, [u% \v] = [v^ \ul 

Hence [w9l |z;] = o, [v% \u'\ =0. 

Thus z; is on I w9(, and, further, the locus of mid-points of chords 
parallel to v is |z;9l and contains w. The directions of u and v are 
^ conjugate^ for 91; the vector u and bivector |w9( are ' conjugate\ 
If [w9l.'t^9l] = \wy then [z;9l \w] = [w9( \ w] = 0. 

We may define the points u and v to be conjugate when 
\ti |t;9(] = I, and w^e may define the locus of points conjugate to 
the point u as the ^ polar' of u. The usual properties of poles and 
polars then easily follow. 

5. If the fiormal to a central quadric at a point />, 7wt on a 
principal platie, meets the principal planes in p^y p., p.^y then the 
intervals pp^y pp^y pp^ ifi constant ratios. 

For let kp k2, k3 be the characteristic roots of 91 and a2, ^3 the 
corresponding principal planes on w^hich/)i, p^y p^ are supposed 
to lie. If v^y V 2 y v^ be the principal axes perpendicular to jCj, a.yy oc.^ 
respectively, then 

Also ^\{P~~Pi) = /^5l, Cj scalar. 

Hence c,[/) \v^] = [>'21 1®,] = [©,31 \p] = ki[f, |/)]. 

But [pI^iJt^o. Hence Cj = kj. Similarly C2 = k2, C3 = k3, 
where C2, C3 are defined like c^. Hence the lengths pp^y pp^y pp^ 
are in ratios kf * : k^ * : k^ h 
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6 . Quadric envelopes. If \v% = r, then r is the bivector of the 
tangent plane at the point v of the quadric 

The equation \v |z;9l] = i may be written \vt\ = i. 

Hence [v^Lt[}V]] = [vr] [31^] = [W] = A, say. 

Let [312] = A93, then [tS 8 |t] = i. (i) 

This is the equation of the quadric regarded as an envelope 
of planes; 93 is an operator which transforms bivectors into 
bivectors, whereas 31 and 31”^ turn vectors into vectors. 

When 93 and 31“^ are represented by matrices, their corre- 
sponding coordinates are equal, and no harm arises if we write 
3t-i for 93. 

If A is a characteristic root of 31, then A"* is a characteristic 
root of 93 (§ 63 * 2 ). The characteristic roots of 93 are hence the 
squares of the lengths of the principal semi-axes of the quadric 95. 

Wecan write(i)as [r58.e;9l] = i. Comparing with [t; | 2 ; 3 I] = i, 
we have ^ ^ ^ 

Hence the point of contact ofr with !i8 is |t!s8. 

Also [vr] = i gives 

[r 93 . 7 ;[ 932 ]] = [933], or K93‘^] |z;] = [9J3]. 

7 . Confocal quadrics. If 3t is a pure strain and 93 = 3( (cf. 6 ), 
then the quadrics whose envelope equations are 

[r |t( 93— k^)] = 1 , (k scalar) 
are ' confocal* to 31. 

If k is a root of the secular equation for 93, the quadric becomes 
a 'focal conic * ; for if x is any root of that equation, then x — k is a 
root of the secular equation of 93 — k^?, and, when x = k, the 
corresponding semi-axis vanishes, by 2 , 

The locus equation of the confocal is [?.’(93 — k^)"^ \v] ~ 1 . 

8. Two confocals have perpendicular tangent planes at any 
common point. 

For the envelope equations of the confocals can be taken as 
K93-k,S)|r] = i, [r(«-k, 3 )lT] = i, 

The point of contact of the tangent-plane a to the first is 
la(95 — ki;3)5 the point of contact of the tangent plane ji to the 
second is |/?(93 -k 2 \ 5 )- 
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These points coincide if 

But [a(93-k,s) ia] = I, [m-^2^) m = I, 
m\oq = [ocSd\^l 

Hence [/?(» |a] = i = [a (93 -k^S) 

This gives (kj -k2) [oc\fi]= o, and so [a |/?] = o. 

This theorem and proof hold for spreads of any step. 

9. There are just three confocals through any point p, not the 
centre. 

For, if 33 - k 3 = S goes through/), then [/)[G 2 ] \p] = [iP] by 6, 
and this is a cubic equation for k. 

Since at least one root is real, at least one quadric is real. The 
reality of the other two follows from the next paragraph. 


10. If u is any point on a quadric locus 2 (, the principal axes of 
the central section which is parallel to the tangent plane at u are 
parallel to the normals at u to the other confocals through u. 

For let w be the end of a principal axis of the section. This 
section is perpendicular to u%. Hence, by 3, w% u% are 
coplanar. 


Hence 


eo = kj + k2 (kj, k2 scalars) 
[«;3l |z4?] = I, [w*!?! \ w] = o. 


(1) 

(2) 


w- = k.,, = k^u-\-k2W, w{U~^ -ko^) = k^u. (3) 

Let then [^('6 — k2!5)“^ |^] = i is the locus equation 

of a confocal to 91 . 

Now |w] = I ; [w'il |m] = o, by (2). Hence [w \u] = k^ by (i). 

But, by (3), w = kl^/('^ 8 -k 23 )~^ hence [w(93-k2S)“^ \u] = i. 

Thus the confocal last-mentioned goes through w, and hence 
//(!© — k2 3 ) or w, is parallel to the normal at w to a confocal 
through u. 


II. The vectors of 9 t parallel to the normals of — k 55 )~^ at 
points where these quadrics cuty have a constant length if^ = 

For, if w be a point of the cut, then — k 3 )~^ is the vector 
of the normal there. If v is the parallel vector of 91 , then 

[z; 9 I \v] = ly V = xtt(!i8 — kQ) " ^ (x scalar). 
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Now \u% I?;] = o, 

since v is perpendicular to w 2 l, by 8 and i. 

Hence ^;(93 — = xm, t;(93 -- k^) 91 = x . u% 

v — k.v'il^x. u% — k[z;9l \v] — x[u% \v] = Oy = k. 

12 . The centres of curvature at a point on a quadric.^ 

Let V be on the quadric S. The point/) = v-\-xv^y (x scalar), 
is on the normal at v to the quadric locus d. Take x so that p is 
at a centre of curvature. This means that a direction dv can be 
found on the quadric so that dp = o, that is, so that 

dv{^ 4- X®) 4- ^6 . dx = o, or dv -f ?;((£ “^ 4 x3)“^ dx = o. 

But [vd \dv] = o, hence [vd + x;3)~^] = o. 

Put d = — kQ)~^, then the last equation can be written 

K93-kS)-i |z;(93-(k-x)3)-i] = o. 

Thus, by 8 , (93 — (k — x);3)~^ is ^ confocal to d through v. 
Hence, if (58 — kj (93 — k 2 ; 3 )“^ be the two confocals through v, 

then X = k — kj or k — k 2 . 

Hence the centres of curvature of ® at z; are 

v + xvd = z;(n-(k-ki)(93~k3)“0 

= z;(93-ki^)(93~k^^)-S (i=:i, 2 ). 

Now (93 - k, 3 ) (58 - k3) = (93 - k^) (93 - k^ Q). 

Hence (93 - k^ 3) (93 ~ kQ) = (93 - k^)'" (93 - k^ 3). 

Thus z; + xz;g = |(|^(93-k3)--i)(93-kiS), 

or a centre of curvature at v is the pole for (93 — kj;3)~^ 
tangent plane at v to (93 — k^)"'. 

This result extends to spreads of any step. 

13 . A vector w with imaginary coordinates, such that w- = o, 
is called 'isotropic', A square root of a matrix ^ is a matrix @, 
such that @2 = We write & = They will be investigated 
later, and are now introduced tentatively. It will be shewn later 
that matrices of the form (93 — for various values of k 
commute in multiplication. 


t Joly, Manual of Quaternions (1905), p. 122. 
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The point where the confocals of the quadric envelope 83, 
corresponding to kj, k2, kj, cut is 

t; = «>[(a3-k,3)(a3-k2S)(93-k33)]i = say, 
where = o, \w |w83] = o, \w |n)83^] = i. 

For [®|c(S3-k,^)-‘] 

= = [ro|a>®*(»-kiS)-‘®*] 

= [aj|a)®(85-ki^)-‘] = [a>|«>(a3-k2S)(83-k3S)] 

= k2k3tt)^ — (k2 + k3)[w|w85] + [wlro85^] = i. 

14. Combining 12 and 13, we have, since a centre of curva- 
ture at 7; of © is ®(83 — k3)“’ ~ k, ^), the surface of centres is 

w(83 - (83 - k, - kaS)*. 

as kj, k2 vary. 

'I'he corresponding work on conics gives the result: 

If (8(-k,®)-i 

is a confocal conic through the point v, the centre of curvature 
at V for 81 is — 

15. Ivory’ s Theorem. Consider the confocals 

[t)(83 -k3)“* I®] = o, (k scalar). 

Let e2 = 83-k^, 

then g = (83-kS)^ £-» = (83-k3)-i, 6 = (£*. 

We assume (83 — k3)~' represents an ellipsoid. If then it be 
referred to its principal axes, its matrix takes the form diag (a, b, c) 
where a, b, c zre positive scalars. Then diag(^a,>/b,^c), with 
positive square roots, is taken for in that frame. Let r be a 
unit vector, then 

I = r2 = [r(83 -k3)*(83 -l<^)-i \r] = [r(83 -k^)* |r(i8 -k^)-*]. 
Let /) = r(83-k3)*, 

then [/>i/>(»-k:3)~‘]==i- 

Hence p is on the ellipsoid (83 — k3)~*> which call the 
ellipsoid k. 

We call />i = r(83 — kji^)*, />2 = '■C^“k2S)* ‘corresponding 
points’ on the ellipsoids k,, k,. If one is on a principal plane, so 
is the other. 
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Let ?,=r'(33-k,3)t. ?2 = (r'^ = i) 
be another pair of corresponding points, then 
[/>ik2] = [K93-k,S)Mr'(»-k23)i] 

= [K»-ki3)*(«-k23)‘K] 

= [K»-k23)*(S5-k,3)‘k'] 

= W»-k29)‘ |»"(S3-k,9)‘] = [p, \q,]. (i) 

(We have assumed again that (i8-kj^)i and (93-k23)* com- 
mute.) 

Also p? = = W33-k,3)k], 

P\-Pl = [K93-k,3f)|r]-[r(S3-k2S)k] 

= (k2-k,)r2 = k2-k,. (ii) 

The differences of the squares of the distances of corresponding 
points from the centre is constant. 

Thus 9 i -92 = k 2 -k,. (iii) 

Hence, by (i), (ii), (iii), 

iPi + ? 2 )‘ = iPz + iify iPi - q-zf = {Pz - q\f‘ 

The last gives Ivory’s Theorem: The distance between two 
points one on each of two confocal ellipsoids equals the distance 
between the corresponding points. 

The other equation is also easily interpreted. 

i6. If r be a unit vector, then p = r{^~V!^Y is on the 
ellipsoid k. 

Keep r constant, but let k vary; then/) describes a curve, and 
the tangent at p to the curve is given by dp = rd(!j8 -kS)^ or, as 
in the ordinary differential calculus; dp = — ir(45 — k3)"^dk. 

Hence r(93 — k^^)"^ or />(S — k^)”* is a vector along the tangent 
at p to the curve. 

Hence, as p is on the ellipsoid K® -k^)-* |m] = i, the tangent 
to the curve at/) is normal to this ellipsoid, by i. 

Thus the locus of points on the ellipsoids (33 — k^)"^ as k varies^ 
which correspond to a fixed point on the ellipsoid is normal to 
the confocalsy and hence it is the cut of the two other confocals through 
the fixed point. 

The corresponding theorem on the hyperboloid of one sheet 
presents special features and is treated next. 
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17. Smith-Durrande Theorem. If two points be taken on a 
generator of a hyperboloid of one sheets and the corresponding points 
on a confocal hyperboloid of one sheets then the distance between the 
first pair equals the distance between the second pair. 

For define corresponding points on two confocal hyperboloids 
of one sheet as they were definea for ellipsoids in 15; then the 
theorem and proof of 16 still hold. (The vector r has now one 
coordinate imaginary.) 

If /), q be the first pair of points, then for any continuous 
change, 1 

^^{p-qf = 2[{p-q)\{p-q)l 

But, if, as the hyperboloid deforms along a series of confocal 
hyperboloids, /), q move along points corresponding to p, q^ then, 
by 16, they move normally to the hyperboloid and hence 

[(/>-?)!>] = 0. [(/’-?)!?] = o. 

provided [pq\ is along a tangent plane to the hyperboloid, that is, 
provided {pq\ is a generator. 

Hence {p — qf is constant in this case. 

If we consider confocal ellipsoids, the formulae of 15 give: 

(/’i-?i)--(/’ 2-92)' = 2(k2-kl)-2[A \qi] + 2[p2\qo}. 

Hence {Pi-qif-{p2-q-^' = 2(k:,-k,)(i -[r |r']). 

But since r, r' are (real) unit vectors, this vanishes only when 
ki = k2 or r = r'. 

18. As the hyperboloid deforms, its points on a principal 
plane remain on that plane, since the instantaneous motion of a 
point is in the direction of the normal at the point. (The cuts of 
the generators with the principal planes describe conics.) Thus 
the lengths of the intervals cut on the generators by the principal 
planes are constant, and we have a case of the motion of §47, 
Ex. 3 1 . I'he locus of a point on a generator as the hyperboloid 
deforms lies on the ellipsoid of that example. 

Let piq^ and p^qy be two positions of a moving generator. 
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where p2 are on one principal plane, and q^y q2 on another. 
Then p^y q^ on one hyperboloid correspond to p2^ ?2 ^ 

focal hyperboloid. As in 1 5, we have p\ — q\—p\ — q\- Since also 
~ follows that the foot of the perpendi- 

cular from the centre to the generator maintains a fixed position 
on that generator. 

Hence if a plane through a point fixed on the generator and 
perpendicular to it goes through o in one position, it does so in all. 
Hencef any such plane envelopes a sphere, centre 0. 

x\lso, by 15, [/>! I ^2] = [p2 1 9 i ]5 whence the join of the mid- 
points of P1P2 and q^q2 is perpendicular to them. 

19. From 5, it easily follows that the normals at all points of a 
set of confocal quadrics are cut by the principal planes in points 
py qy r such that the ratio pqipr is constant. 

Thus the cross-ratio of the cuts with the principal planes and 
the plane at infinity is constant; we have that case of the tetra- 
hedral complex considered in the next section. 

20. Let Ly M be the generators, through py of the deforming 
hyperboloid. As the hyperboloid deforms, p stays on the ellipsoid 
given by the motion of L (cf. 18 and §47, Ex. 31), and also on 
that given by the motion of M, and hence on their cut. These 
ellipsoids are concentric and co-axial, and through their inter- 
section goes an infinite number of such ellipsoids, one of which, 
^ say, touches at/> the plane through/) perpendicular to L. 

Then L is the normal to ^ at />. Consider the normal to ^ at 
another point />! on the locus of/); this normal is divided by the 
principal planes in the same ratio as L (5), hence it is a new position 
of Ly for it is easy to shew that these ratios and the given point />! 
fix the line. 

Hence the planes touching ^ at points of the locus of /), being 
perpendicular to L in its various positions, at a fixed point on L, 
all touch a fixed sphere, centre o, by 18. 

Thus the locus of p is the locus of the points of contact with the 
ellipsoid ^ of a common tangent plane of^ and a fixed sphere y that 
isy it is a ^polhode\ 

t For this and 20 see Mannheim, GiomHrie Cinematique (1894), p. 191. 
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21. If three perpendicular chords be drawn through a point v of a 
quadric 31 , then the plane through their ends goes through a fixed 
point. (Fregier.) 

For, if Wp Wg, W3 be three perpendicular unit vectors through Vy 
then there are scalars kj, k2, k3 such that 

[{v + kiU{)%\(v + k^Ui)] = I, (i=i, 2 , 3 ). 

Hence kj = — 2[v^ |wj — [u^% |Wi], since [v% \v] = 1. 

The points v + k-^u^ are on the quadric. The plane through them 
goes also through the point 

(1,(® + k, Ml) + l2(® + k2M2) + IjCt) + kjMj)) (li + I2 + 
for any scalars Ij, Ij, I3. 

In particular, it goes through the point 

V — 2 ([®W |Mi] M, + I M2] M2 + I M3] M3) 

or v — 2v%^k, 

where k = [mj 31 1 wj + [^3 31 j W2] + [W3 31 1 M3] 

= [Mi 31 . 1/2 M 3 ] + [M 2 31 . M 3 Ml] 4- [M 3 31 . Ml M 2 ] 

= 3[miM2M3]TO] = 3[313S], 

where we define [ 31 : 3 : 3 ] in the work in §49. It can be shewn 
that this outer product is independent of the frame. See p. 293. 

§ 66. Confocal quadrics from the projective standpoint. 

I. Consider the operation of taking poles and polars with 
respect to any non-degenerate quadric. In Chap, in, where we 
had only one quadric, this operation was treated in our symbolism 
as one of taking the supplement, and was denoted by | . In this 
section, we shall distinguish between the operation of taking the 
pole of a plane, and that of taking the polar plane of a point. 

If a be a plane we denote its pole, for the quadric indicated by 
p, by the symbol ap. Thus p is a linear transformation which 
turns planes into points. 

If^ = ap, then a = />p“^ so that p~^ turns a point into its polar 
plane for the quadric indicated by p. 

We need these symbols because we deal with several quadrics 
and because we consider perpendicular lines and planes. In the 


FCE 


19 
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metric work in Chap, iv the vector perpendicular to the plane a 
was denoted by |a. Here we adopt a projective point of view, 
and so replace the vector by a point at infinity; instead of |a, we 
accordingly write ae. The symbol e thus represents a degenerate 
linear transformation of planes into points, since all planes 
become points on the same plane, that at infinity. If (o is the 
plane at infinity we = o. For ae is on w for all planes a, hence 
[ae.w] = o, [we. a] = o for all planes a. Hence we = o. 

The transformations p, e are polarities (§ 50*9). If a touches the 
quadric indicated by p, then [ap.a] = o, and ap is the point of 
contact. 

2. If p is a polarity, then p + ke is a 'confocal polarity'. It is 
convenient to speak of the quadric p, meaning the quadric 
envelope of planes a which satisfy [ap . a] = 0. We may then speak 
of confocal quadrics p, p + ke. 

If w is the plane at infinity, then p is a 'paraboloid' if 
[wp . w] = o, for then p touches w. Then p + ke is also a 
paraboloid. For we = o, [we.w] = o. 

If p is a degenerate polarity, that is, if the planes a which satisfy 
[ap.a] = o are those touching a cone, then p + ke is also de- 
generate. 

3. If a is a tangent plane through /> to p + ke, then 

[op] = o, [a(p + ke) . a] = o. 

Hence [apa] + k[aea] = o. Thus a envelopes a quadric which 
must be a cone, since a always goes throughp ; and as k is changed, 
we get confocal cones. 

When we speak of confocal quadrics, we shall assume they are 
not paraboloids, or degenerate quadrics. 

4. If p -f ke is a quadric confocal to p and through p, and /? is 
its tangent plane at p, then yff(p + ke) = p, [/?p] = o, whence 
[yff(p + ke) . yff] = o. Hence p repeated is one of the cones men- 
tioned in 3. 

5. Reye axes. The ‘ aocis ' of a plane a for the confocals p -f ke is 
the line [ap.ae]. 

The poles of a for these quadrics , namely a(p + ke), lie on the 
axis of d. Since [ap . ae] is [ap ^a] in the earlier notation, therefore 
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the axis of a is perpendicular to a. Or, we can reach this result 
thus : since a(p + kj e) - a(:p + k2 e) = ae, therefore the join of the 
two poles is perpendicular to cc. 

Since (i)t = o, where (o is the plane at infinity, therefore any 
line through the centre ttip of the quadric should be regarded as 
an axis, for the point is on the axis of a if [/).ap.ae] = o, and 
this is true for all p when a — (jj. 

6. If L is an axis it is of form L = [ap . ae] ; hence 

[L.ae] = o, [L.ap] = o. 

Hence a line through the pole of a plane with respect to one of the 
quadrics and perpendicular to the plane is an axis, 

7. The polarity p turns a line L into L[p 2 ], and a point p into 

pm- 

If L is the axis of a, then [Lp] = o where /> = ap. Transform 
by p and we have [^[p^] •/>[P^]] =0, or [i'[p^].a] = 0, since 
p[p 3 ]=^p-i = a (§63-9). But [L.ac] = o, or in the old notation, 
[L |a] = o, and Lm\ lies on a. 

Hence L is perpendicular to i^'[p^]. An axis is perpendicular to 
its polar lines with respect to the quadrics. 

8. The axis of a goes through q = a(p 4-ke) for each k. Take 
k = -[apa]-r [aea]. Then [^a] = o, and hence a touches 
p + ke at q, but since the axis is perpendicular to a and goes 
through qy it is normal to p + ke at q. 

Hence each axis, not through the centre, is normal to just one quad- 
ric of the system. Each normal to a quadric of the system is an axis. 

The foot of the normal is the 'principal poinV of the axis. 
(When the normal is along a principal axis of the confocals, 
each of its points is a principal point.) 

9. If/) is the principal point on an axis L, not through the centre, 
then L touches two of the confocals through /), for it is normal to 
one confocal through /), and the confocals cut at right angles. 

The normals through/) to the two confocals just mentioned are 
also Reye axes with /) as a principal point. Hence, since through 
each point, not the centre, go three confocals: 

Through each point py not the centre y goes a triad of perpendicular 
axeSy of which p is the principal point. 


19-2 
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10. The axes [ap.ae] through any point p are those which 
satisfy [/>.ap.ae] = o, as the plane a varies. Put = ap, then 
a = and the equation becomes [px.xp-^t]=^ o. Con- 
sidered as a locus of points Xy this is a quadric, and by construction, 
a cone, which goes through the centre c, by 5, or since 

= o. 

The Reye axes through a point py not the centre^ lie on a quadric 
cone through the centre. 

11. In general, a plane touches only one confocal of the 
system p + ke, for in 8 , k = — [ocpa] 4- [oceoc] is unique, unless 
[otpa] = [aea] =0. If a is real, then [oceoc] — o only when a = oj. 
But if our field of scalars is the complex field, we can have im- 
aginary planes oc satisfying both equations ; such a plane a touches 
all the confocals, the points of contact are a(p 4 -ke), and lie on 
the axis [ap . oce]. This axis lies on a, since [oc. .ap. ae] = o, and it 
is perpendicular to a, since [ap .oce. oce] = o. Conversely, an 
(imaginary) plane which touches two confocals touches all. 

12. Dually to §51-6, if pj, p2 be two polarities, the lines 
[apj .ap2] constitute a tetrahedral complex. Our complex of axes 
is thus a special case of the tetrahedral complex, as was shewn, in 
another way, in §65-19. 

Examples, i. If L is not an axis, the axes of all planes through L lie 
on a regulus opposite to the regulus of lines polar to L for the con- 
focals. 

2 . A line is an axis if its polar lines for two confocals are coplanar ; 
the polar lines for all confocals are then coplanar. 

3. The Reye complex includes all lines at infinity on the confocals, 
all lines in or perpendicular to the principal planes, the axes of all 
conics on any of the confocals, the join of the feet of any two inter- 
secting normals to a confocal, and the polar of that join. The axes in 
a plane envelope a parabola. 

4. Two planes conjugate for two of the confocals are conjugate for 
all and are perpendicular. Two perpendicular planes conjugate for 
one confocal are conjugate for all. 

Def. A line L is a ^ focal aocis' of a quadric p if any two perpen- 
dicular planes which cut in L are conjugate for p. 

A focal axis for p is a focal axis for all p +ke. 
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5. Let a, be perpendicular planes through a focal axis of p. We 
can find k so that + ke = q touches a. Hence [aqa] = o, [aq/^] = o. 
If 1 is any scalar, there is a scalar V such that a + Vj3 is perpendicular 
to a + 1/^, and hence conjugate to it for q. Thus 

[(a + 1^) e(a + VJ3)] = o, [(a + 1/?) q(a + 1'/?)] = o. 

These give 1 T, [>^q/?] = o. Hence fi touches q. 

Then \pLp\ is a generator of q, for a + touches q for all x, since 

[(a + xy?)q(a4-xy^)] = o. 

Thus any focal axis is a generator of some quadric of the confocal 
system. 

6. Since two planes through L conjugate for a quadric separate 
tangent planes through L harmonically, and two perpendicular planes 
separate the tangent planes to the circle at infinity harmonically, the 
complex of focal axes is a special case of the harmonic complex of lines 
such that tangent planes through them to one given quadric separate 
harmonically those to another given quadric. This is investigated 
later, p. 472. 

7. If ?I, S be matrices of order three, then 

det(3I-A») = [(9I~A®)3] 

= m-3A[3l293] + 3A2[W]-A3[»3]. 

Thus ['jr^S], are independent of the frame. 

Similarly for matrices of any order. 
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CHAPTER X 

GENERAL THEORY OF INNER PRODUCTS 

§ 67. Inner products of extensives of step one. 

1. If a = ?i^e^-\- ?i^e^ and b ...^-h^e^ be two 

extensives of step one in 6 ^{e^^ then 

[a\b] = a,b,+a,b^ + ...4-a„b„. 

We can regard [a |i] as a kind of product of a and 6, for the 
distributive law, with respect to addition, holds. We call \a |6] the 
^ inner product^ of a and b. 

Similarly, if F be extensives of any step ^ n in S^{e^, . . ., e^, 
then [E |F] is their ' inner product' . 

Also [E\F]^[F\E]. 

2. Def. Two extensives <2, b of step one are 'orthogonal' if, 
and only if, [a\b'\ = o. 

Def. If A = 6 ^{a^y then an extensive b of step one is 

'orthogonal' to A if, and only if, it is orthogonal to each of 
a^y ...ya^\ it is then orthogonal to all extensives of step one in A. 

3. If A is a spread of step r, and a subset of a spread R of step n, 
then the set of extensives of R which are orthogonal to A form a 
spread of step n — r. 

For, if be a basis of Ay then the equations 

[a, |a:] = o, [a, |a:] = o, .... [a, \x] = o (i) 

are independent, since a^y ...ya^ are independent. 

Any extensive x which satisfies (i) is orthogonal to all exten- 
sives in Ay and the extensives satisfying (i) form a spread of step 
n-r, (§59-5, -8). 

Cor. No extensive, save zero, in S^{e^y orthogonal to 

all e^y...ye^. 

4. Def. \i A =SF{a^y...ya^yB = SF{b^y.. .yb^ythtnAis' ortho- 
gonal' to B if, and only if, each aj is orthogonal to each b^ \ then 
each extensive in A is orthogonal to each in B. 

Sometimes^ is called ' completely orthogonal' to B. It should be 
noticed that [^ | S] = o is not a sufficient condition for this relation. 
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5. If A, of Step r, is a subspread of a spread of step n, then its 
extensives are just the solution-extensives of a set of n — r homo- 
geneous linear equations in n variables. 

For let be a basis of the spread A, and 6,, 

be a basis of spread B orthogonal to A. 

Then [6j laj = o, (i=i,...,r; j = i,...,n-r). 

The set of extensives orthogonal to B is the set of solution- 
extensives of the equations: 

[6j I*] = o, .... [6„_^ \x] = o. (2) 

Hence a„ . . are in the set. But the set fills a spread C of step 
n — (n — r) = r, and hence aj, is a basis of C. Thus C=A, 
and the extensives of A satisfy the n — r equations (2). 

6. Def. The extensives of ...,ej form a 

'normal frame' if a? = i for each i = i, ...,n, and [a-^ |a,] = o when 
i#j, (i= i,...,n; j = i,...,n). Then [a-^a^^ = [a^aja^^ = ...= i. 

For example, the frame e„ is normal. 

7. If a^, ...,a^is a normal frame in SI'{e^, . . ., e„), then a^,...,a^ 
are independent and hence S^{a^, ...,«„)= ^(e^, . . e„). 

For, if k,aj + ... + k„<i„ = o (k„...,kn scalars), then inner 
multiplication by a, gives k,aj = o, and hence kj = o. Similarly 
all the k vanish. 

Ifa^,...,a„isa normal frame in . . . , e„) and x is orthogonal 

to each of a^,...,a^, then x is ...,a„). 

For, if x: = k,a,4- ... -l-k„a„, (k,, ...,k„ scalars), then [xr laj = o 
gives kj = 0, (i=i,...,r). 

8. Def.* An 'elementary circular transformation' of a^,...,a^ 
is one which changes two extensives a, b of the set into extensives 
of the form 

xa + y6, ±(x6— ya), where x2+y^ = i, (x, y scalars), 
and leaves the other extensives of the set unaltered. 

If X = cos a, y = sin a, we call a the 'angle' of the trans- 
formation. 

The change of a, b to —a,b is an elementary circular trans- 
formation of angle tt, (x = — i, y = o). 


• For 8-12, see A^, §§ 155-163. 
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If, in the definition, we take the positive sign in the ambiguity, 
we have a * direct" transformation, if the negative, an indirect" 
transformation. Transformations which differ in sign only, we 
call ^opposite". 

Def, A ‘ circular " transformation is one obtained by a succession 
of elementary circular transformations. 

9. By a circular transformation, normal frames («, 6,r, ...) 
become such, the inner product and the square of the outer product 
of any two extensives of the frame are unchanged. 

We need only shew this for an elementary circular trans- 
formation. 

Then (xa + yhy = + y^fe^ = i ^ 

if — b"^ = I, and [a | J] = o. 

Also 

(xfi — yfl)2 = I, [{xa + yb) |(x6 — y«)] = xy{h^ — d?) — o. 

If c be any other extensive of the normal frame, then 
[(xa + yb) \c]=o, [(x6 - ya) \c] = o, [(xa + yb) cf = i . 

Also [(xa+yi)(x6-ya)] = x^abl — y^ba] = (x2 + y2)[ai] = [ah]. 

Cor. By a circular transformation, the inner product and the 
square of the outer product of any two extensives are unchanged. 

10. If a^, ...,a^be a normal frame, and b be in ..., a^) and 
b^ = I, we can change a^,...,a^ by a circular transformation into 
a set containing b. Our field of scalars is here assumed to be real. 

For, let 6 = kj + . . . + ^^a^, and let, with positive square roots, 

kj a, + k- a, J{k\ + kl) c + k a 

V(k?+k|) ’ ‘^3 = •••> 

V(kf + . ■ ■ + k ^_i) Cn_i + 

V(k? + - + kS) ■ • 

There is an elementary circular transformation on a,, which 

changes a, into c,; one on c^, which changes into one 

on Cn_„ a„ which changes c„_i into c„. 

Also A = ^(k* + k*)Cj+kjflj + ...+k„a„ 

= ^(k*4-k|+k|)Cj + k^a^+ ... +k„a„ 

= V(k? + k* + ...+k*)c„ = c„, 

since 6* = 1, c* = i, and hence kj + ... + 1 ^ = i. Thus c„ = b. 
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11. If ayb,c^ and be two normal 

frames of the same stepy and the field of scalars be realy we can change 
one frame into the other by a circular transformation, 

¥ot UybyCy ... are m 6 ^{a^yb^yC^y Hence by a circular 

transformation on a^yb^y.,, we can replace one of these by a. 
Suppose we thereby obtain the set a, b^y c^y ,,,\ this is normal, and 
... are orthogonal to a, and hence are in 6 ^(b^yC^y ,,,), 
Hence by a circular transformation on b^yC^y ... we can replace 
one of these by b. Suppose we thereby obtain the set byC^ydy,,,\ 
this is normal and Cydy... are in ^{c^ d^y . . .). So proceeding, we 
reach a normal set aybyCy where q' is in the spread ^{q)y 

that is, where q = k^', (k scalar). 

But q^ = I, = I, hence k = ± i. 

If k = — I, we replace the last elementary transformation by 
its opposite. 

12. If G be any subspread of ^{e^y ,.,ye^ of step m^viyWe can 
find a normal set a^, such that G = ^{a^y ,.,ya^y the field 
of scalars being real. 

For, let a^^ be in G, with aj = i ; by a circular transformation 
change e^y..,ye^ into a normal set containing a^. Then a^ is 
orthogonal to the other extensives of this set, and hence to each 
extensive of the spread they span. This spread, of step n — i, cuts 
G in a spread Gj of step n— i-fm — n = m— i. 

Let a^ be in Gj, with a\ = iy then a^ is orthogonal to a^. Hence, 
by a circular transformation, we can change e^y ...ye^^to 2i normal 
set containing a^y a^. Flence a^ are orthogonal to the other ex- 
tensives of this set, and hence to each extensive of the set they span. 
This spread, of step n — 2, cuts G in a spread G^ of step m — 2. 

Let a^ be in G^, with = i, then a^ is orthogonal to a^^ and a^y 
and so on. Thus in any subspread of ^{e^y ^ normal set 
of unities can be found, to which can be adjoined other unities, 
so that the whole set is normal and spans ^{e^y . . O* 

Cor. In finding a normal frame for G = ^{e^y . . 
a^ in G (of step m), a^ in Gj (of step m - 1), . . . , in G^^ (of step i) ; 

the freedom of choice is hence 

(m~i) + (m-2) + ... + i = ^m(m~i), 

since each extensive is to have inner square unity and this is 
one condition on the freedom. 
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13 . If Bj, normal frames^ spanning the 

same spread^ and the field of scalars is reaU then the frames are 
connected by an orthogonal transformation. 

For the frames are connected by a circular transformation, 
and this is the product of elementary circular transformations; 
each of the latter is orthogonal, because the array of its coefficients 
satisfies the necessary conditions; and the product of orthogonal 
transformations is orthogonal. 

14 . Orthogonal transformations y and these only, preserve inner 
products unchanged; they also preserve outer products of maximum 
step unchangedy apart possibly from sign, (Cf. § 63 - 11 .) 

For, if \x \y'\ = \x% | for all Xy j, then 
o = \y] - [^51 \y%\ = [x \y] ~ [xm* \y] - [{x-xm*) \y] 

= MS “ \y]y y* 

Hence x(^ — 3191*) = o for all x. Hence 9191* = 

The last part holds, since det9l = ± i. 

15 . Any orthogonal transformationy if the field of scalars is the 
real field, can be expressed as the product of elementary circular 
transformations applied to mutually orthogonal subspreads. 

To prove this we extend the field of scalars to the complex 
field, by adjoining i = 

Let k be a characteristic root of the orthogonal transformation 91 
(with real coordinates), and let x be the corresponding latent 
extensive. We know that if k is real, then k = ± i and hence 
x% = ±x (§ 63 * 11 ). 

Suppose k is complex, then x is complex, that is, if 

then some or all of Xj, ..., x^ are complex. 

Let Xj, k denote the numbers conjugate complex to Xj, k, and 
let X = + ... +Xn^n» then 

x% = fev, x% — Ex, [x% |x9l] = kE[.x \x]y 
[x9l |x9l] = [x9l9l* \x] = [x \x]. 

Hence kE = i, so that k is of form e^^, (i = i). 

But = [x%Y = {kxY = k^x^y k ^ ± I . 

Hence = o. But as x is complex, it does not follow from this 
that it vanishes. 
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Let X =y-hiZj where z are real extensives, then 
o =z = y^--z^ + 2 i[y \z]. 

Hence y^ = z^y Lv k] = o- 

Thus jy, z are real extensives, orthogonal and of equal magni- 
tude, and we can take them to be of unit magnitude. 

By a circular transformation we can replace by a 

normal frame of which jy, z are two members, and such that the 
spread A spanned by the other members is orthogonal to ^(jy, 5^). 
This follows from (ii). 

Now 91 induces an orthogonal transformation in the spread A, 
If this transformation has a complex characteristic root, then in 
A we can find real extensives z^^ orthogonal and of unit magni- 
tude, analogous to y^ z above, and by a circular transformation 
of the unities in we can replace these unities by a normal set, 
two of whose members are y^y Hence jy, z^y^y z^^ are mutually 
orthogonal. 

We proceed thus until all the complex roots of 91 are exhausted. 
If these are 2p in number, we have 2p mutually orthogonal ex- 
tensives y, Zyy^y z^y . • ^p-i of unit magnitude, such that the 

whole spread is spanned by these and n — 2 p other (real) exten- 
sives, the whole set being normal, and the spread B spanned by 
the last n — 2 p extensives is orthogonal to*5^(jy , Zy 

Then 91 induces in B an orthogonal transformation whose 
roots are all real, and hence are ± i. In this spread B are n~ 2 p 
extensives tv such that — ly w% = ± tv. We take these as the 
remaining unities. 

Then S^{yyZ)y ^{yjy^Jy ^ are mutually orthogonal. The 
transformation induced in each of these spreads by 91 is an 
elementary circular transformation. 

For example, {y-\-\z)% = (cosO + isind) ,{y + iz). 

Hence 3;9l = cos0.jy — sin0.2r,| 

2:91 = sin<?.j;H-cos 0 . 2 r. I ^ 

Consider the transformation induced in the spread B, By 
arranging the unities, we can write this transformation as 

tt;i9l = Wi (i=i,...,s), «7j9l = ~Wj (j = s+i, ...,n- 2 p). 
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The unities of the last set are orthogonal to those of the first, 
since |«;j] = ~ [w, 91 |«;j 31 ] = - [zv, m* kj] = - K 
hence [w^ \w^] = o. 

The first set gives a spread all of whose extensives are latent, 
the second set gives a spread all of whose extensives are multiplied 
by — I. 

Hence, if the orthogonal transformation has 2p conjugate 
complex roots, and r roots equal to i, r^ roots equal to — i, 
(2p + r4-rj = n), then it is a product of p transformations of 
type (3), r identical transformations, and r^ transformations which 
reverse the signs of all extensives of a certain spread of step r^. 

Cor, I . If n is odd, the secular equation has at least one real 
root, and hence there is at least one extensive which is latent or 
merely changed in sign by 91 . 

Cor, 2. The imaginary roots of the secular equation of an ortho- 
gonal matrix of real elements are conjugate imaginary in pairs, and 
of form 

This is incidentally shewn in the proof, since if k is an imaginary 
root of the secular equation, so is k. 

16. If we interpret the e^,,,,,e^ as vectors in Euclidean space 
of dimension n, an orthogonal transformation, since it leaves 
inner products invariant, is a ^rotation\ Hence 

A rotation round a point in n dimensions has an invariant line 
if n is odd, but not necessarily if n is even. 

When the secular equation has p pairs of conjugate complex 
roots, the rotation leaves latent p mutually orthogonal planes, 
and leaves latent or merely reverses a further set of n — 2p vectors 
which lie in a spread orthogonal to all these p planes. 

With this interpretation, a 'reflection' is an elementary cir- 
cular transformation of angle n, or a transformation which is of 
this type for a suitable normal frame. 

§ 68. Inner products of extensives of higher steps, 

I. \i A, Bht spreads of steps r, s respectively, subspreads of 
a spread of step n, then the step of |5 is n — s, and hence that of 
[. 4 |fi]is n + r~s or n + r — s — n = r — s 

according as s > r or s ^ r. 
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If r = s, then [A |B] is a scalar. 

If E, F be distinct unities of equal steps, then 

[E\E] = i, [£|F]=o. 

We write E^ for \E \E\, then, if j?„ ...,E^ be unities, 

+ . . . + = kj + . . . + kj ; 

if E, F be unities of any steps, then li^"] = o, unless Ey F 
have no common factor. 

Further, if [EF] o, then 

[EF\E] = F, [F\EF] = E. 

2. If Ay B be any extensives of equal stepsy then [.<4 |B] = \B j.^], 
but if they be of steps r, s and r < s, then 

thus [-4 |jB] = unless r is odd and s is even, when 

[A\B]^^\[B\Al 

We can thus always reduce an inner product to the case when 
the first factor has a higher step than the second; and this sim- 
plifies the formulae. 

3. If be of steps r, s and r ^ s, and A — [a^.,, aJ, then 

[A\B] = [A,\B]D,+ ... + [A^\B]D^y 

where ...,.i 4 p are all the p = multiplicative combina- 

tions of step s of a,, . and Dj, ...,Z)p are their completing 
products, so that 

[^,Z),] = [J,DJ=...= [^pDp] = A 

This follows at once from § 56-27. 

Cor. If r = s, and A = ... aj, 5 = [ij ... then 

[A\B]= KIM. KIM. [«.IM 
I Kl^il. K 1^2]. •••> KIM 
«;=.i:KiMM 


K -M 
"K -M’ 


where 
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Special cases are: 

[ab |c] = [a\c\b — [b\c\a 
[abc \d] = [a \d] [be] + [b \d] M + [c \d] [ab] 

[abed \e] = [a [e] [bed] — [6 1«] [acd] + [e \e] [abd] — [d \e] [abc]. 

4, If a^,a^, ...,a^ be extensives of step one, and their 

multiplicative combinations of step s, and B^, ...be such that 
[A.B,] = [A^B^] = ... = [a,a,...a„], 
then [AAB,] + [A,\B,] + ... = o.* (i) 

For first let s ^ n — s, -4 j = J» 

where ij, ig is some selection of s of the numbers i, . . n. 
Let = (- [A^i] = [^i ••• 

We can suppose the factors in and in so arranged that 
the subscripts are in increasing order 

^2 Ji Jz jn-s' 

[A, |B J + [^ + . .. = i:( - 1)P |aj, . . . aj„_J 

= 2'(-i)P[aij<ii^...ai„_Jaj,ajj ••• aj„_J ••• «i,]- ( 2 ) 

The first factor 

is a determinant, the sum of terms like 

( - h. I«j.] [«i, l«jJ - [«i„-s l«j„ J* (3) 

where li,lj, ..., In-s is some permutation of i„ ..., i„_s. 

Since 1,,1^, ...,1„_3, jpj^, are all distinct, one is least; 

suppose it is 1, or j,. If we interchange these in (3) and change the 
sign, we get a term 

( - 1)“+^ h, kl,] K •• • l"jn J' (4) 

which we shall shew appears as a coefficient of some other term 
in (2) when the first factor is expanded. If Ij < j,, then 

and this is clear. If Ij > then in order to get [aj^ [ajJ into its 
normal position so that the subscripts lujj.jj. --Min-a the 

• See A2, § 183. 
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second factors in (4) are in increasing order, we may have to 
move it, say, r places to the right. After this change, the sufiixes 
mentioned are all in increasing order. 

Now, if in 

[A, B,] = 

we interchange two a, and then move both r places to the right, 
the expression obtained equals Hence (4) satisfies 

the conditions on coefficients of terms in (2), and hence is such a 
coefficient; and it cancels the coefficient (3). 

Thus each term pairs with another and the total sum is zero. 
Secondly, if s<n — s, put s(n — s — i) = t, then 

+ + 1 ^ J + [B, M J + ...) = o, 

by the first part. 

Cor. If from ^401 of step one, we form all multiplica- 
tive combinations ... of step 2m which contain and 

let JSj, J 5 j, ... be the complementary combinations, then 
K|fiJ + [^J 5 J + ...=o. 

For, as the steps oi A are even, we have [A^B^ = [B^A^]. 
Further B^y B^y . . . are all the multiplicative combinations of step 
2m which do not contain a^. 

Hence A^^ is the combination complementary to B^. Hence, in 
the last theorem [A^^ |JSJ = [ 5 j \A^ and we need take only half 
the terms. 

Examples : \bc \ d\ 4- [ca | b] + [ab | c] = o, 

[ab \cd\ -h [be \ad\ + [ca \bd] = o, 

[abc \d\ — [bed \a\ 4- [eda |i] — [dab \c] = o. 

§ 69. Applications to geometry. 

1. If ...,£^ be unities of any step, and A an extensive of 

that step and the field of scalars be realy let ^ 4- . . . 4- k^^r, 

then . 4 ^ = kj 4- . . . 4- kj ^ o ; and A^ = o if, and only if, A = o. 

But if the field of scalars be imaginary y these conclusions need 
not follow. 

2. If, for any step, A^ = o only when A = Oy and in all other 
cases is positive, we say the inner products are "definite" for that 
step. 
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3. If 5 be of equal step, and not zero, and A^, B^>o, 

= a, = b, then we define the angle AB as the angle in 

the interval o to n, satisfying cos AB = ~ 

a.b 


4. If a, b,... be of step one, and a^, h^>o, = a, = b, 

a, b, . . . > o, then we define sin (abc . . .) = . 

abc... 


5. If the inner products for the step concerned are definite, then 
AB is real. 

Let A^B, then if k be a real scalar, (k 4 — £) 2 >o, hence 
kM 2 - 2k[A |fi] + > o, for all k. 

Hence A^.B^ — [A\B]‘^>o, —i<cosAB<i. 

6. If a, b be of step one, sin [ab] = sin ab. 

TT • or M W 2-1: • 2-1: 

For sin- [ab] = = i - = i - cos^ ab - sin^ ab, 

and by definition, sin [aft] ^ o, o^ab^n. 

Hence sin [aft] = sin aft. 

7. If the inner products for step one are definite, and 

sin(ajajaj ...) = sin<?, 

then d is real. 

For we can adjoin real weights to a^,a^,... so as to secure, in 
step n, a* = a* = . . . = a* = 1 . We then shew that [aj a^... a g i . 

We may assume Ka* ... aj #0; if a„aj,...,a„ is a normal 
frame, then [a^ ...aj* = i. 

If aj is not normal to all a^, ...,a„, we can find a normal frame 
a^,b^,by...,b^, such that 

^3» • • •> ^n) ~ • • •> ^n)> 

= Xk"i + Xk2^2 + Xk3^3-|--..-t-Xi„ft„ = X^aj+Ck, 

(k = 2, . . . , m ; x^ not all zero). 
Then i = aJ = xj + S xj,, cj ~ S Xkr. 

r=2 r=2 

Hence c* c* . . . c* < 1 . 
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Let 

then [a, a, . . . a J* = [a^ c^c^... c„]* 

= c* c» . . . [a, WjOj . . . ©„]* < [a, W3 . . . 

Hence we have replaced a^, . . ., a„ by Wj, . . ., all normal to 
and of unit magnitude, and have found 

[a,aj...aJ»<[a,©,...®J*. 

Similarly, liVyV ^, ©„ be not all normal to we can replace 
them by extensives w' in ^{Vy Vy...,v^, all normal to 

v^, of unit magnitudes, and such that 

[a, ® J U3 . . . < [a, w, w' u; . . . ©;]*. 

Proceeding thus, we finally reach a normal frame a j, to j, Wy...,w„ 
such that [a^a^ ... aj* < [a^w^w^... wj* = i. 

Hence the theorem. (Hadamard.) 

8. If a, A, . . . be mutually orthogonal extensives of unit 
magnitude of any step for which inner multiplication is definite^ 
and if ^ = xa4-yA+ then xd^ = [a \p]y yV^ = [b |/)], .... 

Hence 

X = [«!/>]. y = [i|/>]. •••. p = {a\p\a+\b\p\b+.... 

If 9 = x'a+y'6+ ..., 

then [/) \q\ = [a \p\ [a |?] + [6 \p\ [b |?] + .... 

Hence cospq — cos ap cos aq + cos bp cos Ag + . . . . 

In particular, i = cos^ ap 4- cos^ A/> 4- . . . . 

9. If a, byCyd,,.. be extensives of step one, inner multiplication 
being definite, and 

a4-A4-t:4-d'4- ... =0, d = [Aci...], A' = —[acd,..'\, 
then [aa'] = [AA'] = ... = [abed..,] 

and magaimagA: ... = sina':sinA': .... (i) 

And if p be any extensive of step one, then 

mag«.cosfl/)4-magA.cosA/)4- ... == o, (ii) 

sin a ! . cos ap 4- sin A' . cos A/> 4- . . . =0. (iii) 


FCE 


20 
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For [acd . . .] + [bed . . .] = o, hence [acd . . = [bed . . .]2, 

a^e^d ^ . . . sin^ [aed . . .] = b'^e^d ^ . . . sin^ [bed . . .] , 
sin^ b' = b'^ sin^ a\ 

and as mag a, mag 6, sin a', sin 6', ... are positive we have (i). 
We get (ii) from [^ |/>] + [6 1 />] + .. . = o, and (iii) from (i), (ii). 

10. If A, P be of equal step, and 5, Q of equal step, then, if 
inner multiplication be definite, 

sin AB sin PQ cos (ABy PQ) 

= 2 cos A^P cos B^ Q sin Aj. sin Bj. sin P sin Q, 

r 

where Aj, are of the same step as Ay and are multiplicative com- 
binations of the simple factors of Ay and similarly for B^. 

If A — [^1^2 ... «n]> = [^1^2 ••• ^n]> ^hen sin^ sinfi cos AB 

equals the determinant whose (i,j) element is cosa^ij. 

We leave this as an exercise. 

Examples, i. If and b^b^b^ be two triangles in a plane, and 

djj = (flj -6j)2, then —^[a^a^a^ [^1^2 ^3] equals the determinant of the 
djj bordered in the first row and column by (o, i, i, i). 

Similarly for any step. 

If the triangles be in space, [a^a^a^ [^1^2 ^3] replaced by 
[a,a^a^^b,b^b^], 

2. Kroneeker's identities. Muir*s statement.* 

If * ’ ^ be a symmetric determinant, the minor 

I, ..., 2m 

I, 2, ..., m 

m+i, m-f2, ..., 2m 

equals the sum of all the others got from it by interchanging a lower 
index with the last upper index. 

For example, for m = 3, 


123 

124 


126 

456 

356 

1 436 

+ 

453 


3. The determinant of 6^ perpendiculars from six points to six 
lines is zero if either the six points lie on a conic or the six lines touch 
a conic. (Cwojdzinski.) 

• History of Determinants y 4, p. 113. Cf. Mehmke, Math. Ann. 26, (1886), 
p. 209. 
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4- (-2)"-* 

i ^ ^ 

I 

I 


I [a, |6,] 

Kiy 

... [a,|AJ 


I [aJM 

KI*J 

- Kl*„] 


I K l^il 


- K|6n] 

= 1 0 

I 

I 


I ••• («2-*n)* 


I I K-*t)* K-*2)* - K-*n)* I 

If aj = ^i(i= I, ...,n), and we denote minors of the second deter- 
minant by [ ], then for suitable choice of the signs of the square roots 

[22]* + [33]* + ...4-[n-f I n+i]* = o, 
where [22], for example, denotes the minor of the (2, 2) element. 

§ 70. Quadrics in step n, and their generator spreads. 

If in a spread of step n, O be a linear transformation which 
turns points into primes, or spreads of step n — i, then the locus 
of points/) such that [/>£!/>] = o is a ^quadric\ also denoted by Cl. 

If [O^] = o, and be independent points, then 

[flj ... a„] [O"] = [ajG.ajO ... a„0] = o. 

Hence ^^JCl, Cl all meet in a point, and hence the trans- 
form of each point is a prime through this fixed point. The 
quadric is then 'singular^ or 'degenerate'. 

Let Cl be a non-singular quadric in a spread of step n — and 
denote supplements for Cl by the stroke. 

Let />j be a point on the quadric. Take p^ on the quadric and 
on \p^; p2^Pv Then [/>i |/)J = o. Since the polars of p^,p^ are 
of step n — I, they cut in a spread of step n — 2. Let p^ be on the 
quadric, and on this cut, then [pj [pj = [p^ |/)J = o. Thus pro- 
ceeding, we get points /)j, . . .,/)j., each on the polar of all the others, 
and on the quadric, and hence each on its own polar also. If 
these points are independent, so are their polars, and then these 
cut in a spread of step n — r, which contains the independent 
points /)i,...,/)r. Hence n-r^r. 


20-2 
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Hence the maximum value of r is the greatest integer in ^n. 

Every point in the spread defined by /)j, . . .,/>r is on the quadric, 
since [^j] = 0 (i,j = i, ...,r). The spread is a ' generator spread'. 

We now construct such spreads. 

First, let n be even, and r = ^n. Let e^, ^ normal 

frame, ef = i, (i= i, ...,n). Let 

+ «3 + V(-I)«4=/2. •••, «2r-i + \/(-l)<^2r=yr. 

=A'. e3-V(-l)«4 •••» ^2r-,-V(-l)«2r=y^ 

Then ;| = o, ;'* = o, [yjij = o, [;'|;;] = o, [ysii;] = o, 

(sT^t; s,t= 

Hence y^, •••Jn/a quadric, and if we select a 

set of any n/2 of these elements, not containingy^. if it contains/', 
then the spread joining them is a generator spread. If S is any 
generator spread, so formed, and S' is the spread obtained by 
changing the j into their corresponding /', and the j' into their 
corresponding/, then S and S' are ‘ conjugate ’ generator spreads. 
They have no common element. 

Secondly, if n is odd and n = 2r-f i, let ...,^^ be again a 
normal frame, then the generator spreads are given by the same 
formulae as in the first case. 
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CHAPTER XI 
CIRCLES* 

§71. Sums of circles. Inner products of circles. 

1 . Notation. We consider lines and circles in the real Euclidean 
plane completed by the adjunction of a single point at infinity, as 
in inversion geometry. A line and a point are therefore regarded 
as special cases of circles, and we use small latin letters for any 
of these figures. At first we shall also have to speak of points in 
the old or usual sense, and we shall distinguish these by a dash. 
Thus, if/) is a point-circle, that is, a circle of zero radius, then/)' 
will denote its centre, that is, the ordinary point corresponding 
top. 

A 'proper circle ’ is one which is not a line ; it may be a point- 
circle. 

We always denote proper circles by the letters c, their 
radii by r, rj, the point-circles at their centres by 0, Oj, the centres 
themselves by o', o[, and this notation will be used without special 
mention. 

Our circles shall have either positive real or purely imaginary 
radii ; we can regard a proper circle as a point with a real number 
attached, whose square root is the radius. 

2. Inner products of proper circles. If c^, Co be proper circles, we 
define their inner product by 

[c, IC2] = [C2 ki] = .V(r? + r? - (o\ - Oof), (i) 

where (oj — o'ff means, as usual, the square of the distance from 
o\ to O2. 

In particular, if p is a point-circle, c a proper circle, then 

= = ( 2 ) 

This is the negative of half the ‘power’ oip' for the circle c, and 
it vanishes if and only if p is on the circle. 

* Circles were treated by Grassmann’s methods by Cox, Quart. Journ. 19 
(1883), p. 74 and 25 (1891), p. I ; Mehmke, * Anwendung der Grassmannschen 
Ausdehnungslehre auf die Geometric der Kreise in der Ebene*, Inaug. Diss. 
Tubingen, i88o. See E. Muller, Monatshefte Math. Phys. 3 (1892), p. 365 ; 
4 (1893), PP- 93; 7 (1896), p. 77; 9 (1898), p. 269, for sphere geometry in 
general, and Study, Math. Ann. 49 (1897), p. 497. 
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If Oj, 02 be point-circles, [oj I02] = ““iW —^2)^- 

The inner square (?‘ = [c |(:] of a proper circle equals r^. 

If c be any circle, then k^: (k scalar) is the same circle with weight 
k attached. The weight k is to be real. 

We shall not absorb weights; the weight of c will thus always 
be unity, unless the contrary is expressly stated, 

3. Sums of circles. If 2 'kj[Ci \p\ = m[^ |/)] for all point-circles 
py where s are proper circles, we write Ek^c^ = m^. 

If Ek^[c-^ |/>] = o for all point-circles/), where the c^ are proper 
circles, we write Ek-^c^ = o. 

Thus [(kiCi + k2C2 + ...+k„c„)|/>] 

= k,[cj l/>] + k2[c2 1/)] + ... +k„[c„ \p]. 

By these definitions, we can add equations which involve sums 
and differences of proper circles, and multiply them by scalars. 

For example, kj + k2^2 ^ implies kj = — k2 ; hence if k^ ^ o, 

then Cl = C2* 

4. Conditions that EkiCi = o, k^^o. If we replace the points 
p\ o\ by vectors w, from any fixed origin to these points, then if 
EkiCi = o, we have, for all u, 

2:k,(rf-(u-v^)^) = o, 

Eki(r? — v?)-i-2[ulEkiVi] — u^Eki = o. 

Hence Eki(rf — vf) = Oy Ek^Vi = o, Z'kj = o. (3) 

These are necessary and sufficient conditions for Ek^Cj = o. 
The second condition implies the last, and gives ZkjO- = o. 

5. If EkiCi = o, then Eki[ci \c] = o, where c is any proper 
circle. 

For if Vi be the vector from o' to Oj, we have, by (i), (3), 
2Eki[Ci \c] = i;ki(r2 + r2~(o;-o')2) = Ekiir^i-vf) = o. 

If EkiCi = m^, then Eki[ci \c] = m[^ \c]. 

6. If [Cl \p] = [02 \p]y then r 2 -(/)'-o ;)2 = r 2 -(/)'-o') 2 , and 
conversely. Hence 

2 [(P’-Wi + odm-o',)] = rl-rl 
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SO that p’ is on a line perpendicular to o\ — As the powers of 
p* with respect to Cj and are equal, this line is what is usually 
called the 'radical axis' of Cj, ^2- 

The radical axes of three proper circles ^2, C3, taken in pairs, 
are concurrent or parallel. 


7. If kiCiH-k2C2 + k3C3 = o, kj^o, then = o. Hence the 
centres o'j, O2) O3 are collinear. 

If also [c, \p\ = [c, I/)], then [cj |/»] = [cj \p ] ; 
for I/*] ~ \p\~^^2 I/*] 

= -(ki + k 2 )[£r,|/)] =k3[Cil/)]; 

hence [c, \p] = [c^ \pl 

Hence, by 6, Cj, have in pairs the same radical axis. Such 
circles are called ' coaxaW When kj, k2 vary, kjCj + k2C2 describes 
a coaxal system. 

8. If kjCj +k2C2 + k3C3 + k4C4 = o, k. 7«^o, there is no restriction 
on the centres; but as in 7, if p has the same power for ^2, ^3, it 
has that power for C4. Hence the radical axes of pairs selected 
from Cj, C2> ^3) ^4 are concurrent or parallel. 

9. Given k|Ci4-k2C2 = mc3 (m^o); to determine C3 from the 
proper circles Cp Cg. 

By 4, m = kj + k2, k^ o\ + k2 O2 = (kj + k2) O3. 

The centre of is thus known. It remains to find its radius. 

Since ki[c, \p] + U[c2 1 /)] = (kj + k2) [cj |/)], 

we have 


- ip' - o',)2) + k2(r2 - {p’ - o' ) 2 ) = (ki + ka) (r§ - (/>' - o'j)^), 
(k, + ka) r| = k,rf + ka r| - k,(^' - o\y 

-h{P'- 02 Y + {k,+k 2 ){p'-o',y. 

But (k,+k2)2(/.'-o')2 = iK{p'-o\) + k2ip'-o'2)y. 

Hence 

(ki + ka)^ r§ = kf rf + k| ri + k, k2(rf + r| - (o', - Oa)^), (4) 
and this determines r3 since kj +k2 7^o. 

In particular, if Op O2 be point-circles, then Oj -f O2 = ^^3 where 
C3 has radius given by 4r| = the radius is pure- 

imaginary. 
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We can write (4) in the form 

m^cl = kfcf + + 215:1 k 2 [ri \c 2 ] 

or (kj + k2 €2)^ = k| + 2ki k2[^:i | C2 ] , 

and this could have been deduced as usual from the distributive 
law of 5. 

§72. Improper circles, 

1. We cannot have ^1— ^^2 = ^5, where k^o, and tj, C2y s are 
proper circles. 

Let kj = — k2 + e, then (4) becomes 

ehl = e(erf - k2(r? - r|)) + k2(k2 - e) {o[ - 
Hence, as 6:->o, we have r3->oo, eh\->k\{o\ — 

First suppose C2 not concentric; then the last result suggests 
that we take ^^i — ^^2 ^^e limit of a circle as its radius becomes 

indefinitely great. We shall accordingly interpret c^ — C2 as the 
radical axis of c^^ C2, with a certain weight or magnitude. This will 
be legitimate if c^ — c^ is a multiple of ^1—^2 whenever c^, c^ are 
in the coaxal system defined by c^, C2. And this is the case, for if 

^3 ^4 = + ki + k 2 = mi + m 2 = i, 

then — C4 = (kj — mj) {c^ — C2), 

We call such a circle difference c^ —C2, a 'rotor\ 

2. If Ci—C2 = l, we define [l\c'\ and [r|/] as — [^1^2]* 
Hence, \{p is a point-circle then [/|/)] = o, if and only if/)' is on /. 

If C3 — C4 = m is another rotor, we define [/ \m‘\ as [/ [^3] — [/ 1^4], 

Thence [/ |»i] = [c^ {c^] - [^2 kj] - ki K] + ^2 kJ = ['« l^]. 

/2 = [/|/] = C ^- 2 [ C ^ 1 ^ 2 ] + ^2 
= r? + ri~(r2 + ri-(o;-o')2) = 

Thence the 'magnitude' of the rotor / = Cj —^2 is VW 

We take the sense of / so that the rotation from o\o2 to / is 
positive. 

3. If -rki[^j I/)] = m[^ I/)], for all point-circles/), where jj, s are 
proper or improper circles, we write = ms. 

If I/)] = o for all point-circles />, where s^ are proper or 
improper circles, we write I^k^s^ = o. 
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4. To add rotors ^ whose lines meet in o'. We can take 
point circles o,, d,, 0^, 62 so that /, = o, -d„ ^ = O2 -62; /p I2 are 
along the right bisectors of the joins of the respective centres, and 
their magnitudes are the distances between the centres. 

Since 


[oi \p]-[^ \P]H02\P]-[(>2\P\ 

= [(0,+02)|/>]-[(d, + d2)|/>], 

we have by 3, 

— (®i + ^2) ~ (^1 + ^2)* 

But Oj +02> ^1+^2 circles of weight 
two, of equal radii, with centres />', q' the 
mid-points of o\o2 and b'^bo^ 

Hence (oj 4- — (oj + b^ is a rotor through o' of magnitude 
'2.p'q' perpendicular to p'q ' ; but this is the diagonal of the paral- 
lelogram /j I2. 

Hence concurrent rotors add by the parallelogram law, and 
we can deduce the usual laws for the addition of parallel rotors, 
if they be not equal and of opposite senses. 



5. If the rotors I2 be parallel, equal, and in opposite senses, 
then /j + /2 is a new type of extensive, a ‘ bivector \ As in the earlier 
work, two bivectors differ only by a weight factor. We denote the 
bivector of unit weight by d. 

If Cj, C2 be concentric circles, c any non-concentric circle, then 
Cl — c, Co — c are parallel and equal rotors. Hence 

C,-C2 = (c,-c)-(C2-f) 

is a multiple of 0. 

Denoting signed lengths by bars, c, — c is a rotor of magnitude 
o', o' through the point a, where the radical axis of c, c, meets the 
line of centres, and C2 — c is a rotor of magnitude o\ o' through 02 
where the radical axis of c, C2 meets the line of centres. 

Now rf - r 2 = - 0^,2 = 

r^ — r2 = o[a 2 ^ — o'a./ — o',o'(o,a2 — 
r? - ri = o] o'(o', ~al - 3 ', + 5 ^') 

= 20i0'.£l2^1* 


Hence 
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Thus, choosing a sign, we may take, when Cj, C2 are concentric : 

In particular, if o is the point-circle at the centre of c, then 
c — o = ir^^, which we may write as c = o + 

6. Thus the spread of circles is of step four, for the points or 
point-circles form a spread of step three, and 6 can be regarded 
as an extra extensive unit. As we allow r^ to take negative values, 
the spread of circles can be compared with other spreads of 
step four with real coordinates. 

The general theory of Chap, vii shews that any circle is a 
linear combination of any four independent circles. 

7. 2[(Ci - C2) \p] = 2[{p- Wi + O2)) I (o'l - O2)] + rf - ri 

= twice the product of the distance between the centres 
and the distance of p* from the radical axis of and €2- 

The signs of the distances are taken as in the formula. 

The first part follows at once from §71-2, the second by the 
customary geometric argument. 

Hence, if / is a rotor of unit magnitude, p a point-circle, then 
[/ 1/)] is the length, with a sign, of the perpendicular from/>' to /. 

8. If Cj, C2 be concentric circles, Cj — ^2 = \{r\ — r|) 0, we define 
[6 1/)] by means of [c^ \p] — [^2 | />] = i(rf — r|) [6 \p] ; similarly for 
[p\0]. Thus [d\p'\ = {p\0\ and these are independent of the c 
used in their definitions. 

If c = then [c |o] = |o], but = o, [c |o] = 

by §71*2. 

Hence [ 0 1 />] = i for any point/) of weight one. 

If we form formally the inner square of c = 0 + we have 
^2 = ^2 + ^ J.'2 -f IvW, 

Hence we must take = o, and hence [0\c\ = \d\6\ — i. 

Hence [0\c\ = 1 for any proper circle c of weight one. 

If — we define [0\l] as V^\c{\ — [0\c2\, thence 

[0 1/] = o for any rotor /. 

9. If = m^ where are any proper or improper circles, 
then i 7 ki[^i \0\ = m[s \ff\. 

If Zkj^i = m5, then 2'ki[5i \s] = m[^ |J], where Sy J, are any 
proper or improper circles. 
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10. If Ci-C2 = C3- C4, and no two of Cj, C2, C3, be concentric, 
then the pairs Cj, C2 and Cg, have the same radical axis. Also 
"i" ^4 “ ^2 "i” ^ 3 * 

Suppose also and r2 = r4. Then §§71-9 and 72*2 give 

(o;~0;)2 = (o'-o' 3)2 and W - o' )2 = (o' - o;)2. 

Hence in this case the centres are at the vertices of a rectangle. 


II. If / is a rotor, c a proper circle, then 

[l\c] = [/ |o] = moment of / round o'. 

For, let / = Oj ~02> we can take Oj, collinear. 

Then 

[/|c] = [/|(o + r^0)] = [/|o] = [o, |o]-[o2|o] 

= [(o'~i(o;+o'))|(o;-o')] 

= product of distance of / from the centre of 0, 
and the magnitude of /. 


12. If /, w are rotors, then [ni\l]=^[m\{oy- O2)] = k . o'j 02 cos a, 
where I = O1—O2, mag / = o[ 02, k = mag m, a = l^m. 

Since I is along a perpendicular to o'i02> [^n\T\ has the same 
value as the inner product, in the earlier sense, of the corre- 
sponding vectors. 


13. Angles, If c, Cj be proper circles with real radii, or one or 
both be rotors, we define the *angle^ a between them by 

[c Ici] 

where here, and always, the positive square root is taken. 

Since [c k,] = + r? - (o' - o\ f), 

therefore cos a will be between - 1 and + 1 (inclusive), and 
hence a real, if 

(r+r,)2s(o'-o;)2 and (r-rj)2^(o'-o;)2; 

the circles then cut or touch. In other cases, a is imaginary and 
the circles do not cut or touch. 

If a = o, then (r — r,)^ = — o\y and c, touch internally. 

If a = TT, then (r + ri)^ = (o' — o'j)^, and f, touch externally. 
If Cl be a proper circle, / a rotor, then / cuts c if [c |/]2 <c-./2, 
and they touch if [c\l]^ = c^, P, 
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In all cases the condition for tangency can be written 
[c|c,]2-c2rf = 0. 

If c touches Cj, then c touches all circles kc-hkiC^. 

If a = Jtt, then [c\c^] = o, and c, cut orthogonally; the circles 
may be proper or not. We extend this relation to circles with 
imaginary radii; that is, if c, be any circles and [c [cj = o, we 
say they cut orthogonally. 

If p' is a point on then the point-circle p touches c and cuts 
it orthogonally. 

14. If /, m be perpendicular unit rotors, meeting in o\ then 

lytn, o—\d are a set of four mutually orthogonal circles; 

the last has an imaginary radius. 

For [/|m] = o, [/|o] = o, [/ 10 ] = o, 

Their inner squares are + i or — i. Any circle is a linear com- 
bination of these four. 

1 5 . Thus as a basis of our spread of circles (proper, improper, of 
radius real or purely imaginary) we can take four mutually ortho- 
gonal circles of inner squares ±1. 

Any circle orthogonal to Cj, C2^ ^3, ... is orthogonal to 

k2C2+.... 

If Cj, ^2> ^3 be independent, there is just one circle orthogonal 
to them all. 

If Cj, ^2, ^3, c^ be linearly dependent, they have a common 
orthogonal circle; in particular, if /)j, poy p'^y p.^ be point-circles, 
linearly dependent, then p\y p^y P3, p\ are concyclic. 

§ 73 . Outer products of circles. 

Taking as the basis of our spread of circles four mutually 
orthogonal circles of inner squares + i, the general theory of 
outer and inner products gives, the pencils and bundles being 
weighted: 

1. If c^^c^y the outer product [C1C2] of r, and C2 is the pencil 
of circles k^c^ + k2C2- If =^2» ^ben [^^1^2] = 

2. If c^:^C2y then \[ciC2] is the pencil of circles orthogonal to 
the pencil [^1^:2]* 
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3. If ^1, ^2, C3 be independent circles, their outer product 
[C1C2C3] is the bundle of circles -f 1^2^2 4 - k3C3; if the circles be 
dependent, and hence coaxal, [ciC2C^] = o. 


4. If Cj, C2y C3 be independent, then \ [ciC2C^] is the circle, with 

a certain weight, cutting orthogonally all circles of bundle 
[ciC2C^]. (§72-iS-) 

5. The supplement \c of z circle c is the bundle of circles 
cutting c orthogonally. 


6. The magnitude of [^^1^2] is magnitude of 

[c^C2C^] is yJ[c^C2C^Y. (§68*3 Cor.) 

We can express determinants. 

If Cj, ^2, be proper circles which meet each other, then 

[C1C2Y = c\c\ — [c^ \c^ = rfr|(i — cos^a) = rfr|sin^a, 
where a is defined in §72-13. 

Hence mag [c^ C2] = r^ r2 sin a. 

Similarly, if ^3 P^irs ^2^3, c^c^y c^C2y then 
[^1 ^2 ^3] = 1*1 1*2 1 ‘ 3 ( ^ ~ - cos^ 62 — cos^ 03 

+ 2 cos 01 cos 02 cos 03)*. 

7. [cxCoC^c^ is a scalar, namely V[^i ^2^3^41 “ 5 can be ex- 
pressed as a determinant. It vanishes when Cj, C2, C3, have a 
common orthogonal circle; in particular, if/>i,/>2,/>3,/>4 are point- 
circles, then [pipopzp^ = o is the condition that /)i,/)2,/>3,/>4 are 
concyclic. 


8. If c is the orthogonal circle of Cj, C2, c^y then c = k |[riC2C3], 
for some scalar k. Hence = h^[^i^2C3]“- This gives the weight 
left undecided in 4. 

9. If Op O2 be point-circles, then 

[0i02r = -[0i|02r = i((0;--0'2)2^ 
mag[oi02] = 

10. If three independent circles Op C2, meet in a point, their 
common orthogonal circle |[^^ir2C3] is a point circle, and hence 
[0102^3]^ = 0. This expression also vanishes if Cp ^2, are 
dependent, since then [^102^3] = o. 
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Conversely, if [^1^2 ^3]^ these cases. 

By 6 , if the circles meet, [^1^2 ^3]^ == ^ means 

I — cos^ 0 ^ — COS^ $2 — COS2 COS 0 ^ COS COS ^3 = O, 

which is equivalent to 

± ^2 ± ^3 = ^ (mod tt). 

Examples, i. If Cj, ^2, rj be independent proper circles, then 

[^2^3] + [^3^1] + [^1^2] = [(^1 ■“^ 2 )(^i “"^3)] 

is the set of lines through the radical centre of ^3, ^3; the sup- 
plement of the spread is the set of circles whose centre is the radical 
centre. 

2. Under the same conditions, [(rj — r2)(^i —^3)]^ is four times the 
square of the area of the triangle formed by joining the centres. 

3. Find the point-circles in the coaxal system kjCj -f k2r2. 

4. If ^1, C2 be point-circles, then kjC, +k2r2 has a real or imaginary 
radius according as :k2 is negative or positive. 

5. ki + k2r2 + 1^3 ^3 Is a point-circle if 

kfrHkiri + kirl + k 2 k 3 (ri + ri-df) 

+ k3ki(r| + r?-d^)+k,k2(rj + r|-d^) = o, 

that is, if 

(kjrJ 4 -k 2 r 2 4 -k 3 r 3 )(kj -f k2+k3)= k2k3dj -f'k3kjd2 + kjk2d3, 

where dj is the distance between Og and O3, and so on. 

Hence the equation may be regarded as the areal equation in 
kj, kg, kj of the circle orthogonal to Cj, rg, Cy 
If the circles are point-circles, then 

kgkjdJ-f kgkjdl + kikgdf = o; 

this is therefore the equation of the circumcircle. 

6. The circumcircle of o\ Og^j is, say, 

ki Oi + kg Og + k3 03 + kO, (kj + kg + k3 = i ). 

Hence kgd^ + kgdl = kgdf + kid| = k^dl + kgdf = 2 k, 
kj = 2 kd^M 7 ^cos(o 2 o'i 03 ), 
ki ^kg + ka = I6kdr2d2-2d3-2zl2, k = j^A-^djdldl 
The radius of the circumcircle is thus Jd-^djdgdj. 
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7 - If P\, />2> P'v P\ be concyclic points, then '{fixp^PzP^ = o; 
hence (§30' 12) 


V[/*i 1 ^ 2 ] [Pa l/’J ± V[/’2 l/*3] [Pi \p4\ ± VLPs \Pi\ [p2 \P^ = o- 

Deduce Ptolemy’s Theorem, and interpret _ q 

If Cj, C2, C3, ^4, C5 be any circles, prove that the determinant 
whose (ij) term is [c, |cj] vanishes. Interpret this. 


8. For any four (coplanar) points p'„ ...,/> 4 , we have, for suitable k, 

kjPi +k2p2 +k3P3 + k4P4 +k5<? = o. 

The corresponding vanishing determinant connects the six dis- 
tances of the four points. (Cf. p. 307, Ex. 4.) 

9. If <r,, ..., C4 be mutually orthogonal circles, andp' a point on C4, 
and p = k, c, + k2C2 + kjCj, then 

k?rf-l-k2r2 + k§r2 = o, [C4 1(^4-^,)] = d- 

Now 4:4- r, is along o'^o'^, and has magnitude equal to the length of 
0,04, say 1. 

If p is the length of the perpendicular from O4 to o'^o'^, then 
pi = r|. Hence o\ is the pole of O2O3 for r4, and hence O1O2O3 is 
a self-polar triangle for 


10. If c^, C2, C3 be mutually orthogonal circles with centres 
0|, O2, 03 and k„ k2, k3 be the perpendiculars from o'„ 02, O3 to 
a transversal of triangle ©'jOjOj, then k3C2-k2C3 is a circle 

of weight k3 — k2, centre p^, orthogonal to c,. Hence, disregarding 
weights, k3(ri+<r2)-k2(fi+r3) is the circle on diameter o\p\. Hence 
the circle orthogonal to c„ C2, C3, i.e. the polar circle of <>',0203 (Ex. 9), 
is orthogonal to the circles on diameters o\p\, 02 p2, o'^p'^. 


It. If c^, ..., C4 be mutually orthogonal circles, then <r, +C2, C2+C3, 
<■3 +c, are circles on diameters o\ Oj, "a^i and are orthogonal to C4. 


12. If/)„ ..., />4 be point-circles, c, the circumcircle of p2pip\, and 
so on, let k|p, + ... +k4/»4 + 6^ = o. Multiply by |<r,, and we have 
I +bi[/'i ki] = o. Multiply by \0 and we have k, -i-k2 + k3 + k4 = o. 

Hence [/,, kJ-i + [P2 ^3] ' + [/>3 kal"' + [/’< kJ”’ = o. 

Also k,/>', -I- ...+k^p'^ = o, hence 


k,:k2:k3:k4 


[P2 P\ P’,] ■ - [P\ /a P\] • [P\ P2 P\] ■■ - [P\ P '2 P'il 

Hence [p' p' p\] [p, ki] = - [p', Pj P^] [P2 ka] 

~ [PiPa/’J [/’a kaJ “ ~ [/’i/’a/’aJ [/’< kj* 

(v. Staudt.) 
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13. If Cl, ^4 be mutually orthogonal circles, then 


rr2. 


r-2 = , 


For we can find kj such that + = 0, since circles form 

a spread of step four, and Cj, C4 are independent (§67-7). Multiply 
the equation innerwise by q, ..., C4, 0 and we find 

kir? = I, ..., ki-hk2 + k3+k4 = o. 

14. If Oj, ..., o\ be the centres of four circles, and tj, ..., t\ the 
powers of an arbitrary point with respect to the circles, then 

tf[0203 04]-t^[030>,]+t3Koi»2]-t![oio2"3] = “nst. 

If the four circles are orthogonal to a fifth, the constant is zero. 

15. If p\ q' be points such that all circles through them cut the 
circle c orthogonally, we say that the point-circles are * inverse * for c. 

Then there is a linear relation between />, q, c, say 

q = k^p + k2C, 

But q^=.p^^ o, 

hence 2ki [/) | c] -h kj = 0, ki(r- - d^) + k2 r^ = 0, 
where d^ = {p* -o'y. 

Hence q^r'^p + [(}?’-Y^)c, g = -— 


16. The result of inverting the point^circle p in c and then the 
point-circle obtained in is 




2[r, |/>] 2[c\p] 


.2^2 


c^c 


c+p. 


If [c l^i] = o, this is independent of the order in which the 
inversions are performed. 

2[k\c].^ 


17. If c, k be circles, and = 




'k-¥c, then r, c, are 


inverse circles with respect to k. The centre of k is the inverse of 0 
with respect to A, namely ^ 




18. If tf, t^, t^ be powers of the vertices of a self-polar triangle for 
a circle of radius r, with respect to that circle, then, if A is the area of 
the triangle, 

tft|t| = ~4^2r2, tf2 + t~ 24 .t -2 = r-'2. 
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§ 74. The six-circles theorem. 

The pairs of circles aby bcy cdy da cut respectively in points pyp ^ ; 

^1 5 if ^ concyclicy so are />i, ?i, ^1, 

For the circles are orthogonal to 6, c, d and to 

Cy dy a respectively. Hence \[{a + \di)cd^ is orthogonal to c, d for 
each k. 

Let \[bcd] = flj, \[cdd\ = ij, = Cj, |[a6r] = e/j, 

then 6j-f k^i, Cj+kiAi, k2Cj, a, ^kj^i are orthogonal to the 
respective pairs Cyd\ dya\ <2, ft; ft, r for each k. If now we take 
k so that (fti+kai)2 = o, these two values of k substituted in 
ftj 4- ka^ will give the pair of points in which r, d cut. The argument 
of §30-13 now proves the theorem, since four points are concyclic 
if, and only if, they are dependent. 

A special case of the six-circles theorem is the Pivot Theorem : 
If points dy eyf be taken on the sides ftc, cay ab of any triangle y then 
the circles aefy bfdy cde meet in a point. 

§ 75 . The sixteen-circles theorem.^ 

I . If the circles q^y ^3, orthogonal to c^y and ^2, ?3 to Tj, 
and q^y q^ to C29 and q^y ^2 to c^y and q^y q^ to c\y and ^2, % to C2, and 
^3, q^ to c^y and also c^y c^y c^ to q^ and rj, Ci^y c^ to q^y and c^y ^2, ^3 to 
^3 and Cj, Coy c^ to then q^y q\y q'oy ^3 have a common orthogonal 
circle c^y say. 



[We are not now using the convention that a dashed letter 
represents a point. The figure is schematic.] 

For 

q^ = \[c\c^c^, q 2 =\{cAc^, qi=\[CxC^c'^, \ . 

q\ = 1 [^^1 C2C3], 92—1 [^1 ‘^2^3]> 93—1 [^1 ^2‘^3]> 9 o = I [^1 '^2^3]) ^ 

• Cox, loc. cit. His proof is different, and it does not connect up with the 
‘Mobius identity*. 


FCE 
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and since Jq, q^, q^, q^ are orthogonal to the same circle, we have 


[9 i? 2?3 ?o] ■“ 

Hence [C]C2C3.CiC2C3.CiC2^3-^1^2^y 

Hence, by §39, 

Taking supplements, we have [9i92?Wo] = °> hence the 
theorem. 


2. If Cfj, Cj, C2, C3, c\, 4, 4 be point-circles, so is 4- 
For, we can adjust weights so that 


4 = X,Co + C3-C2, 4 = XjCo + ^l -‘^3» 4 = X3Co + yC2-C„ 

and then, since c^, 4> ^2* ^3 dependent, we have y = i. 

We can take the weights of the q, q' so that (i) are equations, 
and not merely congruences. Then 

?1 ~ ^1 |[^ 0 ^ 2 ^ 3 ]> ?2 ~ ^2 |[^ 0 ^ 3 ^ l ]> 93 ~ ^3 I [^ 0^1 ^ 2 ]’ 

ki = -Xi[coC2C3], and so on, by §56-5. 


[Cl44] = [c,(X2Co-<^3)(X3Co + ^2)] 

= -X2[CoC,C2] +X3 [CoC 3C,] + [CiC2^^3] 

= X2Xj'‘ I93-X3X2 * |92 + ^i‘^ 2 ‘^ 3 ]. (2) 


^0 = |[9l929y — |^i44-^I^2^"3-^i4<^3]- 
By (2) and similar equations, this equals the supplement of 

XiX^‘x^‘(Xl + X2 + X3)[c,C2C3|9293] + -" + -- 

= X,(Xi +X2 + X3) [c,C2C3-^o‘^3^1 •‘^0<^i'^2] + ••• + ••• 


= Xjrj + X2C2 + X3<:3. 


Hence 4^ = o. if (xiC, +X2C2 + X3C3)'^ = o, that is, if 


2'XiXj[Cj |Cj] = o. 

Now o = 42 = 2X,[Co|(C3-^^2)]-2[f2 ks]- 


Hence [^2 ^3] = Xi[co 1(^3 —^2)], and so on. 

IXi Xj[Ci |Cj] = X, X2X3[Co Iks “ ^2 + ^2 “ ^1 + “ ^s)] = O’ 

As a special case of this theorem in the Euclidean plane, we 
have: 

The circumcircles of the four triangles formed by four general lines 
meet in a point. (Miquel.) 
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Examples, 19. Prove the existence of Simson’s line from this 
theorem. 

Take ^o» ^2> Qz point-circles on circle Cq, and let ^2, ^^3 be 

sides of triangle 5'i^25'3- Let q, c^y c\ be circles on diameters q^qiy 
Then, since q\ is orthogonal to c^y Cg, ^^3, it is the point- 
circle at the foot of the perpendicular from 5^2 ^3- Similarly 

for ^2» q'z while q^ = |[^i^^2^3] the point-circle at infinity. Then 
[^1^2 ^3^0] = o shews the existence of Simson’s line. (Cox.) 

20. If q^y q^y q^y q^ be point-circles on circle and c^y c^y ^3, 

^2> ^3 circles on diameters ^2^3) ^z9.\y ^i^?2» ^o^?2» QoQzy 

then q\ is the polar circle of ^2^3^o» on, qQ that of ^i^2^3- 

Hence the four polar circles are orthogonal to the same circle. 

(Cox.) 

21. If Gy by Cy d be four points on a plane and p a point on circle abcy 
then the inverses of p for the circles bcdy cday dab lie on a circle through d. 
Use §31*10. 

If we take d at infinity in the inversion-plane, we have essentially the 
theorem on the existence of Simson's line. 

22. For that case of the sixteen-circles theorem where the c and 
the c' are all points, call c^ and c\ ‘ opposite * points. Then the inverses 
of a point c-^ in the four circles through the opposite point c[ lie on 
a circle through Cj. If we take Cq at infinity, we have: the centres of the 
circumcircles of the four triangleSy formed by four general lines in the 
planCy lie on a circle through the cut of the circumcircles. 

The last can also be shewn from Ex. i, p. 318 and the analogue 
of Ex. 65, p. loi. 

3. We can state the theorems in this section as follows: 

We know by the ‘Mobius identity’, §39*1, that if 

then =0. 

By 2, we now have also that, if 

(i = 1,2,3) 

and ~ °> 

then [r J C2 c'>:s • ^2 4 • ^1 ^2 ^3]"’ = o* 

As a theorem on quadrics, this says: If seven of the ver- 
tices of two Mobius tetrahedra are on a qiiadricy so is the eighth 
vertex. The eight vertices of two Mobius tetrahedra are associated 
points. 


21-2 
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§ 76. Some a^ebraic lemmas. 

I . If M, w be any three vectors in a spread of vectors of step 
three, denote the matrix 



[u 1®], 

[m |to]\ 

/a. 

h. 

[v |m]. 

[v \v], 

[v jw] j 

by (h. 

b. 


[to\v]. 

[a; \w]/ 

\g. 

f, 


and let a', b', . . . be the normalised cofactors of this matrix, that is, 
the cofactors divided by the determinant A of the matrix. Let 

a = vw, yff = wu, y = m®, these being signed angles. 

Then {uvwf = A, = a, — h, = c, 

[w |«)] = f, cos a = f/^bc. 

Let m', v', w' be defined by 

= |[w], v'd .v' = |[n«/], ^JA.w' = |[mw], 

and let at' = v'w', = to'u', y' = u'v' . 

Then a' = (be - f 2 )/J, [«' \u'] = [vwflA = a', 
cos a' = f'/Vb'e', [u'v’w'] = A-K 


U U r sin a A^a'b'c' 

Hence, by § 20-i (6), • 


sma 


The roots ^a, ^b, .^c must be related so that 
(VbVc + f)(VbVc-f) = bc-F, 
and so on. We write ^bc for V(bc), and so on. 


(I) 


2. In §21, we took n^, Nq as arbitrary non-zero scalars, and 
defined nj, n2, nj, N,, Nj, Nj by 

n,no • = cot^/ff cot^y, 

Nj No * = cot cot ^7', 

and so on. We then fixed the value of Nq by the formula 

2N0 = -no + nj-l-nj-l-no, 

but still left no arbitrary. (§21 (16), (17).) 

We shall now define no by the first of the following formulae; 
the rest then follow: 
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n„ = ^{zA ‘)\/{(Vl>c-f)(yca-g)(Vab-h)} 

= 4 “* ^abc . sin ia sin \P sin ^y, 

n, = V(2^~0 V{(Vbc - f) (Vca + g) (-^ab + h)} 

= 4^/1“' ^abc. sin cos cos^y, 

”2 == V(2'^~0 V{(\/bc + f) (v'ca - g) {yjah + h)} 

= .^abc. COS loc sin i// cos .Vy, 

ng = V(2^~0V{(\/t^c + f)(^/ca + g)(4,/ab-h)} 

= >>^'abc . cos la cos h/i sin iy, 

where, for example, ^bc means ^/b.yc, with signs as determined 
above. 

These formulae give at once: 
n^ = aa' + bb' + cc' -f 2f' ^bc + 2g' -^/ca + 2h' -^'ab — i ,' 
n'f = aa' + bb' + cc' 4- 2f' >y'bc — 2g' ^'ca — 2h' ^ab — i , | 
n? = aa' + bb' + cc' - af' ^ be 4- 2g' y ca - ah' -^'ab - i , 
n§ = aa'4’bb'4-cc' — af'^'bc — ag'^ca4'2h'-^ab— i.> 

From (a) we have 

n^ 4- nj =4 .^/abc , sin hoc cos l{/i — y) 

= 4 Y^/l~\/abc.cos |a' sin l(/?'4“ y') sin a cosec a', 
by §21(11). 

These and the formulae derived similarly, together with (i) 
and §21 (16), give us the formulae dual to (2) and (3): 

No = VM)vT(bV-f')(vVa'-g')(vVb'-h')} 

= 4 1 . ^/a'b'c' . sin hoc' sin yf sin I y', 

Nf) = aa'4-bb'4-cc'4-2fY^b'c'4-2g^c'a'4-2h ya'b'— I, 

and so on. 

Note that 

Nq = l( — Hq 4- nj 4- n., 4- 03) = a ^!ahc . sin rr, 

Ni = l(no — nj 4-n2 4-n3) = a>^^J '\'abc.sin(o' — a), 
and so on, from (a), §ai(i6), where arr = a4-//4-y. 

Also iioOi n^ng = 4.^ a'b'c', NqNj N2N3 = 4..I -*abc, 

sin a j nonin2n3 
sin a' "" v 
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3. We deduce some formulae we need later. We first quote 
§21(16), (17). 

No = |( ~ % + + *^2 + *^ 3 )» *^0 — K — Nq + N, + N2 + N3), I 

Nj = Kno-ni + na + nj), n, = KNo-Ni + Nj + Nj), I 

N2 = Kno + nj - n, + ng), n, = ^Nq + Nj - N2 + N3), j 

N3 = K*^o + "1 + *^2 ~ %)> = KNo + Nj + Ng — Ng). j 

( 3 ') 

These give 

n2 + n2 + ni + n§ = Ng + N? + Ni + Ni, 
ng + n?-ni-ni = 2(N2N3-NoN,),| 
ng-nf + n|-n§ = 2 (N 3 N, -NoNg), 
ng-nf-n^ + n^ = 2(N,N2-NoN3), 
N^Nf-Ni-Ni = 2(0203 -noHi), ( 

Ng - N? + N 2 - Ni = 2(03 n, - oo Og), 

Ng - Nf - Ni + Ni = 2(0, og - OoOg). J 

*^0^1 ■f‘^2’^3 ~ NgNj + NgNg, 
and so on, cycling i, 2, 3. 

From (3) and the dual formulae, we get 

n§ + nf + ri^ + n| = -4+4(aa' + bb' + cc'), 
ng + nj — n| — n| = 8f' ^hc, 
ng-n? + n|-n§ = 8gVca, 
n^— nf — n| + n| = 8h'^ab, 

N2 + Nf + N| + Ni = -4 + 4(aa' + bb' + cc'), 

Ng + N2-N^-Ni = 8fVbV, 

N2-N? + Ni-Nl = 8gVc'a', 

Ng-N?-N| + Ni = 8hVa'b'. 

From §21 (ii'), (11") we easily find formulae for cosa, sin a, 
and thence can write the duals: 

cosa = (n2n3-non,)(n2n3 + noni)-‘, 
sina = 2(000, n2n3)*(n2n3 + non,)-*, 
cosa' = (N2N3 -NoN,)(N2N3 + NoN,)-*, 
sina' = 2 (NoN,N2N3)‘(N2N3 + NoN,)-*, 

and so on. 
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We deduce 

-ng + nf + n| + n§ 

+ 2112 Uj cos a' + auj n, cos P' + 2nj 03 cos y' = 4. (4) 

For, by (3'), (3"), 

40203 = N2 + Nf-Ni-Ni + 2(NoN, + N2N3), 

-ng + nf + n^ + n| 

= -HNi + NH m + NI + 2(No N, - N 2 Nj) 

+ 2(NoN2 - N3N,) + 2(NoN3 - N, N2)}. 

By (3"') (NoN, + N2N3)cosa' = N2N3-N,N,. 

Hence the left-hand side of (4) equals 
KNg + N? + Ni + Ni) + KNg + Nf - N| - Ni) cos a' 

+ KN§ - Nf + Ni - Ni) cos p' + A (Ng - N? - Ni -h Ni) cos y' 
— I( ~ 4 + 4(aa' 4- bb' + cc')) + 4(ff' + gg' + hh') 

= 2( — I + aa’ + hh’ + gg’ 4" hh’ t- bb’ -I- ff’ + gg’ 4- ff’ + cc’) = 4. 

We also have 

Ni(o, n, + no 03) (03 n, + iiy nj) 4- N2(n, nj - Oq n3) (n3 n, 4- no nj) 

+ N3(n3n, - nonj) (n, n2 + non3) 

= No((n,n2-non3)(n,n3-non2)4-4nonin2n3). (5) 
For this formula is equivalent to 

Of o, n3( - No 4- N, + Nj + N3) - 05 n, n3(No - N, + N2 -1- N3) 

4 - OqO, ni(No + N, - N., -I- N3) 

4-OoO,ni(No-l-N, + N2-N3) = 40005 0303 No, 
and the left-hand side of this equals (using 3’) 

2O0 n j 02 n3( — no 4- 01 + 024-03) = 4000, 0303 No- 

§ 77. Theory of three circles. 

I. If Cj, C2, C3 be the circles, vve shall denote [c; |Cj] by the letter 
in the ij place in the matrix 

/a, h. g\ 
h, b, f . 

\g, f. cl 

Thus c\ = r'f = a, [c, |c2] = h, and so on. We denote the 
normalised cofactors of the elements of the determinant of this 
matrix by a', h’, ... and so on, the determinant itself by A. 
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Thus = be— = [C2C3]*. 

We take the signs of ^a, ^b, so that these quantities are r 1 , r.^, tj, 
and we define the angles between the circles, when these meet, by 
cosa = f(bc)~*, cos /? = g(ca)“*, cos 7 = h(ab)“^. 

2. If c,, C2, Cj be independent circles, J the circle orthogonal to 

them, first suppose j is a proper circle and assume 

s = k,Ci 4-k2C2+^<^3+J^^> = f"- (i) 

This assumption is permissible, since circles form a spread of 
step four, and Cj, C2, Cj, 6 are independent. For if 

ljC[ 4'l2r2 4-l3C3 = 0 , 

then, substituting for 0 in (i), and then multiplying scalarwise 
by 5, we find s* = o. Omit this case. 

Multiply (1) scalarwise by c„ c^, c^, s, 0 respectively, and we have 

— k = ak, 4- hk2 + gkj = hki + bko + fk^ = gkj + fk2 + cka, 
k = r^, i=kj + k2+k3. 

Hence 

-k(a' + h' + g') = ki, 'j 

-k(h' + b' + f') = k2, 

-k(g'+f' + c')=k3, • (2) 

- r2(a' + b' + c' + 2f' + 2g' f 2h') = I , 

— r* = akf -f bkl *f cki + 2fk2k3 4- sgk^kj -f 2hk, k^. 

Hence 

5 == - + h' + g') + (h' + b' + f) C2 -f- (g' -f f + c') ^3) + 

where is given by (2), 

If the orthogonal circle a' is a line, then 

[^I^J — k , -f k2 -H k^ = o, kj(o^ - O3) -f k2(o2 ~ 03) = o. 

Thus ki(ci —^3), k2(c2 — c^} are equal parallel rotors in opposite 
senses*, their sum is a multiple of and « o, the case omitted. 
We assume that a' + h' + g', h'4-b'-ff'> g' + f + c' are all 
distinct from zero. 

3, Introduce circles ^2? ^3 defined by the equations: 

(a' -f + g') = a'q 4- hV2 + g V3, 

(h^ ■+• b' -h r) = h'cj 4“ b'c2 4- 1^3, 

(g' -b f' -f c') ^3 = gVj 4- 1^2 4- dcy 
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Then 

(a' + h'+g')[^, |c,] = a'a + h'h+g'g = i, 



(a' + h' + g') [d, IC2] = a'h + h'b + g'f = 0 . 


Hence 

[rfjc,] = -r2kr'. [^ik2]=o, [d,\c,]=o. 



These and the similar equations shew that the circles d2, 
in the bundle fixed by are each orthogonal to two of 

^2, C3, as well as to 5, the orthogonal circle of c^y Co, ^3. 


4. We have 

(a' + h' + g')K !^i] - \d,] = -a'r%^^ 

(h'-f b' + f)K 1^2] = h'[q \d,] = -h'r%r^ 

so that [rfj \d{\ = a'r%f2^ h'r%f 

5. Since ^^2= ^3 = |[^^i^2]> ^^e angle (x between d^, d^ 

is given by 

, r , Iscy Cy] cos /y cos y — cos a 

cosa = r, '7r - io = ” • ' • 

6. Problem of Apollonius, Gergonne^s construction. 

If the circle t touches the distinct real circles c^y c^y c^y then 
[fCiP = o, [t\c^f = thl. 

For internal touching l^^i] = yjt-^lcf; for external touching 

Hence M 

ri 1-2 r., 

Now r ;7 ^^^2 “* ^3^ ^^3 is a circle whose centre is the external centre 
of similitude of ^2, C3. If / is a rotor such that 

U\i^2^^2-^3^h)] = o and [/|(r^-*C3-rfVi)] = o, 
then "‘^^^^2)] ~ 

Hence, by §72-2, the external centres of similitude of pairs of 
circles Co, c^ lie on the same line /, say, the axis of similitude. 

For example, let t be the circle touching Cp ^2, ^3 internally; let 
s be the circle orthogonal to Cp ^2, c^ Then 

[f l(r.7'f2 - rj-'ca)] = o, [^ |(r2-*C2 - ra-'cj)] = o. 

Hence /, Sy I are dependent, since c^^^Cy 
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Let / = 54-k/, then t — +k/. But t — c^ is the tangent 

at the point of contact of t and since it is their radical axis 
(§71-6). Hence this tangent goes through the cut of I and the 
radical axis ^ — of ^ and r,. 

Thus we have the construction : draw the common orthogonal 
circle ^ of Cj, Cg, c^. Let the radical axis of s and Cj cut the external 
axis of similitude in />, then the tangents from p to touch at 
points of contact of the tangent circle required. 

7. The tangent circles. Let t^ be the circle touching rj, Cy^ c.^ all 
internally, and let Pq be its radius; let t^ be the circle touching all 
externally and let p^ be its radius. Let t^ be the circle touching Cy 
internally and ^2, c.^ externally and let py be its radius. Let t\ 
be the circle touching Cy externally and c^y c^ internally and let/Oj 
be its radius. Similarly for 4 - 

Let s be, as before, the circle, of radius r, orthogonal to Cj, €-2, c^. 

Let t be any one of the tangent circles, and p its radius, and let 
t = ki^i +k2r2-l-k3r3 + k5. (i) 

This assumption is permissible if Cj, C2, ^3, s be independent. If 
they are not, we shall have Ij^i -h 12^2 + 13^3 = ^ some 1 not all 
zero. Inner multiplication by s gives = o. Then if ly o, we have 

[^1^2^31 ~ [’^^2^3]» ^T[^1^2^3]“ ~ [^^2^3]^ ~ [^1^2^31^ ~ 

Hence (§73*10) either Cyy ^2, c^ are dependent or have a common 
point. We exclude these cases. By (i), — p^y and 

[t 1^1] = eypvyy [t 1^2] = € 2 pr 2 y [t 1^3] = e^pr^y 


where Cy are ±1, according to the nature of the tangency. 

Inner multiplication of (i) by 6^, Sy Cyy ^2, C3, t gives, since 
rf = a, and so on. 



I = k, 4-k2 + k3+k, [<|s] = kr2. 

( 2 ) 


e,/>ri = ak, +hk 2 +gk.),j 
e^pr^ = hk, + bk2+fk3, - 
= gki + fk2+ck3.j 


(3) 


/o 2 = p(ej k, r, + Cj ^2 r 2 + ^s) + k^r 2 . 

(4) 

Hence 

k, =/)(e,a'ri +e2h'r2 + e3g'r3),| 
k2 = p(eih'r, + e2b'r2+e3f'r3), 

i 

(5) 


1^3 = +^2f'r2 
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-k2r2 = yo2(aa' + bb' + cc' 

+ 262 % f ' ^Jbc + 263 e, g' ^ca + 2e, £3 h' ^ab - 1 ) 


33 » 


: p2n2, 


( 6 ) 


say, since 
From (5) 


a = rf, b = rl, c = r|. 


^ = P{^i ri(a'ci + h'c2 + g'cj) + £3 rjCh'c, + b'£2 + £'£3) 

+ ^3 + f '^2 + c'cj)) + kr 

= p{£, r,(a' + h' + g') //j + £2 r2(h' + b' + £') <^3 

+^3r3(g' + f' + c')<^s} + ki- (7) 

The expression nj in (6) is no of §76, if £j = £3 = £3 = i ; it is 
n, if £, = I, £3 = £3 = — I ; it is nj if £3 = I, £1 = £3 = - 1 ; it is 

03 if £3 = I , £j = £3 = — I . 

For these values t is respectively t^, t^; if we change the 
signs of the e throughout, we obtain t\, t'2, t'y 


Examples. 23. We havepo ‘/q+Po = Hence the centre of r is 
the centre of similitude of /g and 

24- /’o ' ^/^r' +/’r' = ^o~' +/’]”' +P2~' +/’3~'" 

(Multiply (7) by 0 .) 

25. Absorb the e into ^'a, ^b, ^/c so that y'a now stands for fijVa 
or r, which may now be of either sign, then (3), {4) give 

p = k, r, + k2r2 + kjTj +yo->k2r2, 
k2(r2-rr‘h) + k3(r3-rf >g)+p-'k2r2 = o. 

From these, and the equations similar to the last, eliminate k,, k2, k3 
and deduce 

-p-'Vr-A = 2(^/bc-f)(y'ca--g)(^^ab-h) = zlnf. 

26. Form the determinant of the inner products of Cj , ^2, Cg, j, and 
by expanding it, deduce the last equation of Ex. 25. 

27. Discuss the conditions for the reality of the tangent circles. 


8. Hart circles. Suppose a circle h of radius 1 can touch 
externally and t\, toy t'^ internally, and let 

\~^h = XjCi +X2r2-f XgCg + x^. 


Then [A|fo] = -/>ol. [h\t\\=p\\ (i=i,2,3). 

[^1 kl] ~ [^I 1 ^ 2 ] ~ Pl^2f [^1 ks] ~Pl*'3* 


( 8 ) 
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Also [t\ |j] = — i)/5(njr. For by (i), (6), since [c, |^] = o, we 

have [t[ jj] = kr^ = ^( — i)/c»[njr. 

Similarly [l^ |^] = 

By inner multiplication of (8) by d, tf^, t\, we have 

1-1 = X1+X2 + X3 + X, 

{Po 1 )"^ [h I <o] = X, T; + x, r2 + X3 rj + xr v'( - 1 ) Ho, 

{p\ l)-i [h I ^i] = - Xi rj + X2 r2 + X3 r3 + xr y ( - 1 ) n„ 
and so on, giving 

I = -XiT, -X2r2-X3r3-xrY'(- i) n,„ 

I = -Xir, + X2r2 + X3r3 + xr.^/(-i)n,, 

1= Xir,-X2r2 + X3r3 + xr.^/(-i)n2, 

1= x,r, + X2r2-X3r3 + xrv'(-i)n3. 

Using the definitions of Nq, N,, N2, N3 in terms of Hq, n,, 03, 03 
(§ 76), these give 

xrV(-i)No = 2, xr^(-i)N, = -2x,r„ 

xr^'(-i)N2 = -2K^ro, xry'(-i)N3 = -2X3r3. 

Hence, from (8), 

— = rf‘N[.c, + rj‘N2.c2 + r7iN3.r3 + 2^/(-i)r“‘f. 

(9) 

Now }p = F, [r, 1 ^] = 0, c\ = rf, [c, jcj] = r2r3COsa, and so on. 

Hence, squaring both sides of (9), we must have, for con- 
sistency, 

-N2-(-Nf-FN| + N2 

+ 2N2 N3 cos a + 2N3 N, cos /? + 2N[ N2 cos 7 = 4, (10) 

and if this is true, then h exists satisfying the conditions set 
down. 

But the dual of (10) was shewn in §76. Hence (ro) is true.* 

Hence there is a circle touching externally and t\, t'2, in- 
ternally. Similarly there are, eight circles touching four of the 
circles t^, t^, t'^, t',, t2, and not orthogonal to s — Hart 

systems of the first kind. 

* If the circles do not cut, so that a, /?, y are imaginary, we can replace 
cos a, ... by their algebraic equivalents in § 76. This remark has general 
application. 
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9. Let 6 be the angle between h and Cj : multiply (9) by |cj, then 
— NqCos^ = Nj +N2 cosy +N3 cos/? 

= N +N ^i ^2~ iioii3 I 113^1 ~iio% 

' ^n,n2 + nj,n3 ^n3n, + non2 

= N ("1 "2 - »o "3 ) (Pi 113 - Up "2 ) + 4noni 02 »3 
” (Ill*l 2 + I'oll 3 )(ll 3 lll+Iloll 2 ) ’ 

by §76-3 (s)- 

Hence — cos 0 = cos cos y + sin /? sin y, 

7 r -0 — Ji—y, and similar equations. 


10. Hart systems of second kind. The circle 

r-i/t' = yiri+y2C2 + y3r3, 

of radius 1', is orthogonal to s. Suppose it touches t^ externally 
and t\ internally, then 


I 


-yiri-y2r2-y3r3. I =-yiri + y2r2 + y3 
(rf = a, ri = b, r§ = c). 



Hence - i = y, r„ o = y2 r2 + y3 r3, 

I = yfa + yib + y§c + 2y2y3f+2y3y,g + 2y,y2h 
= i+ 2 y 2 y 3 (f-r 2 J' 3 )- 2 rr‘(y 3 g+y 2 h), 


f-r2i-3 = gri ‘y2"‘ + hrr‘y3"' = (gr2-br3)rf ir2-'y2-* 

= -(gr 2 -br 3 )rr‘r 3 ->y 3 i. 


Hence I'-W - -rf'c, +S'?--~'!(rr'rr'c,-rr 


Irrl 


<^3)- 


This circle orthogonal to j and touching /q, t\ will also touch 
<0, <1 internally and externally respectively; for the condition for 
this is also (i i). There are six circles of this kind. 


Examples. 28. If we seek the circle which touches t{ externally 
and <0, t'2, <3 internally, we get the equations 

— I = fl ~X 2 *’ 2 ~* 3*’3 ~ V( ~ 

-I = -Xir,+X2r2 + X3rs + ^(-i)xrn„ 

-I = -x,r,+X2r2-X3r,-^{-i)xrn2, 

-I = -x,r,-X2r2+Xjr3-^(-i)xrn3. 
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Adding the first two, and the second two, we have 
x(ni - no) = x( - n2 ~ n^), xNq = o. 

Hence in the general case, when Nq ^ o, we have 

X = 0, Xiri = I, X2 = X3 = 0. 

Hence the circle sought is as it should be. 

29. Investigate the meaning of Nq = o. 

II. Casey's criterion. If t is any circle touching four in- 
dependent circles q, then \t\c^^ = fcr. 

Let kjj = \c^ I^Tj], (i, j = i, ...,4), = r“, 

then, absorbing the sign in r, 

[f|Ci] = rVkii. 

If i = kiCi + k2^:2 + k3£:3-|-k4C4, then inner multiplication by 
gives 

r = kiv'kii + k2Vk22 + k3Vk33 + k4^k44, 

r^kii = kikii + k2ki2 + k 3 ki 3 + k 4 ki 4 , 

and so on. 

Eliminating the k^, we get a determinant which must vanish, 
composed of the determinant of the kjj, bordered in the first row 
and column by the elements i, \/^22> V^33> ^^44- 

If we write Ijj = k^j — (kjikjj)^, it will be found that the deter- 
minant factors into 

{-ai2l34)*-(l23ll4)'-(l3.l24)‘}{- + +}{+ ' +}(+ + -]> 
the terms in each factor being the same, with the signs as in- 
dicated. 

Hence, if t touches Cj, ...,^4, one of these factors vanishes. 

In particular, if is a point-circle, then 

012^34)^ ± 023^14)^ ± O31 ® 

is satisfied by points on a circle touching c^y c^y and I14, 124, 134 
are powers of the point in Cj, c^y 

We could also shew Casey’s criterion, by deducing from (12), 
equations such as 

(^12 ““ (^1 1 ^22)^) ^2 4 " (ki3 (kj j k33)l) k3 + (kj4 — (kj j k44)^) k4 = o. 
These give a four-rowed determinant which factors at once. 
The resulting condition can be written 
[c, C^C^C^Y = Uc^i[C2C3C^] - + Vc§[c, C^C^] - 
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12. Circumcircles of arcual triangles. Consider the circum- 
circles of the arcual triangles formed by the circles Cp ^2, 
assuming that each two of these circles intersect in two distinct 
points, the six points so obtained being distinct. 

Let «; = kiCi + 1^2^2 4-1^3^3 4- be such a circumcircle, then 
since Wy €2, meet in a point, we have [wc2cf^ = o and similar 
equations (§73’ 10). 

Now [^^2^3] = kj[cjr2^:3]4-k[^C2C3], 

[c, C2C3 |^^r2C3] = o, since [s |c,] = [s \c2] = [s jcj] = o. 

Hence o = kf [c, C2C3f + k2[jC2C3]2 = kf zl + k^Aa'r^-, 
where s'^ = r^. 

Hence kf 4-k2a'r- = o. From this and similar equations, we 
deduce 


k‘fa' 


= klb'-' = k|c''i = -k^r^. 


Let = W“, then we can put, for some k'. 


%v I 

— • = ^a' c, + y/b' C2 + v'c' C2 + v( - I ) r~' s. 
w 


Thence 


k '2 = aa'4-bb'4-cc'4-2fvb'c'4-2g>v'c'a'4-2h-\''a'b'- I = N 5 . 

We may hence take k' = Nq, and obtain the eight circumcircles 
by choice of signs of y'a', ^b', >^/c'. We get nothing more geo- 
metrically, if we reverse the sign of i. Thus: 

Nq w ^ ^1 + \ b' Co 4- vc' c^ 4- V ( - I ) 
c^-^IW Co-y^lc' 

and so on; Woy correspond to signs — I — and h for the 

first three terms on the right-hand side ; while Wq, w\ , Woy corre- 
spond to signs , — 1-4-, 4 h, 4-4 — . 

The radii are connected by the equation 

Wq ' 4- w f ^ 4- W.7 ^ 4- w^ ^ = Wo“ ^ 4- w ^ 4- w^” ^ 4- w'f ^ . 

With the circles as in 3 , we have, for tv = zvq, 

[wld,] = ^yNo^^a'.(a'+h'-i-grK 

[w 1 ^ 2 ] = wNo 1 Vb' . (h' 4- b' 4- f')-^ 

[«,|(/3] = wNo-Vc'.(g'+f'+c')-‘. 

[wls] =wNoV(-Or. 
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13. Larmor circles.* We shew there is a circle / of radius 1, say, 
touching Wq externally and tOj, W2> ^3 internally. 

Suppose 1~’/ = nij di + 012^2 "i" nis^^s 4- nw 
satisfies these conditions, then 

- Wq = !“*[/ IrOo] = l^'o] + ^^2^2 l“’o] + '^ 31^3 l“’o] + l*‘’o]- 

Hence 

— Nq = nij y'a' . (a' + h' + g')~* + ni2 ^b' . (h' + b' + f')"* 

+ m3 Vc' . (g' + f' + c')-‘ + m V( - 1 ) r- 

Similarly 

Nj = mj ^/a' . (a' + h' + g')“* — mo ^b' . (h' + b' + f')“* 

— m3 . (g^ + + c^)“* + m .y/( i)r, 

N2 = - m, v'a' . (a' + h' + g')”' + m2 ^b' . (h' + b' + f')"' 
-m3^c'.(g' + f' +c')“' +m V(-i)r, 

N3 = - m, Va' . (a' + h' + g')-* - m2 ^b' . (h' + b' + f')-‘ 

+ TCi^^c' . (g' + f' + c')“* + m — 

Hence no = 2m^( — i)r, n, = — 2mj<y/a'.(a' + h' + g')“’, — 
1-'/ = - ^n, a'-J(a' + h' + g') rf, - in2b'-i(h' + b' + f') <^2 

- ^nj c'-i(g' + f' + c')d3-y{-i)r-\s. 

The circle / will exist if the inner square of one side of this 
equals that of the other, that is, if 

I = (m,</i + m2</2 + "™3‘^3 + ’^)^' 

Now, by 4, d\ = a'(a' + h' +g')“2 = nj/4mj, 

= = 0 (i= 1,2,3), 

[</i \d^ = h'(a' + h' + g')“*(h'H-b' + f')“* = h'nj 02/4101 m2'\/a'b . 
Hence the condition is 

I = J(nf + n| + n§ — ng + 2f '(b'c')"* Oj 03 

+ 2g'(c'a')-* 03 n, + 2h'(a'b')-* Oi 03) 

which is true by § 76 (4). 

There are in all eight circles which touch Wg, a),, n;2* ^3 
are not orthogonal to s. These correspond to Hart systems of the 
first kind. There are also systems corresponding to the six Hart 
circles of the second kind. We leave these to the reader. 

• A. Larmor, Proc. Land. Math. Soc. Ser. i, 23, (1892), p. 149. 
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14. Application to quadrics. Theorems such as those on the 
Hart and Larmor circles in the plane can be changed, by inversion, 
to theorems on circles on a sphere, and then by projection, to 
theorems on plane sections of a quadric. 

In our method, this is secured at once by replacing circles by 
plane sections of a quadric, supplements being taken with respect 
to the quadric. Orthogonal circles are then replaced by conjugate 
plane sections, point-circles by tangent planes. 

The theorem on Larmor circles becomes : If three plane sec- 
tions of a quadric meet in the pairs of points py^p \ ; />2,/>2*> Psjp'^y 
the sections of the quadric by the planes p\p2pzy P\p2pv P\P'2pzy 
PxPiP’s ^ plane section; so do the sections by the planes 

P\p2p‘Sy P\p2P^y P\P2Pzy P\p2Pv 

We may of course put the hypothesis in the form that pip\^ 
p2p2y P^P'i concurrent. The theorem is also true when the 
quadric is a cone. (We leave the consideration of supplements 
with respect to a degenerate quadric, such as a cone, as an exercise 
for the reader.) We could also adopt the dual interpretation, 
treating as a point, and as a plane section of a quadric. 


Examples. 30. A circle w makes equal ‘ angles* with d^^ ^3- 

For No w-^et^ \d{\ = [c, \d,] = (a' + h' +g')-^ = ^df. 


Hence 

and so 


NoW-i[ 74;|5] = V(-i)r. 

[a ;|5] 

K sid'i ' 


Or we can shew the theorem directly as follows: Let Cj, C2, c^ cut 

P\y p2> P'3 (^2» ^3 P'\ Then since Sy d^, p^ are ortho- 

gonal to C21 ^3> they are dependent. 

Let s = x/>i -f yJj. Multiply this in turn innerwise by w, /)j, 5, then 
if w goes through p\y p2, p'^ we have 

[w \s] = y[w \d^], [i !/>,] = y[<fi |/,,], =, x[/,, |^], 

(since [s |^/|] = o). 

Hence 5 - = xy[£/j 

But s^ = (x/>i +y^/i)^ = 2xy[pi 1 ^^] +yVi. 


FCE 


22 
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Hence 

^2 = _y2^2^ ^ _y2[^ |^^]2^2 ^ |^]2^2^ 

as before* 

31. If ^0 = --■^l~^2-^3+y0^» = -^l+^2+^3+yi^» 

h = ^l~^2+^3 + y2^> h = <^l+^2-^3+y3^» 
then ^2 ^0 ^3 ^0 ^1 ^3 ^0 ^ 1 ^2 

= i6ri^:2^3+4^2^3<“yo”yi+y2+y3) 
+4^3^i/(--yo+yi-y2+y3) 
+4^i^2<--yo+yi+y2-y3)- 


§78. Circles in normal form. Plucker's construction. 

If is a proper circle of radius r, then k = cr~^ is said to be in 
* normal form'. Then /e^ = i . As we still allow pure imaginary radii, 
we must allow our circles to be multiplied by pure imaginary 
weight factors. 

The circles k^ + k2^ k^ — k^ are the Hnner' and 'outer power 
circles' of /jj, /j 2- Since 

[^ll(*l-* 2 )] = -[^ 2 l(^l-^ 2 )]> [^ll(^+* 2 )] = [^ 2 l(^I+^ 2 )]. 
the power circles bisect the angles between and /f2* 

Since [(^1 4-/^2) K^i “^2)] == power circles cut ortho- 

gonally. 

If ^1, ^2 touch externally, then [k^ \k2] = -i, and k^+k2 is 
the point-circle of contact. For 

{k^+kff = k\ + kl^- 2 [k^ 1/^2] = o, 

[M(^+^ 2 )] = [^ 2 l(^.+* 2 )] = 0 . 

If*, , *2> ^3 be any circles, in normal form, then the outer power 
circles of pairs of them are coaxal, for 

(*2 - h) + (^3 - *1) + (*i - h) = o- 

Let t be any circle touching *,, *2. K with like contact; all 
circles of the coaxal system containing the outer power circles 
cut t orthogonally, for [t |(*2-^3)] = o, and so on. 

In the coaxal system mentioned is a circle a,, say, such that 
[*, |a,] = o; then [t ia,] = o and hence [(*, ± t) |a,] = o. Hence 
*, + 1 , the point of contact of *, with t, is on a„ the sign being + 
or - according as the contact is internal or external. Thus by 
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drawing Aj, the circle in the coaxal system of outer power circles 
which cuts orthogonally, we find the points of contact on of 
circles touching /jj, ^2> ^3* Similarly for the inner power circles. 

The changes to be made in the earlier formulae, when the 
circles are taken in normal form, are obvious. For example if 
circles k^y ^2 real radii cut, then cos(^i,/j2) = [^1 1^2]- 


Examples. 32. Four circles ^j, ^2> ^3* ^4> taken in cyclic order, are 
such that each touches its two neighbours externally. Then their 
points of contact are concyclic. (Cf. §74 and §30*13.) 

For, taking the circles in normal form. 

The points of contact are 

/?! “f" ^2» ^2 ^3 

These are concyclic, since 

(A, + A2) - (A2 + A3) + (A3 + k^) - (A4 + A,) = o. (§ 737.) 

33. If ^1, ^3» ^4 be circles (in normal form) of radii r,, rg, rg, r,, 

and each touches each externally, then -Trr^ = 22>["*rj“^ 

For we can find scalars Xj, ...,X4 such that Xj/fj -h ... +X4^4 = 6. 
Multiply innerwise by k^y /e2, A3, k^y Oy and we find 

(i) X| — X2 — X3 — X4 = \0 |/fj] = rf * and similar equations, and 

(ii) rf‘x, + ...+r4-‘x4 =0. 

Hence rf 4-r.7‘'^ 4-r^^ + r7‘*^ = 4 (xy - h x?, + x| + x|), 

Srf'rj-' =4Vx.Xj. 

From (i), (ii) we deduce 2xj = 2 2xjXj. Hence the theorem. 

34. If ky k' be two circles, and each touch both in like ways, 
and ^2» ^3 each touch both in unlike ways, and 0^ be the angle between 

and ^j, then 

^12 — ^13 — ^24 — ^34 “ 2n7Ty 
if the signs are suitably chosen. 

For [k\k,]= [k'\k,]=e,y [k\k,] = -[k'\k,]=e,y 

[A|A3] = -[A'|A3]=e3, [A|AJ= [A'|A,]=e,. 
where Cj, ..., are ± i. 

Then k — e^k^y ^ — €2^2* ^”^3^3* k — e^k^ are concyclic; hence, by 
§30-12, 

V[(A-e,A,)|(A-e2A2)] ((A-e3A3) |(A-e,A,)] ± ... ± ... = o. 


22-2 
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This gives V(«i ®2[*i 1*2] “ 0 (^s fi4[*3 1 *4] - 0 

± V(e 2 e 3 [* 2 1*3] - i)(eie 4 [*i 1^4] - 0 

± V(esei[*3 1 * 1 ] - 0 (e2e4[*2 1*4] - 1 ) = o. 

Similarly ^'+e2^2> *'+^'3*3, k' -e^k^ are concyclic, and 

we have a formula obtained from the last by changing the signs 
of 62, €3. Comparing the two, we find 

V(e,e2[ft, 1*2] - i)(e 3 e 4 [* 3 1 * 4 ] - 0 

± V(e3ei[*3 1 * 1 ] - i)(e2<J4[*2 1*4] “ 1 ) 

= ± V(eie2[*, |A!2] + t)(e 3 e 4[*3 1 * 4 ] + 0 

± V(®3‘='l[*3 1 * 1 ] + l) (^2^4[*2 1 * 4 ] + l)- 
To fix ideas, take all the e to be + i, then we have 
sin ^612 sin ^^34 ± sin sin i6^24 

= ± cos 1012 1^34 - 2^31 2 ^ 24 > 

cos i (^12 ± ^34) = i 2(^31 ± ^ 24 )> 

whence the result. 

35. The circles which touch one e-circle of a triangle internally and 
two externally meet in a point. 

36. For circles in normal form, the inverse of in k is 

k^-2[k\k,]k. 

§ 79. Steiner^ s closure theorem* 

I. Let b be real circles, and for convenience of representa- 
tion, take a inside b. Suppose all circles are in normal form, and 
let the circle c touch a externally, and b internally. Then 

[a |c] = - I , [6 |c] = I ; hence {{a + 6) |c] = o. 

Let a — b = xdj then 

[{a + b)\d] = x-^[{a-^b)\{a-b)] = o. 

Hence c, d are in the bundle \{a-\-b), (§73*5.) 

Since d"^ = i, we have 

x2 = a^-2[a\b'\->tb^ = 2(i-[a|ft]). (i) 

For all c which touch a, b in the required way, 
x[c\d] = [a\c]^[b\c]^ -2. 

* The treatment which follows is adapted from Mehmke’s dissertation. 
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2. Let /be the circle in the pencil \cd\ orthogonal to d, then 
/lies in the bundle |(a + 6). Hence 

U\d\ = o, [/|(« + i)] = o = [/|(a-6)]; 
hence [/|«] = [/|i] = o. 

Thus as c varies, / describes a pencil of circles. 

Let r = Xi</+y,/, 

then I = = xfi2 + y2y2^.2x,yj[<^|/] = xf+yf. 

Also [c |rf] = X,. Hence xxj = — 3, and by (i), Xj and therefore 
yj have constant values as c and/ vary, 

3. Letc^, Cp Cj, ... be successive positions of c, and/(,,/i,/j, ... 
corresponding positions of /. Let each c touch its two neighbours 
externally, and we have 

c„ = x,</+yj„, c, = x,</+y,/„ r, = x,d+yjj, ..., 

K k.] = k. kj = ... = ki |Ci+j = ...=- 1. 

Hence — i = xJ + yJ[/j l/j+j]. Thus [/ |/i+i] is independent of i. 
Let it equal cos a. 

Then 

sin^ \oi = J(i -cosa) = ^^'2) 

i-xj x2-4 i-{-[a\b] + 

where tj, are the radii of a, 6, and d the distance between their 
centres. 

The last fraction is less than i, hence a is real. 

4. If Cq = then and as the / are in a pencil, and 

[/i l/i+il cosa, we must have na = zmTr for some integer m. 
Conversely, if a be given by the last equation, the sequence of 
the / closes, whichever circle of the pencil of the / we begin 
with, and hence the sequence of the c closes, whichever circle 
touching a externally and b internally be taken for If 7r/a be 
irrational, the sequence does not close. 

5 . The points of contact of the c with one another lie on a -f i ; 
for since [c^ l(« + ft)] = o, !(« + ft)] = o> we have 

[ki + c,+,)l(a+6)] = 0. 

But Cj + Cj^., is the point-circle of contact of Cj with 
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6. If py q be the point-circles in the pencil [aft], then every 
circle through p, q cuts a, ft orthogonally. Through p, q draw^j so 
that [gfj |Cj] = o, then goes through the points of contact of 
with b. For ^ ^ ^ 


give [^j I (a + rj)] = o, |(* - Cj)] = o, 

[^j 1<^] = o. r?jl/j] = o- 

The last equation shews that two circles^ cut at the same angle 
as the corresponding/. 


7. Pappus^ ancient theorem. Let a, ft touch internally, and let 
^ 0 , ^^1, ^2’ ••• to^ich a, ft in unlike ways; let a, ft, Cq have collinear 
centres on the line-circle /. Let each c touch its two neighbours 
externally. Then [^^n 1 ^ = 2n. We leave this to the reader. 
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CHAPTER XII 

ORIENTED CIRCLES AND 
SYSTEMS OF CIRCLES 

§ 8o. Sums and differences of oriented circles,^ 

1. Consider the circles which lie in a fixed plane, all the 
elements of which we speak being real, and for convenience take 
the plane horizontal. To each circle attach an orientation or sense 
of description. When this is reversed, we have an 'opposite' 
oriented circle. Then each oriented circle can be represented by 
the point on the vertical line through its centre, at a distance from 
the plane equal to its radius, the point being taken above the 
plane if the sense of description of the circle is widdershins, 
otherwise below the plane. If to a point on the plane we make 
correspond a 'point-circle' with that point as centre, we have 
a one-to-one correspondence between our oriented circles and 
points of space. 

By a 'circle' in this chapter we mean 'oriented circle', A rotor 
of course always has an orientation. A rotor ' touches' ^ or is a 
'tangent' to, a circle when it has just one point common with 
the circle, and the sense of description of the circle and the sense 
of description of the rotor, at the point of contact, are the same. 

Two circles 'touch' or 'are tangent to one another' when they 
have just one common point atid the senses of description of the 
circles at this point are the same, 

A circle or rotor 'touches' any point-circle whose centre lies in it. 

Two circles which do not touch have either two common 
tangents or none, 

2. We denote circles by small letters; if o be a point-circle, we 
denote its centre by o' ; thus o and o' coincide geometrically, but 
their natures are different. The point-circle at the centre o\ of 
the circle Cj is denoted by if rj be the radius of q, we write 
Ci = Oj -f rj (j), where ^ is a fourth unit extensive. The opposite 
circle is r. = Oj — (j), 

• E. Miiller, Monatshejte Math, Phys. 9 (1898), p. 269. 



344 ORIENTED CIRCLES AND [CHAP. 

In the space representation of i, ^ may be regarded as a unit 
vector perpendicular to the plane of the circles. 

Circles form a spread of step four. 

We say the circle c = o + r^ has unit weight. If k is a scalar, 
not zero, then kc = ko + krji is the same circle with weight k. 
We do not absorb weights. Our weights are real. 

We add circles as follows : If </>, then 

k,c, + k,c, + ... + k„c„ = (k,o, + k,Oj + ... + k„oJ 

+ (k,r, + k,r,+ ...+k„r„)9i 
= (k, + k, + ... + k„)c, 
where c=:o + r<p, 

(k,+kj+...+k„)o' = k,o; + k,o; + ... + k„o;, 

(k, + k, + ...+kJr = k,r, + k,r, + ...+k„r„. 

For example, + is the circle of unit weight whose centre is 
mid-way between o[ and o' and whose radius is J(rj + rj. 

If we invoke geometry, it is obvious that, if have a pair 
of common tangents, then {k^c^-\-k^C2)l{k^-\-k^) touches these 
tangents. 

3. If circles Cj, c,, be independent, in which case ng4, 

then their linear combinations form a spread of step n. 

As examples of spreads of step two, we have (i) circles of equal 
radii with centres on the same line, (ii) circles touching the same 
line at the same point, (iii) concentric circles. 

As examples of spreads of step three, we have (i) all circles of 
equal radius, (ii) all point-circles, (iii) all circles with centres on a 
given line. 

4. The formal 'difference^ of two circles Cj, is 

c,-C2 = o,-02 + (r,-r2) <!>. 

We call this a ' circle-vector^ \ in the space representation it 
corresponds to an ordinary vector. 



Hence, invoking geometry, the common tangents to c^ and Cg, 
if they exist, are parallel to the common tangents to c^ and C4. 
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Hence we represent Cj ~ C2 by the two vectors of the common 
tangents of and €2^ from C2 to when they exist. In the 
space representation, the vector corresponding to c^—C2 always 
exists. 

Circle- vectors form a spread of step three. 

5. If Oj be any point-circle, then c — is a circle- vector w?, 
which can be represented by the vectors of the tangents from 
Oj to c, if these tangents exist. 

Then c o^-\-w. We call Oj, or the ^vertex' of the circle- 
vector. 

If Oj, O2 be point-circles, we define 0^ — 02 as the vector o\ -Oo. 

§81. Inner products of circle-vectors, 

1. Since circles are of form o + k^, therefore all circle-vectors 
are of form v -f k^, where v is an ordinary vector in our plane. 

If Vy, V2 be such ordinary vectors, [v^^ \v2] is taken to have its 
former meaning in the plane (chap. i). We define 

for all vectors z;, and = —i. 

Then, assuming the distributive law, we have for the inner 
products of circle-vectors, 

[(^I + K l(^’2 + k’ = [r\ h’o] - k, ko. 

This inner product vanishes, if [i\ = k^k . 

2. If the circle-vectors +ki^, ^’2 + ^2?^ be represented 
by pairs of vectors whose lines touch a circle c = o + r^, and the 
inner product of the circle-vectors vanishes, then the vertices of 
the circle-vectors are conjugate for c. 

For, if pj, p2 be these vertices, then by §80*5, 

c =/>! +z’i +k| (f) = p 2 + V 2 -\-k 2 ^, 

Hence z^j-l-ki^ = o— pi + r^, z?2-f k^^i = o-p^ + r^. 

But [(z^i + kj I (z?2 + ko </>)] = o. 

Hence [(o -/»,) | (o -pj] = r^, [(o' -p\) \ (o' -/>:,)] = r-. 

The last equation is the condition that p'y be conjugate 
for c. 
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3. If c, =0, +rj^, C2 = 02 + r2?5, then 

(c, -c^y = ((0, - 02) + (fj - r2) <l>y = (o', - 0^)2 - (r, - r2)2. 
Hence (c^ — ^2)^ represents the square of the tangential interval 
of and ^2, if these circles have a real common tangent. It 
vanishes if the circles touch; it is negative, if they do not have a 
real common tangent. 

4. Let the circles Cj, ^2, ^3, all touch the circle r, then 

(c-c,y = {c-c,y = {c-c,y = {c-c,f = o. 

But as circle-vectors form a spread of step three, c — c^^ c — c.yy 
c — are dependent. Hence, by §30*12, 

V [(0 - 0, ) I (c - C,)] [(f - f 3) I - <^4)] 
±V[(^-‘- 2 )l(^-^ 3 )][(^-^l)l(^-^ 4 )] 
±^l[{c-c,)\ic-c,)][(c-c.^\ic-c,)] = O. 

But (oj - ^•2)^ = [(c - 02) - - ^1 ) 1 " = 2 [(0 - 0] ) I - <^2)] . 

Hence V{(^i - ^2)^ (^3 “ qF) ± v{(‘V- ^3)2 (r, - c,)^) 

±V((<^ 3 -<^l)^(^‘ 2 -^t)‘! =0- 
This gives Casey’s criterion, §77*11. 

5. If the circles c^y touch, then the circle-vector is 

their common tangent repeated. Call this type of circle-vector a 
'univector'. If — Wy then C2 and + w touch, hence 

(c2 + «^ — ^2)^ = 0, = o. 

The square of a univector vanishes. 

Univectors form a spread of step threCy but the spread is not 
linear; that is, if w^y w^y be univectors, kj + k2W2 + ^^3^3 

not be a univector. 

The condition that it is a univector is that its square vanishes, 
and then 

1^2 ksK l«’3] +J^3kiK |w,] + k,k2[a>, jw.] = o. 

As this is a quadratic in the k, the spread of univectors is quadratic, 

§ 82. Outer products of circles. 

I. Working for a moment in a plane with ordinary points and 
rotors, we define the 'power' of a unit rotor L for a circle, centre 
o', radius r, as [o'L] ~ r. 
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If the circle cuts L at angle 0 , this power equals cos 6 , If L 
touches the circle, the power is i. Circles for which a rotor L has 
equal powers form a spread of step three. 

If T2o\ — rj ©2 o, then each rotor through the point r20i ~ 
has equal powers in circles rj, This point is the 'centre of 
stmtlitude^ of the circles. If r^ = r2, the point is at infinity. 

The rotor, or bivector ri[o203] + r2[o3o',]-f r3[o',02], if not zero, 
has equal powers in circles Cj, ^2, It is their of similitude', 

2. Returning to oriented circles, the outer product of three 
points’*** in the plane must be regarded not as numeric, since our 
spread is now of step four, but as a multiple of a unit leaf a. The 
outer product of four points in the plane vanishes. Thus c touches 
L if [o'L] = VOL, 

The outer product [jia] of (j) and a is taken as i. 

'rhe outer products [oj 02]* * [^1 ^2^3]> point-circles, are defined 
as the outer products [o\ o^, of the corresponding points. 

The outer product of (f) and a point or rotor is taken formally. 

For the outer product of (j) and point-circles, we take the 
definitions: [os5] = -[H, 

[940, Oo] = [(po\ 0',], [o, O2 94] = [940, O,]- 

[940,0^,03] = [ 94 o^o',oy = -WioW-^c!)]. 

If c, = o, + r, 94, r, = 0, + T., <j), Cj = Oj + Tj <f>, we then have 
= [0i0.,] + [ 94 (r, 02 -r 2 0,)] = [0,03] + [94/)], 
where p is at the centre of similitude of c, and r2. 

= [ 010203 ] + [4^(«'l[O203] + r2[O3O,] + r3[o,O2])] 

= [0,0203] + [^M]. 

where M is along the axis of similitude of r,, ^21 (y 

Similarly [C|C2^3^4l = [5^(''i[02 03 04] -r2[o3 04 0,] 

+ r3[O4O,O2]-r4[o,0203])]. 

Thus [ciCoi-j] = o if, and only if, o,, 0,, O3 are collinear and 

M = o. " 


• It is possible to construct the theory using point-circles throughout 

instead of points. The reader will be able easily to modify the above in this 

direction, if he so desires. 
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We interpret these : if [Cj ^2^3] = o> the corresponding points in 
the space representation are collinear, hence is a linear com- 
bination of Cl and C2; an easy calculation shews that Cj, C2, have 
in pairs the same centre of similitude. 

If [Cj C2C3C4] = o, but the outer product of no three of the circles 
vanishes, the circles are in a spread of step three, and a similar 
argument shews that they have in threes the same axis of similitude. 
If the axis be a rotor and one of the circles cuts its line, all cut it 
at the same angle. 

So far we have only used [^p] and [(]>M] formally, and thus have 
not interpreted [^1^2], ^i^2^3] themselves. From the general 
theory of outer products, [c^ c.,] means the set of circles c such that 
[^1^2^] = circles which have in pairs the same 

centre of similitude as ^1,^2; similarly [C1C2C3] is the set of circles 
which have in threes the same axis of similitude as Cj, We 
call a set of circles of step three a 'net\ 

§ 83 . Inner squares of ?iets of circles. Nul nets. 

1. If t;, Vi, V2 are ordinary vectors, then 
(v + — k^, 

[(®: + r, <!>)] = bi t’o] + [(;i(r, v., - r^t;,)] 

= = (§81.1), 

[^U \v^V2] = [<!> |t^,] [« Iv.] - [ 0 \V2] [u I®,] = O. 

Hence [(w, + r, (j)) (w, + r2 = [w, — u- 

= - (r , - h )^- 

The square root of this is the ‘ magnitude ’ of 
[(t', + r, i>){v2 + r.,(j))]. 

Define the magnitude of \cc^ ^2] as the magnitude of 

[(C-C,)(C-C2)], 

and denote its square by 

Then, if o' — o\ = v^,o' — o^^ V2, we have 
[cci CoJ {V 2 + {T-r 2) ^)f 

= [®1 ^2? - [(r - r,) - (r - r-j) Vif 

= b. ^2? - [<o\ - o^) + r,(o' - o') + r2io' - o\ )Y 
= x2-k2, 
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where = [ooj O2Y, and k is the magnitude of 

M = r[oi02] + titojo] + r2[oo,]. 

But [cc^C2] = xa + k[<f)R]^ where a is the unit leaf, and R the 
unit rotor along M, the axis of similitude of c, ^2- 

Hence we have the interpretations of x, k. 

2. If [ciC2C^Y = o, the net \ciC2C^ is a 'nul net\ 

All the circles of a nul net touch the axis of similitude of the net or 
the opposite rotor. For the net, apart from its weight, is of form 
a ± [(^R], where /? is a unit rotor along the axis of similitude. 

l^hus [(a ± (J)R) {o -h rP)] = ± [<J>Ro] + r[oc(J>] 

= [<f>{ ± Ro — ra)]. 

If o + r^ is in the net, this product vanishes and hence 
± [/?o] = ra ; hence o + r(f) touches R or its opposite rotor. 

3 . If F is the unit bivector, then xa + V] is a net. It contains 
o + r(f) if [(xa + ^iF)(o + r^)] = o. Now [Vo] = a. Hence 

[(xa + ^ 5 F)(o + r<;)] = [^ 5 Fo] + xr[a^ 5 ] = (xr-i)[a?i]. 
Hence o4- r^ is in the net r“^a-}- [^F]. 

The set of circles of equal radius constitutes a net whose axis of 
similitude is the bivector F. 

As a net is a spread of step three, the above formula shews we 
can regard a as the net of all point-circles, instead of as a unit leaf. 

4. If is a vector, then + is a circle-vector whose outer 
product with [^F] vanishes. For 

[^F(?:.' + k9'>)] = [(l>Vv] — o, since [Ft;] = o. 

Hence extending the meaning of ‘net’, we may say, the totality 
of circle-vectors constitutes the net [( 1 >V], 

5. Any net is now of form . I = xa + k[^/?]. Hence the totality 

of nets constitutes a spread of step four, and we can take four 
independent nets /Ij, Jo* - basis. In the space repre- 

sentation, each net corresponds to a plane, the nul nets correspond 
to planes inclined at 45° to the horizontal, since for these x = ± k, 
if /i is a unit vector. 

Ifk,^ 4 i-f k2/l2 + k3/l3-f k4/l4isanulnet,and = Xia-h[ 9 i/?i], 

then o = (k,. 4 , + ...+k,J4)2 

= (k, X, + . . . + k4X4)- - (k, i>i + . . . + k 4 t- 4 ) 2 . 
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where Vj is the vector of J?|, and we may assume vf=i. Thence 

kf ( I - xf ) 4- . . . + k^( I - x|) + 2k, k2([«), |t>2] - Xi X2) + • • • = o. 

The spread of nul nets is hence a quadratic spread. In the space 
representation, the corresponding planes envelope a (real) circle 
at infinity; the quadratic envelope is hence degenerate. We can 
verify this latter fact from the equation thus : 

Take four independent nul nets, with Xj = i (i = i, . -,4), as 
the basis of the spread. Then 

V k,kj([t.-,K]-i) = o. (I) 

ij = i 

Now the vectors z; in a plane constitute a spread of step three ; 
hence there are scalars k', ...,k', not all zero, such that 

ik;z’i = o, i:k; = o. 

1 I 

Hence l^j] - 0 = o = ( 2 ) 

1 

and hence the discriminant of the quadratic (i) is zero, for this 
discriminant is the determinant of the equations (2) for the k,. 

6. Since a nul net is a set of circles touching a fixed rotor, two 
independent nul nets, in general, ‘ meet ’ in a set of circles touching 
the two rotors which define the nets. 'I'here is an exceptional case 
when these rotors are parallel* and hence differ by a bivector V, 
for then the circles must also be in the net and hence, by 4, 
would be circle-vectors. 

Three independent rotors, no two parallel, define three nul 
nets, which ‘meet’ in the circle touching the three rotors. 

Four rotors touch a circle when the corresponding nul nets 
are dependent; conversely, if four nul nets, given by rotors, no 
two of which are parallel, are dependent, the rotors touch 
a circle. 

If four nul nets are dependent, and the rotors giving two of 
them are parallel, so are the rotors which give the other two. 

If c„ C2 be circles with common tangents, there are two nul nets 
which include all circles of form c, + kc2. The rotors corresponding 


That is parallel and in the same sense. This is intended throughout. 
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to them are the common tangents of C2; the two nul nets 
are the nets, each given by one of these two common tangents. 
(If Cj, C2 do not have real common tangents, the nul nets spoken 
of are ‘imaginary’. We do not consider this case.) 

The meets of nul nets are represented by the outer products of 
the nets. 

§ 84. Theorems on circles, 

1. If c^, C2, c^, q be circles y and one of the nul nets through each 
of the four pairs ^1^2, C2C^y c^c^y c^c^ contains a common circle, so 
do the other four nul nets. 

This corresponds to the six-circles theorem, § 74, and it can be 
expressed as follows : 

If Tjj, Tj'j be the common tangents to Cj, and if T^2^ ^ 23 > ^ 34 » ^41 
touch a circle, then Tj'2, 7 * 23 , touch a circle, (which may be 

of zero radius), or they are two pairs of parallel lines. 

To prove the theorem, denote the nets [c^c^c^, [Cj^c^ f2]> 

[^1^2 ^3] ^he nul nets in question are then given 

by Ai± k2/l2, /I2 ± ^3/13, ± k4/l4, /I4 ± k,ylj, where the k are 

properly chosen. If four of these nul nets, one from each pair, be 
dependent, the other four are dependent, by §30-13, since the 
condition for a net to be nul is that its inner square vanishes. 

2. If 7 j 2, ^23, 734, 741 are concurrent, we have a case of i, 
and the same conclusion follows. Another case arises when C4 is 
opposite to C3 : 

^13 meet on a common tangent to Co and the opposite of c^, 
then 7j2, 7 13 and the other common tangent to c, (^nd the opposite 
of Tj meet, 

3. If four circles be arranged in cyclic order, and each touches its 
two neighbours, then the tangents at the points of contact touch a 
circle, (The cone case. §30-13.) 

4. If four circles c^, C2, C3, C4 be in the same net, and A, B, C, 
A\ B\ C' be common tangents to the respective pairs c^c^^, ^3^^, 
^1^2, c^c^y ^2^4, ^3^4, <ind no two of these tangents be parallel, then 
the four circles which touch the triads of rotors ABC, AB'C', 
A'BC'y A'B'C are in a net. 



352 ORIENTED CIRCLES AND [CHAP. 

For, denote by A, B, F, A', B', F' the nul nets corresponding 
to the rotors A, B, C, A\ B\ C\ then the circles Cj, C2, C3, are 
[A'BF], [AB'F], [ABF'], [A'B'F'J, and as these are in the same 
net, we have 

[A'BF. AB'F. ABF'. A'B'F'J = o. 

But as A, B, ... are extensives of step three in our spread of 
step four, we can apply the identity of Mobius* Theorem, § 39. 

Thence [AB'F'. A'BF'. A'B'F. ABF] = o. 

Hence the result. 

5. Since any four point-circles are in a net, we have: 

If we orient in any way the joins of four pohits, the circles each 
touching three of the joins are in a net. 

6. If, in 4, one of the nets is nul, so is the other, by §75*3, 
that is : 

If circles c^^ C3, c^ touch a line^ and Ay By C, A\ B\ C' be the 
other common tangents to the respective pairs ^2^3) c^c^y c^C2^ c^c^y 
^2^4, ^3^4, and no two of these tangents be par allely then the circles 
which touch the triads ABCy AB'C\ A'BC y A'B'C touch a line, 

§ 85 . The circle as envelope of circles, 

I . Just as in chap, xi, the theory of a spread of points in a plane 
was extended to a theory of a spread of circles as point loci, we 
may similarly extend the above theory; for the latter, when we 
note its space interpretation, is like a theory of a spread of points, 
the circles functioning as points. 

If, in the notation of previous sections, we write c — 0 + r^, we 
shall write s = c + \ 6 i^d\ this is to represent the "system" of 
{oriented) circles whose tangential distance from c is A, The square 
of the tangential distance between = o^ + r^j) and ^2 = O2 + *’2 5^ 
is defined as (oj — off — (r^ - r2)“. It may be negative. Thus d is 
real or pure imaginary. 

Thus, if d = o, c will now be regarded as a special case of Sy as 
that system of circles whose tangential distance from r, the circle 
in the old sense, is zero; that is, c is now regarded as the envelope 
of all circles touching it. To avoid confusion, we denote the circle 
in the old sense by c\ in the new sense by c. 
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Since a line and a point are special cases of circles, our present 
work includes the theory of circles regarded as loci of points and 
of circles regarded as envelopes of lines. 

Systems of circles constitute a spread of step five. 

We use the notation + \d\d for the system of circles 

whose tangential distance from the circle c\ is d^. We call dj the 
"parameter^ of the system. 


2. Addition of systems. If c' is of weight one, we say s is of 
weight one; we define addition of systems as follows: 

+ *^2^2 -f k2C2 + ^(kidf H-k2d|)0, 

where kj -f k2r2 = (kj -f k2) if kj c\ -f k2C2 = (kj + k2) C3, 
the latter addition being defined as in § 80. 


3. Inner product of systems. We define the inner product of 
systems as in §71-2, where c here corresponds to a point-circle 

[5,1^,] = [s,\s,] = i(df + d.l-(c;-4)^). 
where (c\ — c'f)- is the square of the tangential interval between 
c\ and c', if the tangent exists, and otherwise is defined as in 
§81*3. 

When dj = d2 = o, we have 

Thus C“ = o for all r, and [c^ 1^2] = — 

Hence [^i 1^2] = [^1 k2] + i(<ii+^2)- From this, if the distri- 
butive law is to hold, we find that, as in §72, we must take 
fp = 0 , [6^ I j] = I for all systems s so far introduced. 

We have = d“, [^j \c] = idf + k kJ. 

Assume [c Kk^^i + k2^2)] = ki]F^2k k2]- 

If s'^ = Oy we say 5 is a 'nul system*; since then d = o, a nul 
system is a system of circles touching a given circle c'. 

'['he circle c\ is in the system 5, if kkil latter 

equation gives 

o = [{c+ Id^e) |c,] = - + d2 = 

In particular the circle c[ is in the system if c\y c* touch: hence 
the condition that c\y d touch is [c [cj = o. 


FCE 


23 
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4. Parameter of the sum of two systems. If kj H- k2 # o, then 
kj^i H-k2^2 is a system of weight kj + k2. If then 

(kjH-k 2)^3 = kj^j + k2^2> 
we can find the parameter d3 of ^3. 

Let be a point-circle, then 

[ 5 ,k] = [r, k] + id?=Kdf-tf), 

where tf is the power of the centre of c' with respect to the 
circle c\. 

Let t^, t§ be the powers of that point with respect to circles 
^2, C3 respectively. Then, since 

kiki k] + k2[f2 k] = (k, +k2) ks k]. 
we have ki(df - tf) + k2(d^ - 1;) = (k, + k2) (d^ - 1§), 
that is, (k, + k2)d§ = k,d‘f + k2d| — k,tf — k2t5 + (k, + k2)t§. 

Now (k, + kj) {c — Cj) = k,(c — c,) + k2(c — ^2). 

Squaring, 

(ki + kjJ'^tj = k|tf + k|t| + 2k,k2[(f-c,) [(c-Cj)]. 

Hence 
(k, + k2)Mi 

= kf d J + k| d? + k, k2(df + d|) 

- kf tf - kiti -k, k2(tf + ti) + (k, + ti 

= kf df + kl d| + k, k2(df + di + 2 [(C - C,) 1 (C - C,)] - ti - tl) 

= kf df + kidi + k, k2(d2 + di - (C, -C,n 

since 

(c,-C2)2 = {(C-Ci)-{C-C2)f = tf + t2-2[(c-C,)|(c-C2)l. 

5. Difference of two systems. Now take k2 = — kj +6, then 

e^dl = e^dl + eki(d2 - d|) + k^rj - ~ €ky{c^ - 

Let e->o in such a way that ed3 remains finite and tends to a 
finite quantity, then ^2^2 ^ k2(^^ _ 

Thus if we take k, = i, we find 

-^2 = -^2 + i(di - di) e 

is a system whose parameter is infinite. 

If / = 5 , — 52 we define \d |/] = \d k,] — [d k2]. Hence [ 6 1 /] = o. 
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Conversely, if [ 0 1 ^] == o, then s is the difference of two systems. 
We enlarge the notion of systems to include this case. 

We call s a general system if [ 0 1 ^] ^o; hence if ^ is a general 
system of weight unity, then [0 1^] = i. 

6. We say c\ is in — ^2» ki] = \^2]y 

is constant, as c' varies. Let fj, f2 be the distances of the centre 
of c' from the centres of c[y C2 and let tf, t^ be the powers of the 
centre of c' with respect to these circles. Then, if r, r^ r2 be the 
radii of c\ C2> have: 

f f — (r — rj)2 — f 1 4- (r — r2)^ = const. 

I fence “ ^2 + ^2) = 

where k is a constant. But tf — 1| = 2pf, where f is the distance 
between the centres of c\ and C2 and p is the distance from the 
centre of c' to the radical axis of c\ and €2- Hence (p — kf~^) r“^ is 
constant. 

Hence c' has a fixed power in a fixed line parallel to the radical 
axis of c\ and €2- In particular, C1—C2 is the system of circles 
with fixed powers in the radical axis of c[y 

7. The locus of the centres of the point-circles of a general system 
== o + rr^-l- is d non-oriented circle my concentric with c and 

of radius Vq such that rg = r^-f d^. 

This is the ' mid-circle\ If d“ > o, it is cut at the same angle by 
all circles of s. For, if rj be the radius of a circle w of the system, 
and dj the distance between the centres of m and w, then 

2ry r^ cos nin = rg + rJ - df, df == d“ 4- (r - rj)-. 

Hence 2ryrjCosw// = rg + rf — d'^ — (r — r^)- = 2rri, 

cos mn = r/rQ. 

If r = o, then the circles of the system cut w orthogonally. 

8. Normal systems. Two systems Sy Sy are ‘ normal' if [s |5j] = o. 
Five mutually normal non-nul systems are independent. For, if 
5j, ...,55 be mutually normal, and non-nul, and k, 5 j -f ... 4-k5^5 == o, 
then inner multiplication by s^ gives ki^'f = o, kj = o. 


23-2 
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If A^,...,d.^be parameters of the mutually normal systems s^y ...yS^, 
fAewSdp = o* For, we can takes,, ...,Sj as the basis of the spread 

I 

of systems, then for some scalars x„ . . . , x^, Xj 4 - . . . + 

Inner multiplication by ...,^^, 0 , in turn, gives 

x,(IJ= I, X5d^ = I, x, + ...+X5 = o. 

The result follows from this. 

Four circles in general position fix one system containing them. 
For if ...,^5 be a basis of the spread of systems, and Cj, 
be four circles in general position, then 

I 

will give the ratios of the kj. 

9. If ^1, ...,^5 be mutually normal non-nul systems, then 
Sk^^i will be nul if Skfdf = 0. As this is quadratic in k^^, the 

X 

spread of nuUsystems is a quadratic spread. 

We can take supplements with respect to the set of mutually 
normal non-nul systems. 

10. We can now apply the general theory of outer and inner 
products, and the situation is formally analogous to that in § 73 
for circles. 

If ^4 be any four independent systems, the system normal 
to them is I [5j . . . ^4]. If this is a nul system, then [s^... s^Y = o. 

Thus, for example, the condition that Cj, . . . , are touched by 
one circle, is [cj . . . c^Y = Using [c^ jc^] = - i{c\ - 4 )^, we again 
get Casey’s condition. 

If ^j, . . ., ^5 be any six systems, they are dependent, and we find, 
as usual, that the determinant, whose ij element is [s^ | 5 j], vanishes 
when the s^ are nul systems; this gives a relation between the 
tangent intervals of any six circles. 

If s^y ...,55 be dependent, then [^i ...^5] = o; when the s^ are 
nul systems, the corresponding circles are in the same system, 
and hence, by 7, cut a non-oriented circle at the same angle. The 
condition that five circles do this is therefore [c^ •••c^Y = 
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If the circles cj, ...,C4 are in a net, the nul systems c^y ,,,yC^yd 
are dependent. Hence [c^.,.c^dY — o is the condition that 
c\y,.,yc\ are in a net. The condition can be written: 


0 

I 

I 

I 

I i 

I 

0 

^12 

^^13 

k,4 I 

I 

1^21 

0 

^3 

k,4 

I 

^31 

^32 

0 

^34 

I 

^41 

^^42 

^^43 
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where kjj is the square of the tangential distance between 
c\ and Cy 


§86. Theorems on circles* 

1. Nul systems can be represented by points of a quadric 
spread ^ in a spread of step five. Represent supplements with 
respect to the quadric by a stroke. This operation of taking the 
supplement corresponds strictly to that above. If c be the point 
of ^ which represents the circle r', the tangent four-spreadf at 
c io ^ cuts in a three-spread cone (that is, an ordinary cone, 
which, like a plane, is a spread of step three). The oo^ points of 
this cone represent the circles touching c\ The circles which 
touch another circle also, are represented by points w^hich lie on 
a plane section of this cone. 

2. The circles c\y rf,, C3, c\ touch a circle d ; circles Cj2, ^93, C34, c'^^ 
touch the respective pairs c\c'y cW.y c.^c\y c\c \ ; circles k\y Ky ^3, k\ 
touch c' and the respective pairs c^^c'y^, ^10^03, C23C34, ^34^41. Then 

^4 fouch another circle besides c\ then k\y Ky ^3, k\ also 
touch another circle. 

For r',r|2,C23,r34,r4j are represented by a five-point rrj2%r34 ^41 
inscribed in The tangent four-spread at c cuts in a three- 
spread cone on which lie c^c.^y c<^y c^y kykyy k^y k^. Since c'^c^y Cg, c\ 
touch another circle besides c', the points Cp Cg, C4 lie on a 
plane section of this cone. Now c^ lie on |[^' 1^41^12]; ^3, /?2 
on |[<^ri2C23]; hence [rj/fi] and [ro/fg] on \c and on l^o, and 
hence on the plane where these spreads meet. Hence [cj and 

• For a large collection of theorems, see E. Muller, Jahresber, Deutsch. 
Math. Ver. 20 (1911), p. 168. 

t Recall that a four-spread has three dimensions in the usual terminology. 
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[^2^2] Thus, similarly, [^2^2]» [^3^3]* [^4^4] form a 

skew quadrilateral, the sides of which cut the cone in points 

^2, ^^3, which are coplanar, hence the remaining cuts k^, k^y 
k^y are coplanar (§31*12); the corresponding circles accordingly 
touch another circle. 

3. If we take as the point circle at a cut of c[y we have; 

If circles c\y.,.yc\ touch c\ and be a cut of c\y c'^y and if through 

^i2> ^3 draw a circle A2 to touch c\ and so on; theny if c\y ...yc\ 
touch another circle besides c', so do k\y...y k\. 

4. If we take c{y ...yc'^ to be lines touching c'y then [0 |rj] = o; 
this corresponds to the assumption that c[y ,..yc'^ touch another 
circle. Hence, if c[^ be the point where the lines c[y c'^ meet, and 
ko be the circle through c\2y ^23 touching c'y and so on, then 
k\y.,,yk'^ touch another circle besides c'. 

5. If we take c[y ,,.yc'^ to be point-circles on c'y they are circles 

touching c' and its opposite circle; take c'^^ as the join of c'y 
Then if the circle touching Cj2, C23, c'y and so on, then 

k\y ^2, ^3» k\ touch another circle besides c'. 

6. If ^3> circles not touching the same circle y and t'^y u\ 

be circles touching ^2, Cg, c' ; and similarly for t'^y u'jy t'^y u\; and if 
ty23 ^ circle touching while /i2'3> ^i23'» ^r2'3' ^respectively 

touch the triads t'^u^t'^y t\ /2W3, «2^3, then /'j 23, ^i2'3> ^i23'> ^"r2'3' 

touch the same circUy and with a similar notation t'^2'y^ ^i'23'> ^i'2'3» 
/j23 cdl touch the same circle. 

For t\y u\y t'2y U2 touch c'^ and c'\ hence the points t^y Wj, ^21 ^2 
lie on a conic on the cone ^ in which the tangent four-spread to 
M 2itc cuts c 2 . Thus [t^u{\y [t2U^ are coplanar; so are [^2^2] 
[/3W3]; so are [/3W3] and [t]^u{\. But, in general, all three lines are 
not coplanar. Hence these three lines meet in a point, for they 
all lie in a four-spread. 

Hence the sections of the cone by the planes Wi^2^3» ^1^2 ^3> 
/i^ 2^3> ^1^2 ^3 touch a section of the cone by a plane tt, say. 
(§77-i4-) 

Now if a, be planes which cut the cone in sections that 
touch, then the cut of a, /? touches ^y since it is a tangent to the 
cut of ^ by the tangent-spread at c. 
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Thus I a, |y?, which are lines through c, lie in a plane which 
touches 

Hence each of the lines |wi^2^3» I ^1^2 "3* |wi«2“3> 

joined to {n, gives a plane touching hence each of /j/23> ^i2'3> 
^L>3'> ^r2'3' when joined to {n gives a plane touching j 2 . 

Hence these four points lie on a space touching J. 

Hence ^i23'> ^"r2'3' touch a circle. 

The rest follows similarly. 

7. As a special case of 6, we have: If c\, ^2, C3 be circles and 
t\, u\ tangent lines to c^y c'^; ^2, Wo lines to r'g, c\; and ^3, 

W3 tangent lines to c\, and if t'y.^^ be the circle touching the lines 
ii\ ^2^3, and so on^ then / j2'3» ^123'* ^r2'3' ^ouch the same circle and 

^i2'3'> ^r23'> ^ir3> ^123 ^oucli the same circle. 


8. Four rotors^ each three independent y in a plane fix four circles 
each of which touches three of them; the four centres of these circles 
he on a circle. (Steiner- Laguerre.) 

For return to the space representation of circles, take a plane 
parallel to our horizontal plane, and take a circle on it. Let four 
planes which touch the circle meet in threes in points a, by Cy d. 
Apply §51*8 Cor. 4. The tangents from the centre 0 of the circle 
to the circle, are lines through the circular points of both parallel 
planes; these lines together with oa, ob, oCj od touch a quadric 
cone, whose section by the horizontal plane is a circle. 

Now let the parallel plane recede to infinity, and take o in the 
direction perpendicular to our horizontal plane. We then have 
four planes equally inclined to the horizontal, meeting in a, ft, r, d 
and the projections of a, ft, c, d on the horizontal plane lie on a 
circle. 

Take the four planes through the four given rotors, and we 
have our theorem. 


§ 87. Extension to spreads of higher step. 

Consider a spread of points, of step four, e.g. ordinary space. 
Fhen spheres as point-loci are represented by o + where 0 
is a new unity. The theory of chap, xi easily extends to this case. 

For example, if Sy Soy s^y s^ be spheres, [^1^2] represents the 
pencil of spheres coaxal with jTo; [^i^ 2^3] represents the set of 
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spheres through two points, real or imaginary; |[^i^2^3] the set of 
spheres orthogonal to these; [^1^2 ^3 ^4] the set of spheres with a 
common orthogonal sphere | [^1^2 ^3^4]* 

Similarly, we can extend the theory of this chapter. The ex- 
pression o -f- r^ represents an oriented sphere, centre o, radius r. 
If ^1, ^2 be oriented spheres, [^1^2] the set of spheres which have 
in pairs the same centre of similitude, and so on. 

The expression represents a system of spheres 

whose tangential distance from o-f r^ is d. 

The extension to higher spreads is a trivial exercise, and the 
only question of interest is what theorems are valid in particular 
dimensions only. This is considered later. 

The geometry of oriented spheres in a spread of step four has 
an intimate relation to the geometry of the restricted relativity 
theory. 
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CHAPTER XIII 

THE GENERAL THEORY OF MATRICES* 

We shall develop the theory of matrices mainly with a view to 
geometrical applications, but it will be necessary to give some 
investigations whose interest is algebraical rather than geo- 
metrical. Our matrices will all be square matrices. 

§ 88. Matrices whose elements are integers. 

I. Let = (ajj) be a matrix of order n whose elements are 
integers, positive or negative. 

An 'elementary transformation^ of such a matrix is any one of 
the following processes: 

(1) The addition to one row of any multiple of another row; 
that is the replacement of ajj, for j = i, ..., n, by ajj + ka^j, where 
t, i are fixed, and k is a constant integer; 

(2) 7 Te addition to one column of any multiple of another 
column ; 

(3) Change of the order in which the rows appear; 

(4) Change of the order in which the columns appear; 

(5) Change of sign of all elements of any one row or of any one 
column. 

Consider all the matrices which can be obtained from 91 by 
any number of these operations, and suppose the zero matrix is 
not one of them. Of the non-zero elements of these matrices, 
there will be one (or more) whose absolute value is not greater 
than the absolute value of any of the other non-zero elements of 
the matrices. Select a matrix containing such an element, and 
permute the rows and columns of this matrix until this element 
is brought to the (1,1) place. Call the element b^^. 

Then any other non-zero element of the first row of this matrix 
is divisible by b^,; for if one were not, then by adding to its 

* See van der Wacrden, Moderne Algebra^ 2 (1031). Turnbull and Aitken, 
Canonical Matrices (1932). The following were publisjied after this chapter 
had been written : MacDuffee, Theory of Matrices (Berlin, 1 933) ; Wedderburn, 
Lectures on Matrices (New York, 1934). I have made use of the first in 
revising §§ 97-14, 100-3, loi- 
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column a suitable multiple of the first column (whereby we 
obtain a matrix of our set), we could reduce the absolute value of 
this element to less than | bjj |, contrary to the definition of bj,. 

Accordingly, the other non-zero elements of the first row of our 
selected matrix are divisible by b^,; hence, by adding suitable 
multiples of the first column to the other columns, we can make 
all elements of the first row, except b,j, vanish. Similarly we can 
make all elements of the first column, except bj^, vanish. 

Suppose this done. 

Then b^j divides all non-zero elements b^j of the selected 
matrix, thus transformed. For if bjj = b^q -f r, and r #0, bjj ^o, 
we can assume | r | < | b^ J. Add thefirst column tothcj-th column, 
the element in place (i,j) then becomes bjj; then subtract q 
times the first row from the i-th row, the element in place (i, j) 
then becomes r. But | r | < bjj. As the new matrix is one derived 
from 31 , this contradicts the definition of b^j. 

Thus by elementary transformations, we have brought to 
the form in which bjj is the only non-zero element of the first row 
and first column, and in which bjj divides all other elements of 
the transformed matrix. 

Consider next the (n— i)-rowed matrix obtained from our 
transformed matrix by omitting its first row and column. From 
this matrix we obtain, as before, by elementary transformations, 
a set of matrices. If the zero matrix is not in this set, we can, by our 
elementary transformations, obtain a matrix whose only non-zero 
element in the first row and column is the first element. Call it 
As before, any other non-zero element of the new matrix is 
divisible by b^^. Also, as the non-zero elements of the old (n 1)- 
rowed matrix were all divisible by b,j, and this property is clearly 
not aflFected by our elementary transformations, therefore b,j 
divides b^^. 

Consider next the (n — 2)-rowed matrix obtained from the last 
by omitting its first row and column, and proceed as before. 

The process will only be arrested if, in the set of matrices 
considered at any stage, the zero matrix occurs ; if this happens, 
we select the zero matrix for the matrix at that stage ; if it never 
happens, we finally obtain a matrix of one row and column, and 
we denote its element by b^^- 
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When the process is ended, restore all the rows and columns 
removed at successive stages. The result is an n-rowed matrix, all 
of whose elements vanish except the first r elements of the main 
diagonal, where r^n; if these elements be b,j, ...jb^r, the final 
matrix is diag(b^j, b^^, • • • , b^, o, . . ., o), and each bjj divides the next. 

Finally, by transformation (5), make all the bjj positive. 

Now our processes do not change the rank of the matrix (§ 59), 
because, for instance, they do not alter the number of independent 
column-extensives, and since r is the rank of the final matrix, we 
have, writing bj for bjj : 

The ‘ normal form ’ of a matrix of integers, of rank r, is the diagonal 
matrix diag(bj,b2, ...,br,o, ...,o), where each bj divides the next, 
and all are positive. This normal form is obtained by elementary 
transformations. 

2. As in the similar work in § 54*12, we could have taken, as 
our elementary transformations, the addition to one row of a 
multiple of an adjacettt row, and similarly for columns, and the 
change of sign of all elements of a row or of a column. 

3. The operation of adding to the i-th row, the k-th multiple 
of the j-th row is the same as the multiplication on the left by 
3 + k(£ij. The corresponding operation on columns is the same as 
multiplication on the right by that matrix. (Sjj is defined in §62* 10. 

The operation of changing all signs in the r-th row (column) is 
the same as multiplication on the left (right) by 

Now all these multiplying matrices have determinant ± i . 
I lence 

A matrix of integers can be reduced to normal form by multiplying 
on the left and right by suitable matrices of determinant ± 1. 

4. If 58 is the normal form of 5 ?l, then, from the nature of the 
elementary transformations, we can conversely obtain 51 from 58 
by such transformations. Now if one matrix is obtained from 
another by such transformations, the k-rowed minors of either 
are linear combinations of those of the other, the coefficients 
being integers, as is easily seen by considering row- and column- 
vectors. 
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Hence the k-rowed minors of the normal matrix 93 and those 
of 91 have the same highest common factor. Call this d^. Then 

dk = dk-ibk (k=i,...,r), 
from the form of 93 . 

Now the d are uniquely determined by 91, hence so are the b. 

The numbers b^jb^, ...,bj. are the 'invariant factors' o/9l, they 
are uniquely determined by 91: b,^ = dj^d^ij, where dj is the highest 
common factor of all yrowed minors o/ 9 l. 

5 . T wo matrices of integers are ‘ equivalent ’ if we can pass from 
one to the other by a series of elementary transformations. This 
equivalence is a transitive relation. Such matrices can be reduced 
by elementary transformations to the same normal form; and 
the normal form for each is unique, by 4 . Hence : 

Two matrices of integers are equivalent if^ and only if, their normal 
forms coincide, and therefore if, and only if, they have the same rank, 
and same invariant factors. 


Examples, i. If the elementary operations which refer to rows are 
allowed, but not those which refer to columns, then any matrix of 
integers can be reduced to the form in which all elements below 
the main diagonal vanish. 


2 . A 'lattice^ in .,.,e^) is a set of extensives whose coordi- 
nates are integers and such that if a, h be in the set, so are a-\-h and 
a — b. (If r is the maximum number of independent extensives in the 
lattice, this is usually said to be of ^rank^ r; we continue to use our 
word ' step\) The extensives Wj, ...,w, are a 'basis' of the lattice, if 
they are independent, and all extensives of the lattice are linear 
combinations of these, with integral coefficients, positive, negative, 
or zero. 

Then, if a lattice of step n be given in •••, ^n)» possible to 
choose a basis* 


such that 


Wj = 2 ’bjjej, (i,j = i,...,n), 
bjj = o if i<j. 


If we are allowed to change the frame e ^, ..., to where 

e\,...,e'j^ are any independent linear combinations of e^,...,e^ with 
integral coefficients, then we can choose frame and basis so that 
bij = o if i^tj. 


• This is important in the theory of numbers. The connection of lattices 
and crystals is obvious. 
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§ 89. Matrices whose elements are polynomials. 

1 . When the argument of §88 is examined, it is found that not all 
the properties of integers have been used, but the following only: 

(1) The class of integers is closed under addition, subtraction 
and multiplication, and these operations obey the laws of 
ordinary algebra. 

(2) The formal properties of o and i for these operations, 

namely . ^ q ^ ^ q __ j __ __ ^ j __ ^ 

(3) The relations of ‘greater than’ and ‘less than’ for positive 
integers and their properties. 

(4) The absolute value of an integer, not zero, is a positive 
integer. 

(5) If a, b be integers, not zero, such that | a | > | b | , then there 
are integers q, r such that a = bq + r, | r | < | b |. 

2. If then we have matrices composed of any elements with 
these properties, the above investigation applies. Consider the 
set of all polynomials in a single variable A. The variable A and 
the coefficients of the polynomials may move either in the real 
or in the complex field. The set has the first property, since by 
addition, subtraction, or multiplication of polynomials in A, we 
get polynomials in A. 

For the next property, we regard the numbers o, i as special 
cases of polynomials in A. 

We define, for the present purpose, the 'absolute value^ of a 
non-vanishing polynomial in A, as its degree increased by unity; 
thus a non-zero number, regarded as an instance of a polynomial 
in A, has absolute value unity; we further define the absolute 
value of o, regarded as a polynomial in A, to be zero. The absolute 
value of any polynomial, /o, in A is now a positive integer. This 
is the translation of property (4) in the present investigation. 
Thus 'positive integer’ has still its usual meaning and (3) carries 
over unchanged. 

The fifth property now becomes: If a, b be polynomials, not 
zero, in A, and the degree of a be greater than that of b, then there 
are polynomials q, r in A such that a = bq-f r, where the degree 
of r is less than that of b. 

This is an elementar}^ algebraic property. 
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A ‘multiple’ of a polynomial in A will be a product by any 
polynomial in A. In § 88 we were permitted to multiply a row or 
column by ± I, that is, by an integer of absolute value unity. 
So here we may multiply any row or column by a polynomial of 
‘ absolute value ’ unity, i.e. by any non-zero constant. 

Similarly, a matrix whose determinant had absolute value 
unity, in §88, is now replaced by one whose determinant is a 
non-zero constant. 

Thus the elementary transformations are : 

(1) Addition to one row of the product ot any other by a 
polynomial in A. 

(2) Addition to one column of the product of any other by a 
polynomial in A. 

(3) Change of the order in which the rows appear. 

(4) Change of the order in which the columns appear. 

(5) Multiplication of any row or column by a non-zero con- 
stant. 

A matrix whose elements are polynomials in A will be called a 
^ X-matrix\ Two such matrices are 'equivalent^ if one can be 
obtained from the other by a series of elementary transformations, 
as now defined. 

The argument of §88 as now interpreted gives: 

If 31 be any X-matrix^ then there are X-matrices S 3 , ( 5 , whose 
determinants are independent of A, such that S 33 H£ is in normal form 
diag(a,,a3, ...,ar,o, ...,o), where the a are polynomials in A, each 
dividing the next, the coefficient of the highest power of X being made 
unity. Two such matrices are equivalent if, and only if, they have 
the same rank and 'invariant factors" aj, a^, ..., a^. If 3 (, * 2 ) be 
equivalent, then the k-rowed minors of 31 , and those of 2 ), have the 
same polynomial for highest common factor {the coefficient of the 
highest power of X being taken as unity in each case), and if this 
polynomial be d,^, then dj^ = dj^_ja,^, (k= i, ..., r). 

§ 90. Matrices of real numbers or of complex numbers. 

We get another interpretation of §88, if we consider matrices 
of real numbers. For 

(1) Real numbers are closed under addition, subtraction, and 
multiplication. 

(2) The formal properties of o, i hold. 
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(3) The relations of ‘greater than* and ‘less than* have their 
usual properties; but actually these are not now used. 

(4) The absolute value of a real number, not zero, is a positive 
real number. 

(5) If a, b be real numbers, and b # o, we can find a real number 
q such that a = bq. 

As we may now multiply a row (column) by any real number, 
before we add it to another row (column), and since any real is 
divisible by any non-zero real, the only relevant distinction 
which can be made between the diagonal elements of the normal 
form, is between those which are zero and those which are not. 
‘Equivalent’ matrices are now simply those of the same rank, 
and as ‘ normal ’ form of a matrix we can take 

diag(i,i,...,i,o,o, ...,o). 

Then, if 91 be any matrix, we can find matrices (£ with non-zero 
determinant, such that 9i9Il£ is of normal form. 

Similarly for matrices of complex numbers. 

§91. Normal forms of symmetric or skew-symmetric matrices of 
real or of complex numbers. 

If 91 be either symmetric (9( = 91’*^), or skew-symmetric 
(9( =r — 91*)^ and be any non-zero matrix, then is sym- 

metric or skew-symmetric according as 91 is so. 

i. If 91 = — 9f^, let the i-th row be the first which contains 
a non-zero element, and suppose this is in the ik place. Then 
i ^ k. Interchange the first and i-th rows, then the first and i-th 
columns, then the k-th and second rows, and then the k-th and 
second columns. By elementary transformations, we can reduce 
the other elements of the new first and second rows to zero (§90), 
and we then obtain a matrix of form shewn, the rectangles with 
only zero inside having all elements zero: 

Now treat similarly the matrix of order n — 2, ~~\ 

which is obtained by omitting the first two rows ! _ ^ o j 

and columns. 'Ehus proceeding we finally reach, 

if n is even, a matrix of form 

a(e„-(SJ + b(C-34-e«)+.... I ° [ 

Hence there is a matrix with det^^/o, 
such that has this form; for if Cl9l is the result of any 
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elementary transformation on the rows of % the same sort of 
elementary transformation applied to the columns of any matrix 
95 gives 930*. 

We can also make each of a, b, . . . equal to unity. 

2. If 91 = 91*, the process of §90, when we treat rows and 
columns in the same way, and note the preceding remark, gives 
$such that, for some n, 9U919[5* = a^lS^-f ... -f a^Snn, and 

we can also make aj, ...,an equal to ± i. If the field is complex, 
we can make them all equal to + 1 . 

Cor, By a linear transformation on the x, y, a skew-symmetric 
form 2aijXiy. (that is, one with ajj = — ajj), of even order, can be 
reduced to the form 

(x.yz-Xjy.) + (x3y^-x^y3) + .... 

Any symmetric form (that is, one with a^j = ^y^) can be reduced, 
if the field is complex, to the form 

XiYi+x^y^-f .... 

For, if .v = x,e, + Xjej + ..., y = y,e, + y^e ^+ = (ajj), 

then Z’aijXjyj = 

and if x, y be transformed by 9U, then [x'H \y] becomes 

[xWym=^[^m*\yl 

and we can choose ^ so that 9?919P* has the form desired. 

If when 2ajjXiyj is reduced to form x,y, H-x^y^^ ..., there are 
just r terms in this expression, the form is oi' rank' r. 

§92. The minimum equation of a matrix of real or complex 
numbers. 

I. Since a matrix 91 of order n is a linear combination of 
matrices @jj, (i, j = i, ..., n), and since 9t®, where s is any integer, 
is a linear combination of the same matrices, there is an integer r, 
such that ...,91*^ are dependent, that is, such that there 

are scalars k^, k^, . . ., k^ such that 

k,9l'^ + k^_j9(*^-^ + ...-f kj9l4-ko$^ = o. 

Thus there is an equation 

k^A^^-f kr_,A^“*H-...-fk,A-hko = o 


satisfied by 91. 
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If ^(A) is the polynomial of lowest degree, with leading 
coefficient unity, such that ^( 2 t) = o, then = o is the 
‘ minimum equation ’ of 31. 

If r is the degree of ijr, then r is the least number such that, 
whatever extensive p be taken in the spread of step n on which 3t 
operates, the extensives />, />3l, /)3t‘^, ...,/)3l^ are dependent. 


2 . If i/r{A) = o is the minimum equation of 3(, then \]r is the 
quotient of the secular polynomial (f>{A) of 3 ( when divided by the 
highest common factor of the minors of 31 — A^ of order n — i . 

For, first, if f(A) be any polynomial such that f(3l) = o, then 
f(A) is divisible by ^(A). For, if f(A) = q(A) ^(A) + r(A), where 
the degree of r(A) is less than that of ^(A), then since f(3l) = o, 
V5^(3l) = o, we have r(3() = o, contrary to the definition of iff. 

Next, let g(A) be the highest common factor of the minors of 
31 — of order n — i, and let /(A) = ^(A)/g(A). We have to shew 
that /(A), ^(A) differ at most by a constant factor. 

Let ® be the adjugate of 31 ~A^, (§ 637 ); then g(A) is the 
highest common factor of its elements. Hence 33 = g(A)SR, 
where 3J? is a matrix of elements not having a polynomial in A 
as a common factor. Now 


Hence 


det(3l~A3)=: ^5(A). 


('^t-A3)g(A)';m = («- A5)« = = g(A)/(A)a 

(5l-A3)'J.U=/(A)3. (I) 

As this is an identity in A, it remains true when A is replaced 
by any matrix which commutes with 3t, for instance if A is 
replaced by 31 itself. Hence /(3l) = o, and by the first part of 
the argument, /(A) is divisible by ^(A). 

Next, iIf{A) — \lf(/ii) = w{Ay fi) ,{A — fi), where ^ 4 ?(A,/^) is a poly- 
nomial in A, //. Put // = 31, then 


ii^(A),3 = -«^(A,3l).(3l-A3). 

Hence, by (i) 

(31- AS)3JLiir(A) = i5r(A)/(A)3 = -/(A).«;(A,3l).(3t- AQ). 
Now det (3t — A^i) is not identically zero, hence 
3JL^(A) = ~/(A).^A,31). 


FCK 


24 
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The elements of have no common polynomial factor, hence 
is divisible by /(A). 

Thus /(A) and ^5r(A) differ at most by a constant factor. 

Cor. 31 satisfies its secular equation 0(31) = o. (Cf. § 637 .) 

§ 93 . Canonical form of transformations. * 

In our work in chap, ix we usually kept the frame 
fixed, and it was hardly necessary to distinguish between a trans- 
formation and the matrix which represented it. We now seek the 
frame in which a given transformation is represented by as simple 
a matrix as possible. We recall that a change of frame does not 
change the secular polynomial. (§ 63 * 8 .) 

1. Let 31 be a linear transformation in a spread R of step n. 

If p be an extensive in R, and 31 is non-singular, then />, />3l, 
/) 3 P, 03 l*\ even if distinct, must be linearly dependent, and 

if, say, 

p%^ = p 3 l^ (r, r -f s < n) for all />, then 31** = 

Hence, in both cases, we can find m such that the extensives 
p, p%, p3(S . . />3l"^ span a spread S such that each extensive of S 
is changed by 31 into one of S. We say 5 is ^ latent^ for 3(. 

2 . If m is the greatest number so that /), p3l, /)3l^, /)3l"'~' 

are independent, we can take these extensives as a basis of S, 
and call them and then adjoin so that 

e^, e^y 2 i basis of R. 

In the new frame, the transformation 3( is represented by a 
matrix of the form shewn; where the sub-matrices to the top-left 
and bottom- right are square matrices of m 

rows and n — m rows respectively, and the 

rectangle in the top-right is filled with zeros. | 

For a matrix of this form, and of this form 

only, represents a transformation leaving S 

latent. 

For if 31 = (ajj) is the matrix, it turns e^ into I 

ZaijCj, (§ 62 ). 

Since = e^, e^Sli = = e^, and is a linear 

* Weyl, Mathematische Analyse des Raujtt problems (1923); A2, §§ 388-390. 
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combination of say - x^ej+x^e^+ ...+x^e^, 

(cf- § 59 ! 31), the top-left square has form 


®I2 + ®23 + • •• + + X, + X,g„ 




3 . Let *S" = important special case 

occurs when S' (as well as 5) is latent for 9 t. The matrix corre- 
sponding to the transformation then has a zero-matrix for the 
bottom-left sub-matrix. 

We then say that the matrix is the ‘ direct sum * of the square sub- 
matrices along the main diagonal, that is, of the top-left and 
bottom-right sub-matrices. 

Similarly, if S or S' have latent sub-spreads, we can, by choice 
of frame, further simplify the matrix representing the trans- 
formation. 


4 . If the matrix IW is the direct sum of matrices 50? j, 93^^, 

(in which case 5!3i is composed of sub-matrices 53L, . 93?,, 

arranged along the main diagonal), we write 

93? = 93?, 0931, @...@93?,. 

Then det93? = det93?idet23?2 ... det93?s, of 93? is 

the sum of the ranks of 93 ?,, 93 ?,, ..., 93 ?,. 

The first statement is obvious. For the second, consider 
93? = 93?,@93?,. Each non-zero minor of order q of 93?, which is 
not a minor of 93?, or 93?^, is the product of a minor of 93?, of order 
q - 1 , say, and a minor of 93?, of order t. Thus, if r^, r^ be the ranks 
of 93?,, 93 ? 2 , then there is a minor of 93? of order rj + r, which is 
not zero, but any minor of 93 ? of higher order is zero. 

5 . We NOW assume our field of scalars is the complex field, so 
that the secular equation has roots in number equal to its degree. 

Let a be a root of the secular polynomial 9 i( A) of 91. There is an 
extensive such that e, 91 = o^,, e*, ^o. In R take a frame whose 
first extensive is the frame being e,, e\, e', ..., e'^. Project R 
from that is, consider the subspread ...,e^), and let 

94 j(A) be the secular polynomial of the transformation brought 
about by 91 in this subspread. 

Then the matrix of 91, referred to the new frame, has all its 
elements in the first row zero, except that in place ( i , i ) we have a. 


24-2 
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If a is an 1-fold root of A), and 1 ^ 2 , then (/>^{oc) = o, and we can 
find an extensive ^ o, independent of such that — OLe^ — o 
in the projected space, and hence, as an element of — 

is a multiple of 

Similarly, if 1^3, we can find such that — is in 
Proceeding thus, we find such that 9{ — ae^ is in 

Take as elements of the frame of R, and adjoin any 

independent elements to form the frame of R, 

Since, if k ^ 1, then depends on Pj, . . only, therefore, 
for this frame, the matrix corresponding to the transformation 91 
has in the top-left sub-matrix of 1 rows, all elements zero above 
the main diagonal. 

The spread e^y . . ., is latent for 9(. If p is in this spread, 
then/)(9l~aQ)^ = o; for, as is clear by induction, = o, 

if r = i, 2 , ...,1. 

6. Now let ^(A) = (aj-Ay.(a,-AV ... (a,~ A^., (a„ a,, ..., 
ct^ all distinct). We then get spreads 5^, 5,, ..., 5^ in /f of steps 
Ij, Ij, ..., Is with secular polynomials (aj-A)^>, (a^-A)^-, ..., 
(a^ — A)U respectively. 

If^i is an extensive of *5^, then 

= o, (i = i,...,s). (i) 

The spreads *Sj, 5,, ..., 5^^ are each latent for 9(. They are 
' unconnected'y that is, if /) = /)j+/>,-f ... 4-/)^ = o where is in 
(i=i,...,s), Xhtnp^ =p 2 = ••• =Ps = o* 

To shew this, express (^5(A))~* in partial fractions: 

= g,(A)(a,-A)-^.4-g,(A)(a,-A)-i +... 

+ gsWK~A)-h, 

where gi(A) is of degree ^ li — i. 

Let f,(A) = g,(A)?5(A).(a,-A)A 

Then f,(A) + f,(A) + ...-i-f 3 (A) = I. 

Hence + 

Now f 2 (A), ..., fs(A) all have (aj ~ A)‘« as a factor. 

Hence, by (i), pM%) = o, (i = 2 , ...,s). Hence /),f, (91) = />,. 
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Similarly, />ifj(9l) = o or /)j, according as i^j or i=j, 
(i,j = i,...,s). 

Thus if /> = H -/>2 + • • • + A = we operate onp by 

we find Pi = o (i= i, ...,s). 

Hence each distinct root of the secular equation gives a latent sub- 
spread of R whose step equals the multiplicity of the root; these sub- 
spreads are unconnected. If the base extensives <?j, are taken 
in sets such that each set spans one of these sub-spreads, the matrix 
of the transformation in this frame is the direct sum of the matrices 
of the transformations in the sub-spreads. 

In particular if all the roots of the secular equation are distinct, 
the sub-spreads are of step one, and the matrix of the transformation 
can be reduced to diagonal form. 

7 . We next consider one of the latent spreads S of step 1, say, 
the secular polynomial being ^(A) = (a - A)^ Let K be the trans- 
formation in this spread induced by %. 

Consider the transformation ^ ; then the secular 

equation of is A^ = o, and eachp of S satisfies p93* = o. 

Let m be the least integer such that P'S*" = o for allp of S, and 
let Tq, 1\, be the sub-spreads of S such that p^B*" = o, 

^ _ Q p _ Q respectively for all extensives p in 

them. Thus is S itself; while contains o only. 

For each i = o, m — i, contains For ifp is in ^ 
then p'iB"' = o; hence = o, and p is in Tj. 

We shall say that a set of extensives in Tj are independent, 
mod when no non-zero linear combination of them is an 
extensive in 

Let Tj be the difference of steps of and Tj*, then r^ is the 
maximum number of extensives in Tj independent, mod 
Also ro + r, + ... + r„_, = l. 

Take Tq extensives a^ in Tq, which are independent, mod Tp 
Let = a[,. Then = ^^33"' = o. Hence a'^ is in Tp 

Now these a^ are independent, mod ; for, if not, then some 
non-zero linear combination y of them will lie in T^. But any 
linear combination y of the corresponds to a linear com- 
bination X of the a^, such that a33 = V. Then if y lies in T ,, 
we have = o ; hence .v33"' ‘ = o, and x is in Tp But 
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a non-zero linear combination of the cannot lie in T^, because 
these elements of Tq are independent, mod T^. 

Hence the are independent, mod 7 \, Hence to each set of 
extensives in Tq independent, mod Tj, corresponds a set of as 
many extensives in independent, mod 7 \. Hence rQ ^ 

The ro extensives are in 7 \, and are among the set of 
rj extensives of independent, mod Adjoin Sj = rj — Tq 
extensives of Tj to the so that the set of r^ extensives is 
independent, mod T,. As before, we can shew that these r^ ex- 
tensives have transforms by ® which lie in and are linearly 
independent, mod Ty Hence r^ ^ r^. 

So proceeding, we find Fq **1 "i" ^2 i = ^ extensives 

e^y ..., e^y such that 

the first ro are in T’o. and are independent, mod T,, 

the next r^ are in Tj, and are independent, mod T^y 

the last r^n-i are in T^^^y and are independent of one another. 

Hence e^y ..., are independent, and hence they span 5 . 

IfpQ be any one of the first Tq extensives, then/)o,/>o®>/^o®*» • • •> 
lie respectively in Tq, T,, Besides the ex- 

tensives in Tj, there are Sj new independent extensives p^y 
say; and/)j,/>j 93 , lie respectively in 7 \, ..., 

Besides the extensives />o 33 ^, in 7 \y there are s^ new 
independent extensives p^y say; and p^y p^^^^ p2^^y •••» 
lie respectively in T,, If we call any set of extensives 

of form py pS&y ... a ' chain\ we have rQ chains from Tq, s^ 
from Tj, Sj from ..., s^_j = from thus the total 

number of chains is 

ro 4 -Sj + Sj-h... + s^_j 

= ro + (ri-ro) + (''a-r,)+... + r„_, = r„_,. 

8. For example, if 1 = 10, and ro = 2, rj = 3, r2 = 5, then 
m = 3, S| = I, S2 = 2, and the total number of chains is 5. If 
pQyPo ^be Tq extensives in Tq;P^ the extra Sj extensive in 7 \, and 
p2y P'2 extra S2 extensives in T,, then the chains are 

pQy Po^y P(S^^'y Poy pQ^y Pid^^'y P\yP\^ \ Ply P'l' 



XIII, 93] the general theory of matrices 375 

Take the elements of these chains as the basis of our spread; 
the lo-rowed matrix of the transformation S 3 in the new frame is 
then the direct sum of five matrices, each of which corresponds 
to one chain. The matrix corresponding to the first chain is 



For, if = ^3, then ^,33 = ^2*® = ^3> 

^3® = o. The matrix corresponding to the next chain has the 
same form; that corresponding to the next chain p^, /)j33 is 
obtained by omitting the last row and column from this matrix, 
and the matrices corresponding to the two last chains each 
consist of a single zero. 

9. Return now to the original matrix (£, which we left in 7. 
Since (£ = S 3 + a; 3 , we obtain (£ from ''-B in our frame, by adding 
a to each term of the main diagonal. In the example of 8 this gives 

+ + 'vhere ^ is of order 10. Similarly, in 

general, S is reduced to the direct sum of matrices of the form 

+ + + i,m) diagonal-matrices of the 

first order, where a is the characteristic root. Such matrices are 
called 'simple cafionical ?na trices'. The secular polynomials of 
these matrices composing the direct sum are the 'elementary 
divisors' of (£ — Thus, in the example of 8, the elementary 
divisors of the corresponding (£ — A^ are 

(a — A)^, (a — A)% (a — A)% a — A, a — A. 

10. By 6 the original matrix was transformed to a direct sum 
of matrices, each corresponding to a different root of the secular 
polynomial of the matrix ; these single matrices of the direct sum 
have now been transformed to direct sums of simple canonical 
matrices. 'Flius any matrix in the complex field can, by a change 
of frame, be reduced to the direct sum of simple canonical 
matrices. We call such a direct sum a 'canonical matrix'. The 
method of derivation shews that this reduced form is unique. 

If% be any matrix of complex numbers, we can find a non-swgtilar 
matrix 'ip such that is canonical, (§63-8.) 
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It is convenient to write 


Wr - ®i2 + ®23 + ®34+”- + l^’r-2,r-i + ®r-i,r- 

Then u? = + e,, + e,5 + . . . + 

U? = e,4 + G,5 + ... + GV3... 


ur' = G„, uf = o. 

If we omit the last row and first column from the matrix 
6 = a , 3 + Uf , we obtain a matrix of determinant unity. Hence 
the highest common factor of the first minors of © — is i. 
Now the secular determinant of (£ — A 5 is clearly (a - A)^ Hence 
this is the sole invariant factor of (£ — AQ, apart from unities, and 
it is the only elementary divisor. 

Hence for simple canonical matrices G, and hence for direct 
sums of such, invariant factors and elementary divisors of (5 — A^ 
determine each other. And since invariant factors are not altered 
by a change of frame, this is therefore true for all matrices. 

11. The geometrical meaning of a transformation whose 
matrix is aQ + 11 ^ should be noted. If we take a spread of step 
three, the extensives e,, Cji which we will interpret as vectors, 
become respectively oe, ae^+e^, oce^. 'I'he only vector whose 
direction is conserved is e^. We can perform the transformation in 

two stages, if a # o, first transforming e, , e.^, ^3 to e, + ^ 

Cj, and then multiplying all vectors by a. The first transformation 
is a 'shear' . If a = o, the transformation is of course singular. 
Omitting this case, we see that + U, represents a shear in a 
spread whose step is the order of the matrix, together with a trans- 
formation multiplying all vectors by a. It must not be forgotten 
that a may be complex. 

12. A necessary and sufficient condition that two matrices of 
{real or) complex numbers be similar, is that they have the same 
canonical form. 

Necessity. Two similar matrices (§63-3) represent the same 
transformation in different frames, by §63'8, and the canonical 
form of the matrix of a transformation is unique, apart, of course, 
from the order of the direct sums. 
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Sufficiency, If matrices S have the same canonical form (£, 
there are non-singular matrices G such that 
G«G"' = (£. Hence 

where 9 i = 

13 . A necessary and sufficient condition that two matrices 9t, 93 
of (real or) complex numbers be similar is that 91 - A 3 , 93 - /I 3 have 
the same invariant factors. 

For, if 9t, 93 be similar, there is a non-singular matrix ^ such 
that 9391^ = 93; hence 

= m -' - A3 = « - A3 ; 

hence (§ 89 ) 9( — A 3 , 93 — A3 have the same invariant factors. 

And if 91 ~ A3, 93 — A3 have the same invariant factors, the 
canonical forms of 91, 93 are the same, and hence 91, 93 are similar. 

14 . If 93 be non-singular, we define the 'elementary divisors' 
of 91 - A93 to be those of 9193"^ - A 3 . 

15 . A "multiplication' in a spread is a transformation whose 
matrix is similar to a diagonal matrix. 

I'he transformation 91 in a spread of step n is a multiplication 
if, and only if, it has just n latent extensives of step one. 

§ 94 . Geometric applicatiofis, 

I . If 91 is a collineation in a spread of step n, and p an extensive 
of step one in that spread, and p% lies in a ‘prime’ n (that is, in 
a spread of step n-i), then [7r./)9l] = o, and we say />, n are 
'conjugate' for 91. 

Since [n . /)9(] = o, we have [n , 9l*/>] = o, [7r9l* ./>] = o, (§§ 62 - 9 , 

63-4)- 

Now 91, 91* have the same secular equation. Interpreting the 
results of § 93*6 for the transformation 91* on primes, we have: 

To each distinct characteristic root of 91 corresponds a 
'star' of latent primes, whose step equals the multiplicity 1 ^ of 
the characteristic root a^, that is, a set of primes which have a com- 
mon spread of step n — Ij and none of higher step. This common 
spread is called the 'support' of the star. The support is of course 
latent for 91. 
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Ifp is an extensive of step one^ not in a latent spread corresponding 
to aj, so that p^l — oc^p ^ o, then p% — oc^p lies on the support of the 
star corresponding to For it lies on any prime n which satisfies 
= aj TTy for 

[7r(/)‘?l-ai/>)] = [n.p''}\'\-aL^[7tp] 

= [77‘?l*./)]-aj[7r/)] = [{7T%*-a>^7T)p'\ = o. 

The ranges formed by />, p’Jl, and the cuts of with the 

supports of the latent prunes are projective to one another asp varies y 
and also projective to the pencils formed by ti, n'il*, and the joins of 
to the latent spaces. 

For the range of points mentioned is 

py p% p%-(x^py p%-cc^py 

and the pencil of primes is 

TTy 7T%*y 7r?l*-a,7r, n'il^-x^TTy .... 

This generalises v. Staudt’s theorem (§23*11), since any n 
independent points in a spread of step n can be taken as the latent 
points of a collineation. The primes through n — i of the points 
are the latent primes. 

We have, of course, corresponding theorems for correlations. 

2. Involutions, A collineation % which satisfies 51- = is an 
'involution'. Since a matrix of form + never has for its 
square, therefore, if we reduce 51 to its canonical form, this form 
will be diag(k,,k„...,kj. 

Then 51^ = diag(k^,k2, ...,k2) = 3 gives each k as ±1. 

5( = diag(± I, ± I, ..., ± I). 

3. For example, in space of step four, we have, besides identity, 
the involutions 

j'l = diag(-i, 1,1, i), y., =■■ tiiag(i, -i, i, i), 

J12 = diag(-i, - I, I, i), 

and so on, eight in all, including 

If e^y e.yy e^y e^ be the vertices of the tetrahedron of reference, 
then if b is in e,^e.^e^y the point ke, -fi is transformed by to the 
point — k^j-fA. Hence transforms any point on the join [e^b^ 
into its harmonic conjugate with respect to e^y b. 
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This collineation is a * central involution'. It leaves and 
all points of [^2^3^41 latent; it leaves all planes through latent as 
a whole. There are no other latent points or planes. 

Next consider JX 2 - If p is on ^2, and q on then Jy2 changes 
/) + into —p 4- kq\ hence it transforms any point on the join of 
points of ^3^4 into its harmonic conjugate with respect to 
these latter points. 

This collineation is a 'biaxial involution' . It leaves all points of 

[^1^2] ^nd of [^3^4] latent. The other edges of the tetrahedron are 

latent as a whole; the points on them, other than ^2> ^3> ^4> 

not latent. The lines [^1^2]* [^3^4] the 'axes' of the involution. 

Since s= i, ...,4), as is clear from the diagonal 

forms, the eight involutions (four central, three biaxial, and 

identity) can be expressed in terms of The relations 

between them, such as = Jn^ ^12^34 = -% all follow 

from <Y2 ^ ^ ^ ^ ^ ^ o 

Jr ■” vV) JrJs JsJr^ Jl J2 J^ Ja ~~ vV* 

The minus sign in the last formula has no relevance when we 

consider only the transformations of positions of points. 

4. If = 3 l 33 = « 9 l = 6, 

then r = = m = m = % = 

and we have three mutually commutative involutions. 

For = m . mi = w = 3, ® , 

and so on. 

If W = m = = 3, m = then = il. 

For since = (£, we have 

5. If two distinct central involutions are commutative, 
the centre of each is on the latent plane of the other. 

For take the frame ej, ..., ^4 so that is in canonical form 
diag( — i, I, i, i). Then the equation = 3391 shews that the 
first line and first column of ’^8 contain zero only, except for the 
element in the (i, i) place. Hence 33 leaves and latent. 

Hence the centre of 33 is either at ej, the centre of 91 , and then 
91 , 53 are identical, or it lies in the latent plane of 9(. In the last 
case, the centre of 91 lies in the latent plane of 33 . 
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6. If two biaxial involutions SJi, ^2 axes (A,B) and 
(C,D) respectively are commutative, then either the pair A, B 
meet the pair C, Z), or these lie on the same regulus and the pairs 
separate one another harmonically (§31-1). 

For Hence ^4^2 latent for Stj; 

hence either A^2 — ^ and then fiSlo = A^ or ASt2 = A and then, 
similarly, B^2 — 

In the latter case, the pair B cut the pair C, D, and our biaxial 
involutions are derived from the tetrahedron which has A, B 
and C, D as pairs of opposite edges. 

In the first case, let p be any point on A, then^ft^ is on B, Thus 
[p by definition of !f?2 it cuts C, D, Hence 

A, B, Cy D are dependent and cut any transversal harmonically. 

ThenSJ 1 S2 i^ involution whose axes lie on the regulus through 
A, By Cy D and separate both Ay B and C, D harmonically. 

If A^y B^y Cj, Z)j be lines on the opposite regulus separating 
one another harmonically, then {A^yB^) and (Cj,Di) are axes of 
involutions S3, S4, say, and SI3S4 is an involution; Sj, S2, S1S2 
commute with S3, S4, S3S4. In all, multiplying our involutions 
together, we get, including % sixteen commutative involutions 
which leave the quadric of the regulus invariant. 

If ^ is the polarity given by that quadric, its products with the 
involutions give six nul systems and ten polarities (including ^), 
in all thirty-two commutative transformations which leave the 
quadric latent. 

§ 95 . Equivalent pairs of matrices. 

Def. If Slj, %2y be matrices whose elements are complex 

numbers, the pair 9lj, is 'equivalent' to the pair '©p if there 
are matrices C whose elements are complex numbers such 

Theorem. If 3I2, $^2 be non-singulary a necessary and sufficient 
condition that 9 (j, %2 equivalent to 93 p !iB2 is that — A 9 ( 2 , 
93 1 — A 932 equivalent as X-rnatrices in the sense of § 89. 

For let % = ?li ~ X%y 93 = 93 i - AS82. Then, if the pair 9 lp % 
be equivalent to 93 i, 932, ^be O of the definition may be 
regarded as simple cases of A-matrices with determinants in- 
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dependent of A, and we have S3 = ^210. Hence the condition 
is necessary. 

To shew sufficiency, let 9t, 93 be equivalent as A-matrices, 
then they have the same invariant factors and there are A-matrices 
9K with determinants independent of A, such that 93 = S2t2R. 
We have to shew that there are matrices C whose elements are 
independent of A, such that 93 = for this gives 

Let »i932-' = X. 

'rhen the equivalent matrices S — A^ and 

(G-A5)2(2 = 2fi-A2U = 2l 

have the same invariant factors, and so have the equivalent 
matrices "S-A^ and (2)~ A3)®2 = == 51, 93 

have the same invariant factors, therefore so have G — A^ and 

2 --A 3 . 

Hence G, X are similar (§ 93 * 13 ), and there is a non-singular 
matrix 'iJJ, whese elements are scalars, such that 2 ) = 

I.ct G = Then 

= X«2 = 

^^52l2C = i ^^(2 517^^^5-^232 = 532* 

Xote. The investigation of § 93 , on which the present depends, 
assumed essentially the fundamental theorem of algebra. This was 
not assumed in §§ 88, 89. It is possible to deduce the results of the 
present section from those in §§ 88, 89, without use of the theory of 
similar matrices. The theorem is then shewn for matrices of real 
numbers also. 

§ 96 . The square root of a matrix. 

I. Lemma, If f(x) is a polynomial of degree n>o which does 
not vanish when x = o, then there is a polynomial g(x) of degree 
less than n, such that (g(x))- - x is divisible by f(x). 

For let f(x) = (x - a,)*‘i (x ~ a . . . (x - aj^-, 
where aj, a^, ..., a^ are distinct, and r^-f r^-f ... -f r^ = n. 

Let fi(x) = f(x) . (x ~ ai)-*^i. 

Let gi(x) be any polynomial of degree less than rj. 
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Then g/x) f ,(x) + gj(x) f,(x) + . . . + g 3 (x) f,(x) = g(x), say, 

is a polynomial of degree less than n, and the terms on the left- 
hand side, after the first, are all divisible by — 

Hence (g(x))^ — x will be divisible by (x — aj^^i if, and only if, 
(gj(x) f i(x))* — X is so divisible. 

Thus if g(x) is to satisfy our conditions, (gi(x)fi(x))^ — x must 
be divisible by (x — It remains to choose g^(x), g 2 (x), . . ., gs(x). 

Now >^x=^a[i+a *(x — a)]^ 

= Co-f Cj(x-a)-{-C2(x-a)- + ... 4-c,_j(x~ay * + ..., 

where the c depend on a only. Let h(x) be the sum of the first r 
terms of this series. Then h(x) is a polynomial in x of degree less 
than r, and x — (h(x))^ is divisible by (x -a)'. 

Let hj(x) be derived in this way from x - a^. 

Tet ki(x) ,(x-aiyil(x) 

■f(x) (x-aj'.-" f(x) • 

This is obtained by the usual partial fraction decomposition ; 
the degree of k; is less than rj. 'I'hen hi(x) - fj(x) k,(x) is divisible 
by (x-aj)'!. 

Hence so is (hj(x))- — (fi(x)ki(x))% 

and also x - (fi(x) ki(x))^ 

Take kj(x) for gi(x) above, then g(x) satisfies the required 
conditions. 

2 . 1/^)1 is a non-singular matrix of order n, there is a matrix 
which is a polynomial in of order less than n, such that *^3“ = ^l. 

93 of course will be non-singular, but its elements may be 
complex numbers, even if those of 91 are real. 

For, let f( A) be the characteristic polynomial of 91 ; then, by the 
lemma, there is a polynomial g(A), of order less than n, such that 
(g(A))2 — A is divisible by f( A). For, since 91 is non-singular, f(A) 
does not vanish when A = o. 

Now f(9t) = o, hence (g(9l))^ — 91 = o. Hence 93, = g(9l), 
satisfies the conditions. We call 93 the 'square root' of 91. 

Cor, If 93, 93i be the square roots of 91, 9(i, and 9(9li = 9li9l, 
then 93®i = 93i93. For 93 and are polynomials in ^,9lp 
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§ 97. Correlations y polarities^ congruent matrices, 

1. Let 91 be a non-singular correlation, that is, a linear trans- 

formation which turns points into primes; and let % be repre- 
sented by the matrix (ajj) in the frame (e^, Let 

ki = (i = i,...,n). 

Let /) = x,e, + x,e,+ ... + x„e„, 

<7 = yi«i+yz«a+-"+yn^„. 
then p's?! = ^Xiajj^j, [p%q]== 

>j IJ 

Hence [p%q^ is a bilinear form in />, q, or perhaps we should say, 
inxp ...,x„; y^, ...,y^. 

Also [pSlip] = [p%*p]\ 

[/>%] = + + 

We can regard [/)9(^] either as the product of /) 9 l and or as 
the product of p and 91^. [/> 9 (/)] is a quadratic form, and there is 
no loss, if we assume there that 91 = 91*. 

2 . If /)9( = then /), q describe projective figures. For 
p = q^, where = 9l*9( K 

I'he ‘ involutory ’ points of 91 are the points p such that p% =/) 9 l* ; 
91 itself is 'involutory' if all points are involutory points of 9(. 

In this case, 9( = k9l* for some scalar k; hence 

9P = k9l, . 91 = k-^9l, k = ± I, 91 = ± 91^. 

If 91 = 91*, we have a ' polarity' \ if 91 = —91*, a 'nul system', 

3 . If 91 be a mil system, and n = /)9t, then 

[np] = [Z)?!/)] = [p'JlV] = = -[npl 

Hence [tt/)] = o, each point is on its corresponding prime. 
Conversely, if each point p is on its corresponding prime /)9l, 
then [/>9l/>] = o for all p. 

Hence [/>9l*/)] = o, [/>(9l + 91*)/)] = o for all p. But 9t-f 91* is 
symmetrical, therefore the last equation gives 91 + 91* = C 

(§ 63 -”)- 

If be non-singular, and = — IJl*, then is of even order. 
For [51"] = ( - 1 )■’ ['Jl**'] = (-!)" 

The nul planes of a screw and their nul points (§ 34) are con- 
nected by a correlation which is a nul system. 
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4 . If 21 is not a nul system, then the latent points of ^ 
coincide with the involutory points of 2 (, and satisfy p% = k/)9P 
for some k. 

Hence (i ~k) [p%p] = o; hence if k# i, these points lie on the 
quadric [/>3l/)] = o. 

Thus any latent spread of not corresponding to latent root i , 
lies on this quadric, 

5 . If /), 9 be transformed by a collineation UJ, then [/>2Uy] 

becomes = [/>s)f}v^(s){#/,]. 

Thus our correlation 2( is replaced by (our frame has 

not been changed). 

The matrices representing 2l and 9{219{* are called ‘ congruent ’f. 
The relation of congruence is transitive. Thus the matrix which 
represents a bilinear form is changed into a congruent matrix 
by a collineation, or linear transformation in the spread, whereas 
a matrix which represents a linear transformation is changed into 
a similar matrix (§ 63 * 8 ). 


6 . If % '8 be equivalent and symmetric matrices whose elements 
are complex numbers^ then 2(, 58 are congruent. In facty //58 == 5^210, 
then there is a non-singular matrix 9 ? which depends on 9 ?, C ow/y, 
such that 58 = 9t2(5R*. 

For 5p2tC = 

(Cl* -'5P)2t = 21(5P*C 0- 

Let Cl*-^5P = e, then 

= (£*, m = 21(£*. 

Hence = (£21©* = 2(6*G* = 2 ((£* 2 . 

Similarly, mi = mi = 2K£**\ 

Hence, if /(x) be any polynomial, then /(l£)2l = 2J/((£*). 
Choose for /(x) that polynomial such that /((£) = 'I), = (£, 

® non-singular (§ 96 ). 

Then X* =/((£*), X2( = 2(2)*, 21 = 2)-*2(2)*, 

58 = 5P2(CI = 58X '2i:&*Cl. 


t This is the usual term. It has of course no connection with the use in 
this book of the term congruence applied to extensives. 
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Now = e = hence Cl*® = ^3)"' = SR, say; 

®*Cl = SR*. 

Hence 93 = SR31SR*. 

Also S)i depends on )Q only, since SR = Cl*®, ®2 = Cl*"^Sp. 

7 . Similarly, if 91, be equivalent and skew-symmetric matrices 
whose elements are complex numbers^ and 93 = SP 9 lCl, then there 
is a non-singular matrix SR depending SJJ, Cl only^ such that 
93 = »msR*. 

8 . //9I, 93 be both symmetric^ or both skew-symmetric^ and Stj, 93i 
be both symmetric y or both skew-symmetric {the elements being 
complex numbers)^ and the pair 9(, 9li be equivalent to the pair 
93 , 93i, then there is a non-singular matrix SR such that 

SR9tSR* = 93, )R9tiSR* = «i. 

For, by § 95 , there are matrices, non-singular, SJ3, Cl such that 
9S91CI 93, 9J9tiCl = and the SR we need depends on 93, Cl 
only, and in the same way in the two cases. 

//, further y 9( j , 93 1 non-singular y then the pair 9t , 9t j w congruent 
to the pair 93 , 93i //, and only if, 91 — A9li, 93 — A93i have the same 
invariant factors (7 and § 95 ). 

9 . //9l, 93 be symmetric or skezv-symmetric matrices of complex 
numberSy then there is an orthogonal matrix such that SR91SR* = 93, 
ify and only //, 91 — A^, 93 — AJ have the same invariant factors y 
that isy if and only ify 91, 93 be similar. 

For, in 8 , take 9li = 93i = then SRSR* = 

10 . //9I be a symmetric matrix of complex numbers y there is an 
orthogonal matrix S)t such that 

= a,(S„ + ajl£„ + ...+a,lf„ = diag(a„aj, ...,a„o,...,o), 

for some r, a^, a^, ..., a,.. Here r is the rank o/9l, and a,, a,, its 

non-zero characteristic roots. 

For the canonical form of 91 is similar to 91, and hence is 
symmetric, and hence is a diagonal matrix, since aQ -f U is not 
symmetric. Let the canonical form be 93 = diag(a,,aj, ...,a^, ...). 
The theorem now follows by 9 . 
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11. If % be a symmetric matrix of real ele^nentSy there is an 

orthogonal matrix of real elements such that is diagonal. 

For has its characteristic roots all real (§ 63 - 5 ), and since 
we have with the notation of 10 , = 33. Thus if 

we consider 91 as a matrix of a linear transformation, it can be 
changed to 33 by a change of frame, and since 9 (, 33 have real 
elements, the coefficients of the transformation which gives the 
change of frame are real; thus 9 i has real elements. 

12 . The matrix of a quadric in vector space can^ by an orthogonal 
transformation^ be brought to the diagonal form. Two quadrics can 
be transformed into one another by an orthogonal transformation if, 
and only if, their secular matrices have the same invariant factors. 
If the quadric is real, the orthogonal transformation is real. 

This is only a translation of 9, 10 , 1 1 . It is a refinement of § 91 , 
which merely asserted that there was a diagonal matrix congruent 
to a given symmetric matrix. 

13 . Simultaneous reduction of two quadratic forms to sums of 
squares in the complex field. 

If [x%x], [jc93:v] be the quadratic forms, 33 non-singular, a 
necessary and sufficient condition that we can reduce both to 
sums of square terms (so that 31, 33 are replaced by diagonal 
matrices) by a collineation, or change of frame, is that all the 
elementary divisors of 31 — A33 are of the first degree. 

Necessity. If, by a collineation, 3t, 33 become respectively 

g = ciiag(CpCj,...,c„), 2 ) = diag(d„dj, 

then dj, d^, . . ., dj, ^ o, since ® is non-singular, and the elementary 
divisors of 6 ^-AX, which are A-c,dj A -c,^d“‘ are not 
affected by a collineation. 

Sufficiency. By a collineation we can change 31 into a diagonal 
matrix (£ = diag(c,, c^, ...,Cn). Then if A — kj, ..., A — are the 
elementary divisors of 9 t — A 33 , they are also those of (£ — A®, 
where ® = diag(c,k'S ...,Cnkn ‘). Hence the pairs 31, 33 and 

® are equivalent, (§95), and hence, by a collineation we can 
change 31 , 33 into (£, ®, for by 8 the pairs are congruent. 

Cor. The forms [x%x\, [ai:33jc] can be simultaneously reduced to 
sums of square terms if, and only if, 3133 = 3331. 
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14 . For symmetric, or skew-symmetric matrices, similarity 
and congruence imply each other by 9 . The following is for 
general non-singular matrices. f 

A necessary and sufficient condition that the non-singular matrices 
21, 23 in the complex field be congruent^ is that A2t + 2t*, + 

have the same invariant factors. 

Necessity. If 23 = 912191’'*’, then 

23* = 9l2t*9i*, A23 + 23* = 9{( A2l + 21*) 91*. 

Thence A2t + 2l*, A23 + 23* are equivalent, and so have the same 
invariant factors. 

Sufficiency. If A2t + 2t*, A23H-23* have the same invariant 
factors, then (§ 95 ) tlie pair ( 21 , 21 *) is equivalent to the pair 
(95, 23*), that is, there are matrices, with constant elements, 
such that S = 2 ^ 210 , 23* = 2^2I*£l, and hence 

« 4- 23* = + '^t*) a - 3i*) C. 

But 2t + 21*, 23 + ®* are symmetric, and 21 — 21*, ® — ®* are 
skew-symmetric (if cither of these vanish, the theorem is already 
proved). Hence, by 8 , there is a non-singular matrix 9t such that 

2( + 2(* = 9i(® + ® *) ^K*, 21 - 21* = 9i(® - ®*) 91*. 
Hence adding, 21 = 91®9i*. 


§ 98 . Collineations as products of polarities. 

Every collineation is the product of two polaritieSy one at least 
non-singular. 

This will be shewn, if we prove: 

Every matrix 21 is the product of two symmetric matrices, one 
at least non-singular. 

Our field of scalars is the complex field. 

Let (5 be the canonical form of 21, then 21 = for some 

non-singular tS = f£, 0 (i 2 @(S 3 ©... 0 So where each Sj is a 
simple canonical matrix. ISj = ^r + C:ij + (S 33 + ••• + (Sr-i,r 
some r, k, where 3 r denotes the unit matrix of order r. 

For each (Sj take a corresponding symmetric matrix Dj, where 
= ^^.r + ® 2 .r-i + • • let® = ®,©® 20 ... 0 ®s. The 

matrices ®| each have order r, depending on i. 

t The theorem also holds if '21 is singular. Muth, Theorie und Amvend- 
ungen der Klementartheiler (1899), p. 143. 


25-2 
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Then by the meaning of direct sum, 

(®,© 3 )j© . . . @®s) (^.©62® • • • © ®s) 

Now =®,e,©®, 6 ,©...©®,e, 

+ (£,,_, 6 v- 2 .r + e 3 .r-z®r- 2 .r-r+- + er.xe ..2 

= Mex.r + ©XT-X + • • • + ©r. x) + + (S 3 ..-X + • • • + ©r,*. 

and since @*j = @jp therefore 2)i©i is symmetric, and 5)S, being 
the direct sum of symmetric matrices, is symmetric, (‘SJS)* = 

Let O = then since = S, we have 

Q-i = (C O* = = c-s 

Hence " 0 = ^*{m) % 

(Xii)* = 

But 2)(£ = (2)l£)^. Hence C^l = (C9l)*. Thus 91 = C-LC91 
is the product of symmetric matrices C"* and Cl9f, and since D 
is non-singular, so is C~‘ since this is congruent to 


§ 99. Reciprocal of one quadric with respect to another, 

1. In the complex field, let be a non-singular polarity which 

turns points into primes. In a fixed frame we can represent ^ by 
a matrix, which we also denote by The point p is on the quadric 
given by the polarity if [p%p] = o. This is the equation of the 
quadric as locus. The tangent prime at p is /)^ = tt, say; thence 
p = and O = o. This is the 

equation of the quadric as envelope. 

Let Cl be the matrix, in the same fixed frame, representing 
another non-singular quadric. If p is on and a is its polar 
prime for C, then [/>./)^] = o gives [/>Cl./)^Cl *] = o, (§63*9). 
But/>Cl = a, hence/) = aC~^ [a.ajO-^^C~^] = o. 

Hence the envelope of a is a quadric envelope with matrix 
9 ?“^ = Cl“*^Cl“*. Regarded as a locus, the quadric has matrix 

9 i = 

2. If 9 i be given, the problem of finding a reciprocator C 
is essentially that of finding the square root of a matrix. 

For and we can find ©, a polynomial in 

^”* 9 ? such that (§96*2), and then take O = 
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We must shew that the matrix O, is symmetric, otherwise it 
will not represent a quadric. 

Let @ = ko + k, + . . . + k„0^5-*9i)". 

Since we have 

S* = ko + k. 9?^-' + + . . . + k„(9^9p-)", 

%(B = ko^ + k.9i + k,(9l^-)9i+-- + k„W")""'9^ = 

C^JS)* = (S*$)* = 9U*® = 93®- 

Hence Cl* = £1. 

3. If Cl can be brought simultaneously to diagonal form, 
the change of frame which does this, brings 9i to diagonal form. 

For, if = diag(a„aj, ...,a„), G = diag(b„bj, ...,b„), 
then 9{ = diag(a, 'bj, a“'b=, ...,a“*bj) = diag(c„c,, ...,c„), 
where a, c, = bj, . . a„c„ = bf,. 

4. If % G, 91 be related so that G9?->G = % 9i^-‘9I = G, 
then '3G- ‘ = G9{ ■ = 91'iU-', ^G-^^ = 91 = G'ip-G, 

C3G-‘)^ = '^G ■ . G9I ■ .9{^«-' = 3, or 23 = 
when 2 = 9JG ‘. 

If det (3-3)3^ o, then 2* + 2 + 3 = ~ > (§ 627), 

2 + 2 *+3 = ^, ilG-‘ + G9S-‘+3 = i^. ^^ + G + 9I = C. 

The geometrical interpretation of these is considered later 
(§118-9, lo)- 

§ 100. Self-equivalence of matrices of complex numbers. 

I. A necessary and sufficient condition that 91 = '‘^9IG,/or some 
91, where 91, 9^ . Cl are non-singular, is that the elementary divisors of 
the secular matrices o/lJS, G can be put into one-to-one correspondence 
so that the corresponding divisors vanish for reciprocal values of A. 

For, first, if 91 be non-singular, and 91 = ip9IG, then 
3 - AG = 9t '{%- A3) 91G for all A. 

Hence the pairs 3. Cl and 3 are equivalent. 

Conversely, if these pairs be equivalent, then there are non- 
singular matrices 91, 93 of constant elements, such that 
93 = 91393, 3 = ?lCl93. 

Hence 93 = 9li8, 93 = 9391G'‘8, and 91 = 939ICI. 
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Now these pairs are equivalent, if, and only if, the matrices 
^ — AO have the same elementary divisors; that is, if 
and only if ^ — A<3, O — A“^;3 have the same elementary divisors. 
Hence the theorem if 91 be non-singular. 

We next consider the case when 91 is singular. 

If 91 be singular of rank r, and $ 9(0 = 9 (, where $, O are 
non-singular^ then $ has at least r characteristic roots which are 
reciprocals of characteristic roots of O. 

For let 

J., = diag(o,o, 

where there are r unities and n — r zeros in and n — r unities 
and r zeros in J^. 

Then = 

By hypothesis and §90 there are non -singular matrices 'iK, ^ 
such that = J,. 

Let % = Go = G-‘CG, then 

^0 J'rGo = = J,. 

Let Gij = JiOoJj. then 

%i^n = yx%yi-yMi-yi- 
%^^o = y2■%yl^o-y>y^-^> 

but Oo is non-singular, hence $21 = 

but $0 is non-singular, hence 012 = ^. 

Hence det ($ - AQ) = det ($j, — A J,) . det ($22 ~ 

det( 0 -A 3 ) = det(0n-Ajf,)-det(022-Ay2)- 
Also the sub-matrices composed of the first r rows and columns 
of $11, On are inverses of one another. Hence if c^ C2, . . c^ be the 
characteristic roots of $11, then cf *, c. 7 ^ c”* are those of On- 

2. If 9 t = $ 9 l$* and 91 , $ be non-singular, then by i , ^ - A$* 
and $~A 3 have the same elementary divisors. Hence so have 
^~A$ and$-A3[. 

Hence a necessary and sufficient condition that 91 = $ 9 ($’"' 
($ non-singular)^ for some non-singular 9 (, is that the elementary 
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divisors 0/ ^ and ^ — A^ are in pairs of equal degree, and 
vanish for reciprocal values of A, except perhaps for those divisors 
which are powers 0/ A ± i . 

The last proviso is necessary, because we only know that the 
roots of det ~ A!^) and of det the same; so that 
-f I or — I might be solitary roots, while if a 7^ i is a root, then 
so is a 

3. A necessary and sufficient condition that 9t = ^91^ non- 
singular), for some non-singular 9(, is the same as in 2 . 

l^his follows by i . We can also shew the identity of conditions 
in 2, 3 as follows: 

If there is a non-singular % such that ^21^ = 9t, then there is a 
non-singular such that and conversely. 

For, if (£ be any matrix, then (£ — A^, (£* — A^ have the same 
elementary divisors. Hence there are matrices C, SR with 
Zm = 0{ - ,1, and hence CKSC ' = C*. 

Take (£ = then, by hypothesis 

91 ^^91 = ^ 

e ‘9(-*'^9(c = = 9is:i. 

Hence = 9(C satisfies the conditions. 

4. If 91 be non-singular, a necessary and sufficient condi- 
tion that non-singular matrices C satisfy ^910 = 9t, where 
det(’‘4?4-3)»det(D4-^)7^o, is that there is a matrix 9Ji such that 

det(9l-f9JO»det(9l-9Ji)^o, 

= (91 -f m) (91 - 9Jf) G = (91 + (9( - 93?)- 

Proof, Sufficiency, The conditions give 

- 9JJ) Cl - (91 + 9J0 C = 91 - m, 

+ 9R) C = - 9R) = 91 + m. 

Adding these '!)?9lCl = 91. That Cl + [^ are non-singular 

follows from the formulae of the next part of the proof. 

Necessity, If ’!)J9lCl = 91, and + Cl + ^ be non-singular, 
take 9J{ = (';UCs) then 

9l+9Ji = + + 

9( - m = + 3 ) [{% + ^) - ~ m 51 = + 3 )- ' 51 . 

Hence 91 + 9J?, 91-9.R are non-singular. 
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Also = ^(3l-9J?) = 9l+9», 

= (31+aR) (31-90?)-'. 

Since ^pSlsQ = 31, we have 

(3? - S) 3l(Q + 3) = 31 - 310 + <P3t - 3t = (3? + 3) 31(3 - a)> 

(9p +3)-' (^ -3) «(CI + 3) = 51(3 - a), 

3Ji(0+3) = 51(3 -Cl). 

Hence (31 + 9K) O = 31 - 3J?, O = (31 + IW)-' (31 - 3J?). 

5 . If 'Sis symmetric and non-singular, a necessary and sufficient 

condition that there is a matrix with 9 P + 3 non-singular, such 
that ^@93* = ®> there is a skew-symmetric matrix 'X, such 

that 35 = ( 0 +^)( 3 — 2 ^)-', with 0 + 5 , 3 -^ non-singular. 

Proof. Sufficiency. The conditions give 

X — det (0 + 5 ) 7 ^o, det (0 — 5)#o, 

3?* = (0 - 5>*- ' (0 + X)* = (0 + 5)-' (e - 5). 

Hence the result follows from 4 with 3?* for C, 5 for 30J. 
Necessity. Take 5 = (3^ + 3)"' “3)2. 

Then, as in 4 , 0 + 5, 0 — 5 are non-singular. 

Also (3J+3)5 = (3S-3)0, 3?5 + 5 = 3JS-0, 

= (0 + 5)(0-5)-'. 

Take 9? = (33+3)^(3J + 3)*. 

then Di, X are congruent, and 

m = (3P-3)3('?+3)* = (333-0) (35* +3) 

= 3323J*-S33* + 385-0 
= 0-03J*+ 350-0 = '350-035* 

gj# = = _9{. 

Hence 5 * — — X, since 9 t, X are congruent. 

Cor. //IP535* = X,X* = -X, det(35 + 3)^o, detT^^o, then 
there is a symmetric matrix 0 such that 35 = (0 + 5) (0 - 5) ' . 

6 . Geometric examples. 

A linear complex is self-transformed by a biaxial involution 
whose axes are any two lines of the complex. 
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If through a point on a quadric -2 we draw four planes, the 
opposite edges of the complete four-face cut J in three point- 
pairs of a biaxial involution whose axes are polar with respect to 21, 

Opposite edges of two Mobius tetrahedra inscribed in a quadric 
2, correspond in a fixed biaxial involution whose axes are polar 
with respect to 2, 

§ loi . Matrices which are products of involutions. 

I. // ^ = 91^ = secular equation of ^ is 

reciprocal and satisfies the condition in § ioo*2; conversely^ if ^ 
satisfies this condition, then ^ is the product of two involutions. 

By an ‘ involution ’ we mean a matrix whose square is identity ; 
by a ‘ reciprocal equation' we mean one such that if r is a root, then 
so is r ^ ; thus roots occur in reciprocal pairs except that isolated 
roots -f I or -- 1 may occur any number of times. 

For, if = 91®, 91“ = ®2 - 3, then 91^^ = ®, ^® = 9l ; hence 
^ 459^45 = "^IJ® = 91, det^ = det9l.det® = ± i. Thus ^ is non- 
singular. Hence '*4? satisfies the condition mentioned. 

Conversely, if this condition holds, there is a non-singular 
matrix such that = (£, (§ 100 - 3 ). 

Then = (E^® . 

But if and if f{x) be anv polvnomial in x, then 

For, if = X"'!}?, (n positive integer), then 

■= X"’ 

Hence, by induction, = T"')? for all positive integers n, 
and hence, by addition, '^/(D) = for all polynomials /. 

Now we had hence = /((£ ’) i^. 

We can find / so that /((£-) = Jv, and Jy- = {§ 96 ); jv 5 ^ 6 , by 

construction off. 

Then m 

rv-‘is = (iTr'- 

Take % = then 

= (S'5 ' ' = eeg-'g-' = e'-5 - = 3- 

Take S& = %% then 'Jl-S = %. 
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It remains to shew that 932 = 

hence 

= 6 ^^-' = (£ 5 "*^ = 51 ^ = *• 

2. Cor, In particular, a projective transformation on a line is 
given, as we know, by a two-rowed matrix, whose determinant 
may be taken as unity, if only positions, and not weights, of 
points are relevant. The secular equation of the transformation 
is then reciprocal. Hence the transformation is the product of 
two involutions. 

§ 102. Orthogonal transformations with real coefficients, 

1. Any orthogonal transformation with real coefficients is the 
product of two involutions, not necessarily real. 

By the form of its secular equation (§67*15). 

2. Since for an orthogonal transformation 91, we have ^2(91* = 

then det 9( . det (9( + S) = det 91 . det (9(* + 3) = det + 91), 

det 91 . det (9( - 3) = det 9( . det (91* - 3) 

= det (3 -91) = (-!)" det (91 -3), 

where n is the order of 91. 

Hence we have the cases : 

For n even: 

either det9( = i, or det (91 + 3) = ^ det (91 — 3) ~ o* 
For n odd: 

either det 91 = i or det(9( + 3) = 
and either det9( = - i or det(9t-3) = o. 

Hence for n even, an indirect 9t has + i and — i as characteristic 
roots; for n odd, a direct 91 has characteristic root -f i, an indirect 
91 has characteristic root - i. 

3. A necessary and sufficient condition that 91 is orthogonal, when 
91 + 3 non-singular, is that there is a skew-symmetric matrix T 
such that 

« = (3 + 5)(3-^) ^ det(3 + l:)#o, det(3 -l)#o. 

(Cayley.) 

By §100*5: As we have assumed, det (91 + 3) therefore 91 

is direct. 
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Any orthogonal matrix, direct or indirect, can be put in the 

fo"" ^l = 2(^ + X)Q-7)-\ 

where 2 = -1*, 2 = 2* = S"*. 

4 . The elementary divisors of a real orthogonal matrix are all 
linear; any two such matrices are similar, or congruent, if and 
only if they have the same secular determinants, and then one 
can be transformed into the other by a real orthogonal trans- 
formation (§ 67 ). 

5 . If p be a latent extensive for an orthogonal transformation 51, 
which corresponds to a root oc^ ±i of the secular equation o/51, then 
p^ = o. 

For />5t = a/), ccY = [/)5{ |/>5l] = [/)915P \p] = [p\p]= />'. 
Hence if i, then p- = o. 

If p^q be latent extensiveSy not both corresponding to root i, nor 

both to root — i, nor to reciprocal roots y then [/> 1^] = o. 

For /)5l = apy q% = /?^, then 

CL/i[p !</] = [psi \q^ = \q] = [P \q], 

and since we have [/> I?] = o. 

6 . Geometrical treatment of 3 . 

Let 9t be a direct orthogonal transformation, then 9191* = 
det (91 + o. Let p be any extensive, p91 = p\ \{p+p') = q- 

"rhen />{91 + ^) = />+/>' = 2 ?, /> = 9 . 2(91 + 3)“* = ?(3 - %), 

say. 

Then q-p^q2 = .](/>+/>') I, />'-/> = {p+p')2. 

Hence 91 - ^ = (91 + 3) I, 91((^ - 5) = 5 + X. 

5 =(91 + 3) -'(91 -5), 91 = (0 + 5)(3-3:)-‘. 

It remains to shew that 3 is skew-symmetric. We have 

[{p+m \{p+p')] = [{p'-p)\{p'+p)] = o, 

since p- = p'^. Hence 2 is skew-symmetric (§ 63 - 10 ). 

Note that (91 + > (91 -^) = (91 - (91 5)-', 

7 . If 91, 93 be direct orthogonal matrices of order three, then 

91 + 93 is never of rank two. (Stieltjes.) 
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§ 103. Displacements in space. 

If o be a fixed origin, p any point, which becomes p' by the 
displacement 9t, then 

P'-o = (i) 

where r is a vector, and *31 a direct orthogonal transformation. 

When is an indirect orthogonal transformation, the trans- 
formation defined by (i) will be called an 'indirect displacement'. 

From(i), K/>+/>')-o= hr. 

If 91 is direct, then (§64-10) either — i is not a characteristic 
root or it is a double characteristic root. In the latter case, 9 ( + 3 
is of rank one, and as p varies, the points h{p-\-p') arc collinear. 

If 91 is indirect, then — i is either a simple or a triple character- 
istic root (§64*11), and 91 +<3 has respectively rank two or zero. 
Corresponding to these two cases, i(/>-f/>') He in a plane or 
coincide for all p\ for if 91 = — 3> ^Hen i (/>+/)') = 0+ hr. 

Hence, /or displacements in space, the mid-points of corresponding 
points either fill all space, or lie on a line; for indirect displacements, 
they either lie in a plane, or coincide. (Cf. § 19*12, 13.) 

§ 104. Inversions.^ 

I. Consider in a spread of vectors, of step n, the sub-set SP of 
vectors whose inner squares are unity; all vectors in the present 
section are in . 5 ^. Consider the transformation of p to q given by 

q^p-2[a\p]a, (i) 

where a is any vector of the subspread. Since = i, we have 

q^ = p^- 4[a I pY + 4[« \PV = P'- 

Hence the transformation is orthogonal and ^ 9 " is latent. The 
transformation is indirect, since, if />,, become q^, ..., q^, 

then [/>,.../>„] = -[9.... 9, .]. 

We call this special transformation an 'inversion' with 'centre' 
a, and we denote the inversions with centres a, b, ... respectively 
by % 93 , .... 

* P. F. Smith, Trans. Amer. Math. Soc. 6 (1905), p. i ; Voss, Math. Ann. 
13 (1878). P- 320. 
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If ^ = p%y then from (i) we have a% = — a, {a\^ = ■“ [^ l/^]» 
q% = = q-\- 2 [a\p\a = p. 

Hence so that 21 is an involution, and as it is orthogonal, 

therefore 2121*' = % and hence 2t = 21*. 

2. Products of distinct inversions. 

If =/)?I=/)- 2 [a|/>]a, />,=/>,'« =/',-2[6 1/),] 6, 
then [b\p;\-[b\p]- 2 [a\p][a\bl 

/)9(® = /)j = /) - 2[a I /)] a - 2[^> I p] ^> + 4a |6] [a I p] b. (ii) 

If 2t / 33, we have 2(23 = 2321, if and only if [a | 6 ] = o, and then 
/)2123 = p- 2 {a\p'\a- 2 [h\p'\b. 

If we have n commutative inversions 21 j, ..., 21^, with centres 
then |«j] = = I or o according as i = j or i^j. 

If /) be any point, and be independent, we have, from 

(u), and p = |p]«. + [a, |P]a, + .•. + K Ipjon, 

p'Jt, . . . 'Jl„ = p - 2[«, I p] - 2[<ijp] a, - ... - 2K Ip] a„ = -p. 

The product of n commutative inversions in step n with independent 
centres merely reverses the weight of each extensive, 

3 . If 2123 = ax, then 

{ab]^[cdl [a|6] = ±[cW. [«k] = ±[614 

For we have for all />, by (ii), 

[a\p]a^[b\p]b-z[a\b][a\p]b 

= ic|p]c + [d|p]rf- 2 [c|d][c|p](/. (hi) 

Multiply the sides of this outenvise by the corresponding sides 
of the equation obtained by putting q for p, then we have for all p, q, 

[ab\pq][ab]=^[cd\pq\{cd\. (iv) 

'I’ake p = tf in (iii), and multiply innerwise by d\ again take 
p = c, and multiply innerwise by b. Thence 

[al6][il^] = [«k][cK], [cld][61rf] = [ak][ak]. (v) 

Hence if [a|6]^o, [<r |</]y=o, then [a |r] = ±[fe|d], 
and if [a|t]#o, [6|</]#o, then [a k] = ± [c |<f]- 

And if, for example, [a [A] = o, then either [c |</] = o or 
[a|c] = o. In the latter case, since [a |6] = o,anda- = b- = c- = i. 
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and a, b, c are dependent, by (iv), we have b = ±c, and then by 
(v),[cK] = o. 

Again, if [« |6] = [cjd] = o, putting p = a, d in turn in (iii), 
we have 

a^[a\c]c + [a\d]d, d=[a\d]a + [b\d]b. 

Hence [a\cY + [a\d\^ — [a\dY' + [b\dY = 1, 

and these give [a |f] = ± |<^]- 

Thus we have [a |c] = ± [A |<f] in all cases, and since 
implies ©31 = ®33, therefore similarly [a [A] = + [r|<f]. 

We can, by choice of sign of d, take the positive §ign in 

[a\b] = ±[c\d], 

and then by (v), the sign is positive in the other formula. 
Conversely, if [ab\ = [cd], [a\b\ = ±[c |(/], then 3135 = ©T?. 

4. If we take c = kjrt + k.26, where 

= kja- + 2k, k2[<t |6] + kj’A- = kf + kji 4 - 2k, k.2[« |A] = i , 

and = - k2<J + (k, + 2k2[a |6]) b, 

then [a |A] = [c \d], d^=i, and hence 3t35 = ©'ll. 

Hence we can take c as any vector, of unit square, in the spread 
[aft] and then d is fixed ; similarly we can take d as any vector in 
the spread [aft] and then c is fixed. 

The product of three inversions 31, ©, whose centres are depen- 

dent, is an inversion. I'or take d in [aft] so that 35© = 31X, then 

3t«e = 3131® = ®. 

5. If a, ft, c be independent, we can replace 3135© by ®©(^, 
where d is any vector in the spread [aftc], and [e/] is a fixed 
bivector when d is fixed. (We work in the spread [aftr].) 

For, let [</a.ftc]sa„ then ®3l = ®i3l,, where d^ is on [da], 
then ®3133© = ®i3l,!6©, where 31,35© is a single inversion ©5, 
say, so that ^3135© = 3l‘i8© = ®®, ©3. 

Further, if ®©^ = then W] - [^i/il- 

We can take e as any vector in the spread [ef] and then /is fixed. 

6. If ®©g = ® , G, 5i = ^2 are dependent, 

all points being in [def], then [ef\, [e\f\], [^2/2] are dependent. 
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For, let [ef,ej,]=g, then 
where e' is on [ef], and e\ is on 

Hence 5 )©'® = DC' = 

dy rfj, e'y e'l are dependent on two of them, by 3. 

Let 2 )(£' == 1)2 (£2» 've may, since dy rf|, d^ are dependent, and 
hence dy d.yy e' are dependent; then = ^G'0 = 3)262®. 

Hence [^2/2] through^. Thus we have in [def] a linear trans- 
formation of vectors into bivectors, such that if one vector be 
taken as the first centre of three inversions giving 3)GJy, the other 
two centres lie on the bivector corresponding to the first vector. 

Since 3 ) 65 ^ = = 65 V' 2 )o for suitable Xq, 3 )o, the third 

centre lies on the bivector corresponding to the second centre 6. 

7. The following can now be shewn by induction: 

If 91^9(2 ... 9 lr cannot be reduced to a product of fewer than r 
inversions, then a^y.,.ya^ are independent, and the product equals 
'vhere can be taken anywhere in [a^,.. aj, any- 
where in the spread of step r — i which corresponds to in a 
certain linear transformation of vectors into spreads of step r — i ; 
b^ can be taken anywhere in the spread of step r~2, which is the 
cut of the last spread and the spread which corresponds to b^ in 
the transformation; and so on. Finally b^ is fixed. 


8. Any product of more than r inversions y whose centres are in a 
spread of step r, can he reduced to a product ofr inversions or fewer. 
For, if 9 lj 91 , . . . f i • • • be a product of inversions, then, 
by 7, 9(291^ ... 94^1 = 9t,9l2 ... 91 ' for suitable ...,^2', if the 
product 9(291^ ••• ' 4 } I itself reduce. 


I lencc 9(2 94... 9491^+1 
and so on. 


94... 94 94^2 •••'^ 4 i 


fs» 


9. An orthogonal transformation in step n can be reduced to 
a product of inversions and an orthogonal transformation in 
step n — I. I'he weights are supposed to be real. 

For, let i = (ay) be the matrix of an orthogonal transformation. 
Since the sum of the squares of the elements in any row is unity, 
we have a,jj ^ o for some t in i , . . n. Take the frame so that aj,„ ^ o. 

Consider the inversion 5H in the centre sin ,J6^.ej. + cos 
for some r^n, tlie frame being normal. 
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lip = pie. + pj«,+ ... +p„e„, we have 

= /> — 2 [p I sin + cos \d . e J (sin + cos \d . «„) 

= /> - 2(sin4^ • Pr • «r + cos4(9 . p„ . e„ 

+ sin h_d cos ^0 (p, . + p„ . e,)) 

= />' = p'l + Pj + • • • + Pn «n. say- 

Then pj = pj, if i^r,n; 

p' = cos0.Pr-sin0.p„, p' = — sin0.p,-cos(9.p„. 

Hence JSt = (bij), where b„j = a„j if jVr,n, while 

bnr = anr COS 0 - a„„ sin 0, b„„ = - a„, sin 0 - a„„ cos d. 

Take 6 so that b^^ = o. Then b„„ # o, otherwise we should have 
a’^n + aL = o. whereas a„„^o. 

Hence, we have made b„j = o, and still have b„„ o, and the 
other elements of the last row of the matrix 59J are as in 5. 

Thus we can choose inversions !fRp 9{j so that in TDfj ... 9},. 
the last row of the matrix is (o, o, ...,c„„), where c^^ = ± i, since 
the matrix is orthogonal. For the same reason, the last column is 
( 0 , 0 ,..., c„„). 

Hence ... 9Jg is an orthogonal transformation S in n— i 
variables. 

HenceX = ©9i,9lg^,...9?,. 

10 . An orthogonal transformation H in step n can be factored 
into n inversions or fewer. 

For it is the product of an orthogonal transformation in step 
n— I and inversions; and an orthogonal transformation in step 
two is either identity, an inversion, or the product of two in- 
versions. 

Hence, by induction, % is the product of inversions, of which, 
by 8, at most n are required. 

It should be noticed that, if n is even, and J direct, it may be 
necessary also to reverse the signs of all the variables, after the 
product has been formed, if 1 is to be obtained; for we have 
disregarded the weights, and in particular, the signs of our vectors. 

Examples, i. Erect a theory of inversions which preserve vectors 
in a spread of step n, whose inner squares are zero, and apply it to 
shew that every transformation of points into points, in a plane, 
which carries concyclic points into such, may be factored into four 
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or three inversions in circles, according as the transformation is 
direct or indirect. (Cf. §73, Exs. 15, 16, 17.) 


2. Inversion in a system k of circles in a plane, (Cf. § 85.) 

2\c \k\ 

If Cj = ~ then the system c, is 'inverse" to c with 

respect to k. Then c\ — If ^ is a nul system, so is Cy Also 
[c\k\ = — [cj |/f]. Thus any circle in the system k is invariant for 
the inversion. 

If C2 is a circle of system k which touches c\ then 


^2 i^:] = o = [cj k]. 

Hence [cj 1^2] = o» therefore C2 touches the circle c[ inverse to c'. 

If k is a set of circles orthogonal to a fixed circle, we have 
ordinary inversion. 

If Ar is a nul net of circles, we have a ' Laguerre inversion", a trans- 
formation of rotors into rotors, which reverses the sign of one rotor L, 
and turns rotors touching an oriented circle into rotors touching 
another oriented circle, the original and the transformed circle 
having L as radical axis. In the space representation this trans- 
formation corresponds to a reflection in a plane. 


3. In the geometry of systems of circles, let r' be a circle in 
system and not in ^2; let c\ be the inverse of c" in k2\ €2 
inverse of c\ in /f| ; the inverse of in ^2*, then C3 is a linear 
combination of c\ c[, c!,- 


4. A transformation of rotors to rotors in a plane, which changes 
rotors touching an oriented circle into such, is the product of four 
or three Laguerre inversions according as it is direct or indirect. 


5. A transformation of points in space into points, which turns 
cospherical points into such, is a product of four or five inversions 
in spheres according as it is direct or indirect. 

6. We may define Laguerre inversion in space, oriented planes 
taking the place of rotors, A transfonnation which changes oriented 
planes into such, and those touching an oriented sphere into such, 
is the product of four or five Laguerre inversions. 

7. A transformation of systems of spheres into systems of spheres 
is the product of six or seven inversions in systems of spheres; the 
corresponding numbers in the plane are four and five. 

8. A collineation in space is the product of three biaxial involutions. 


FCE 
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CHAPTER XIV 

QUADRIC SPREADS IN SPREADS OF 
ANY STEP 

§105. Two lemmas on determinants. 


^mi^i ^m2^2 + ••• H" ^mm^m ® 

be m equations for x^, x^, and the matrix of the ajj be of 

rank m — i , and hence det (ajj) vanishes, then the system has only 
one independent solution, say x^ = B„ ..., x^ = and any 
solution is of form x^ = kB^, ..., x^ = kB^, where k is a scalar. 
Now the cofactors Aj.^, . . of a^,, . . a^^ give a solution where 
r is any one of i, ..., m. Hence there are scalars Aj, ..., A, such 
that 

A„ = ArBj, A„ = A,Bj, A,„ = A,B„ (r=i, 

Hence 

Lemma i , If A is a vanishing determinant of rank m — i and order 
m, we can find Aj, Ajj^, Bj, B^^ such that the cofactors of 
elements of the determinant are of form A^^ = A,. B^, where B^, . . . , Bj„ 
is a solution of the linear equations above. 

Further, if A is symmetrical, then since A^B^ = AgB^, we can 
take Aj = Bj and then A^^ = A^A^. 

Lemma 2. // R = I z x^ x^ ... x^^ I, 



I Ym ^in2 *** ^mm I 

m 

then R = zA- 2 A^^x^y^, 

r, S-- 1 

where A = det(aij), and Ajj is the cofactor o/ajj in A. 

//^(ajj) be symmetrical, and of rank m — i, then since we can find 
Aj such that A^.^ = A^A^, we have 

m mm 

R — — S -^r-^s^rys ~ S -^sYs* 

r,s=i r=i s= 1 
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In particular, if Xj = yj, (i=i, ...,in), we have 

§ 106. Quadrics in step n.* 

1 . Let = o be the equation of a non-singular quadric c 2 in 

a normal frame; let be independent points, where 

a^y are on the prime, (spread of step n — i), tangent to -2 at p. 

Then [p\a^] = o, (i = 2, ...,n),/)^ = o. 

Suppose/) = + ... then k^, satisfy 

I « J + k3[a J a3] + . . . + k„[a, | a„] = o, 

kjK l«J + k3K l«3] + ••• +k„K l«n] = o. 

These equations have a symmetric matrix {\a^ whose deter- 
minant vanishes; for since />= ••• ^n] ~ 

we have = o. 

If the determinant had rank < n — 2, we could satisfy the equa- 
tions by an independent set of k, and [« ^ . . . a^] would touch in 
another point besides p. 

We assume this is not the case. 

Then by Lemma i , we can find kj so that kj.kg is the cofactor of 
Kl«s] in 

Take the k in this way, absorbing weights in if 

necessary, and then adjust the weight of so that [a^ a^...a^ = i . 

2. Let q be any point on a tangent prime to 3 , through 

then = 0. Now [ 9 a^...an-i? is the 

cofactor of a\ in [qa^ ••• ^n]^* Denote this last determinant by d; 
then since [a^.,, a is of rank n — 2, we can apply Lemma 2 to d. 

The top line of d is q^y [q |aj, [q \a^y ..., [q corresponding 
to z, Xj, . . of Lemma 2 ; the Aj of the lemma are now kj. 

Hence d = -[? |(k,aj+k3a3 + ...+k„a„)p = -[? |/)p. 

Now \p = k[aj ... aj, where k is some scalar. 

Hence d = — ^^[qa ^ . . . a J* = — k-d. 

* Baker, Proc, Land. Math. Soc. (2), 9 (1911), p. 177. 


26-2 
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If now the tangent prime through a^, is distinct from 

that which touches J atp, we have d ,^0, hence k = ^( — i). 

= V(-i) •••««] = V(-i)- 

K|/>] = o (r=2,...,n). 


3 . To find the other tangent prime to ^ through 

[^2 ^3 • • • ^r— I f I • • • ^n] • 

Let 9n-i = - •••. 

9r = - •••««]. •••. 

?2 = I [«I «,•••"»]> (§56-5)- 

Then K|gJ = i, Ki9s] = o. (r^^s; r,s = 2 , n), 

Kkr]=0. [p kr] = kr[«r l9r] = kr, (r = 2 ,...,n). 

Let q^-hk-'q\p (r = 2 , ...,n). 

Then = q^^ - k," 'ql[p kJ = o, [< | />] = k,. 

Hence a[ is on the quadric J2. It is also on the tangent prime 
through the with r s, since 

Kkr] = L Kks] = o. (r^^s; r,s = 2 , ...,n). 

Thus a' is the point of contact of the tangent prime, other than 

lA through 


4. Denote 

[^2 * ' * ^r— I ^r+i • * * ^n] ^Ild . . . ^s_j » • • ^r— i ^r+i • * * ^n] 

by TTj. and respectively; (r, s = 2, . . n, here and below). 

We have tt j. = x x scalar, by the last statement of 3. 

Thence i = [a, . . . a J = ( - 1 ^ a, tt J 

= (-iyx[a,a,l/>a;]. 

But [a,a, Ipa;] = [a, \p] [a, \a',] - [a, \p] [a, !<] = V( “ *). 
since [a, \P\ = o. K \<] = L ki \P] = V( “ 0- 
Hence (-i)'‘V(-i).x = i, (- i)V(- 

(-i)V(-i).[a>J = [<\P<] = Kk;]|p-Klp]k;, 

KttJ* = 2K|<]Kip][pia;] = 2k,kKk;]. 
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[«>r] = ±K'«s^rs]. 

hence = 2k,k,[a' |<]. 

Now let . . . , be on the quadric J, as well as a[, Then 

the first row and first column of [a'^a^ tt are o, [a^ |a'], o, o, . . o, 
and the second row and second column are [a^ [a'], o, [ci^\a^^ .... 

Hence K«s^rs]" = - [«s KY 

Hence zk^KK] = (i*,s = 2, ...,n). 

§ 107. The double-six theorem. 

I. If be a non-singular quadric, in a spread of step six, and 
a.iy ..., flg be on and on the tangent prime to J at^, and if 
^2, . . be the points of contact, other than />, of tangent primes 
from [fl3^4«5«6]> •••> [^2 ^3 "4 ^5] respectively, then the prime 
[^2 ••• ^e] touches 1 . 

For is a symmetrical determinant of order five, 

whose main -diagonal elements vanish. We have to shew that this 
determinant vanishes. 

Consider any such determinant J of order five, and, for brevity, 
denote its ij -element by ij. Let d' be the determinant whose 
ij-element is half the cofactor of ajj, ajj in J, then 

^' = 1 o. 34 - 45 - 53 . 24.45.52, 23.35.52, 23.34.42 . 
! 34 - 45 - 53 . o- H- 45 - 5 I. i 3 - 35 - 5 i. i 3 - 34 - 4 i 

! 24.45.52, 14.45.51, o, 12.25.51, 12.24.41 

i 23-35-52, 13-35-5I. 12.25.51, o, 12.23.31 

123.34.42, 13.34.41, 12.24.41, 12.23.31, o 

Multiply the columns by 12. 13. 14. 15, 21.23.24.25, 

31.32.34.35, and so on; then divide the rows respectively by 
23.24.25.34.35.45, 13. 14. 15.34.35.45, ..., and so on. 
Thence we find zl' = P.zl, where P is the product of all the ij. 
Now apply this to our determinant - By §106, we 

have 2k2k3[fl2 [^3] = — ^23 ~ so on. 

Hence the ij-element of [uo^.. is the cofactor of the elements 
in places (ii) and (jj) of [^3 • • • apart from a factor - ^kr^kr^ 
Hence a multiple of [fl2 --^6]^» since the 

latter vanishes, by hypothesis, so does the former. 
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2. The theorem of i is peculiar to step six.**** If n # 6, then for 

general positions of the on the cut of the quadric J and its 
tangent prime at/>, we have [a' ... ^o. 

If \[a'^ ••• ^n] = [P'^A ^ again in a'', and let [/)/>'] cut 

^ again in q'\ 

Then IK... [p'a,] ^ [/>'«'/]. 

Let l[<-<] =/>''• 

We have = o, for [pa^pA cuts J in a conic composed of 
lines [pflj, [VXT 

Hence the lines [q"a!''\ (r = a, . . . , n) lie on Hence ] 

touches J at q'\ Hence/)" = q'\ 

3. If a non-vanishing symmetric determinant of order six has 
its main-diagonal elements zero, and no others zero, and no 
principal minor of order four zero, then if five of its principal 
first minors vanish, so does the sixth. 

4. If in a non- vanishing symmetric determinant of order fouty 
the main-diagonal elements are all zero, and also the minors of 
three of them, then the minor of the remaining element is not 
zero, if in any row the elements outside the main diagonal are all 
non-zero, 

5. If in a non-vanishing symmetric determinant of order five^ 
the main-diagonal elements are all zero, and also the minors of 
four of them, then the elements not on the main diagonal are all 
non-zero. If the elements of the determinant are real, the minor 
of the remaining element in the main diagonal is not zero. 

We leave the proofs of 3, 4, 5 and their geometric inter- 
pretation to the reader. 'f* 

§ 108. Screws as elements in a spread of step six, 

I. Any screw, in a space of step four, is of form 
S = ...+X 65 ' 6 , 

where Xj are scalars and 5 j , . . . , suitably chosen screws. We can 
take aSi , . . . , as a system in involution (§36*5). Then *5 is a rotor, 
if, and only if, xf + xi + ... + x§ = o. (i) 

* Barbilian, Bull. Math. Phys. V Scale polytech. Bucarest, i (1929), p. 12; 
Tzitzeica, ibid. p. 16. 

t W. V. Parker, Amer. Math. Monthly ^ 41 (1934), p. 174. 
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If iS = Xj iSj -f" • • • “l*XgiSg And r = Yj iSj + .. . '{■yg'Sg, 

then S, T are in involution, if, and only if, 

Xiy, + ...+X6y6 = o. (2) 

2. Now regard S^y . . /Sg as unities in a spread of step six, and 
work in this spread. Then (i) is the equation of a quadric J in 
the spread. We replace Sj, ..., Sq by ..., then as 5 j, ..., 
form a normal system, so do ^1, ..., Bq, We denote the operation 
of taking the supplement in this frame by a stroke. 

To avoid confusion we denote the elements of the spread of 
step six by small letters, and say that 5 is a rotor if = o; 
are in involution if [q\r] = o. 

The outer product of /), q is the line [p^\ it represents the 
spread of screws Xj P+ X2 Qy and it meets in points representing 
the rotors in this spread of screws. 

If py qy r be independent elements, their outer product {pqr^ 
is a plane which cuts in a conic representing the system of 
rotors in the 3-spread of screws XjP+X2 0 + X3i?. 

3. The polar 5 -spread of an element Sy namely |^, cuts ^ in 
points which represent the nul lines of the screw * 5 , or the linear 
complex given by S ; for if p be such a point, then p’^ = o, [/> |s] = o. 
(If P be the corresponding nul line, then in the space of step 
four, [PP] = o, [PS] = o.) 

The polar 4-spread of the line [qr]y namely |[9r], cuts in 
points which represent the nul lines of the 2-spread of screws 
Xj^-f X2P, or the linear congruence given by Qy R, 

The polar 3-spread of the plane [pqr]y namely \[pqT]y cuts 
in points of a conic which represent the nul lines of the 3 -spread 
of screws XjP4-X20 + X3P, 

Two rotors which intersect are in involution, and hence repre- 
sent two conjugate points on Hence two opposite reguli in 
space of step four represent two sections of ^ cut out by con- 
jugate planes. Hence the rotors and the nul lines of a 3-spread of 
screws represent the points of such sections. 

Three rotors which are dependent, and hence meet in a point, 
or lie on a plane, represent three points on a generator spread of 

^ (§70). 
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4. As linear complexes represent planes, we could consider 
the inner products of planes. The inner product of two planes 
vanishes when the corresponding linear complexes are in in- 
volution; the inner product of the poles of the planes then 
vanishes; these poles are represented by the screws which give 
the complexes; these screws are in involution. 


5. The two rotors in the pencil P+k^ coincide when [pq\ 
touches that is, when 

[pqf = o, or [/>|#=/>V. 

The rotors in the spread P+ki^4*k2P are given by values of 
kj, k2 which satisfy (/> + ki^ + k2r)- = o. This is a product of two 
linear factors when [pqrY = o» that is, when [pqr] is a generator- 
plane of j 2 . The regulus of rotors contained in P+ki 0 + k2P 
then becomes a bundle of rotors or a coplanar set of rotors. 

If p, q^ r, s be independent, but [pqrsY — o, then [\pqrsY‘ = o; 
hence the line \[pqrs^ touches i?. The two rotors in the corre- 
sponding system of screws cut. ' 

In particular, if p, q, r, s be on J^, and hence P, P, S be in- 
dependent rotors, then [pqrs^ = o is the condition that just one 
rotor cuts P, Q, P, 5 . 

If p, r, s, t be independent, but [pqrst]^ = o, that is, if 
[pqrst] touches J, then the screw conjugate to the screws 
P, Q, P, aS, Pis a rotor; hence the screws have a common nul line. 

In particular, if P, P, 5 , T be independent rotors, then 
[pqrstY = o is the condition that they have a common transversal ; 
the five rotors then determine a special complex containing them. 

By § 108 we now have the double-six theorem in its usual form : 
if P, P, aS, T be general lines cutting a fixed line^ and if P' is the 
other transversal of Q, P, 5 , T, and Q' is the other transversal of 
P, P, aS, P, and so on for P', S\ P', then P', Q\ P', 5 ', T have 
a common transversal. 

If />i, /)2, />6 satisfy [Pipn - pGf = then [pip2-- Pe\, 

being scalar, vanishes. The screws P,, ..., Pg are dependent; if 
they are rotors, they are in the same linear complex. 

Hence the condition that rotors Pj, . . ., Pg be in the same linear 
complex is that det[Pi |Pj] vanishes. 

Ifpi, ...,/>7 be any extensives, then det[/)i \ p^ vanishes. 
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6 . If l^, /j, . . /j be five points on 2., and [/j . . . /j] does not touch 
J, but each of 

does sOy then the solids which join any four of the points of contact 
touch 2t, 

For let d = [/^ then d^^o. Let Cjj be the cofactor of 

[/i |/j] in [/j ... and let 

Then K|/J = c„[/,|4] + cJ/J/J + ... + c, 5 [/- \Q = o, 
if r^^s, by the properties of determinants. 

Hence m? = c„[Z. |/«J + cJ/JmJ + ... + c,.[/. |/«J 
= CrrK l»*r]- 


But since, for example, touches we have 

or c„ = o. Similarly c^r = o, (r= i, ..., 5). Hence mj == o. The 
points of contact are hence w,, ..., w.. 

But [m, = (det (Cij))^ /,]- o. 

The minors ... of [m^ ... are 

proportional to the corresponding minors of [/^ . . . and hence 
vanish. 

Hence, if in a spread of step foury the lines Lj, . . ., L- are not met 
by a comtnon liney but each four are met by just one transversal 
{instead of the usual two), then each four of these five transversals 
are met by just one transversal, (Weitzenbock,* Segre.) 


§ 109. Spheres in spreads of any step. 

I. The distance formula. Let e^, ..., e^ be the base-extensives 
in a spread of step n, and u^, ..., u^ be vectors to them from any 
point; and suppose we can form inner products of vectors. 

n n 

Let p = ^ XjPi, 9 = S Yi^i. (Xi, Yi scalars), 

I I 

2xi = I. -^71 = 1; 

then {p-qf = (S(Xi-yi)Mi)" = S(xi-yi)(Xj -yj)[«i 

LJ 


* Amsterdam Proceedings, 31 (1928), p. 133. 
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Let If j = (tj - ej)*, then Ifj = + wj - 2 [mi \Uj], 

MP “ 2 - yi) (*J “ yj) (“i + “j ~ ^ij) 

= 2 S (Xi - Yi) S(xj - Yj) u] - s (Xi - Yi) (Xj - Yj) Ifj • 

i J ij 

The first term of the preceding expression vanishes, since 
27 xj = i 7 yj = I . 

Hence {p -qY = -hY. (Xj - Yi) (xj - Yj) If j • 

(Cf. §8, Ex. 98.) 

Denote the matrix — |(Iij), (i,j = i, ...,n) by ®, and regard it 
as representing a polarity in the spread of points, then 

{p-qY = [(/>-g)®(/>- 9 )]. 

In our fixed frame has a meaning when />, q 

are points. We have = — Hij, = o* 

2. Circumspheres, If c — ( 2 ’Ci = i), be the 

circumcentre of the simplex e^y ..., e^y and \ip — ... -f x„^n» 

(i 7 xi = i), be any point on the circumsphere of the simplex, and 
r be the radius, we have 

r- = [{p-c)D{p-c)]. 

The sphere goes through e^y hence 

r^ = — r)] = [r®r] -2 [^j3)c]. 

From this and similar equations, we have 
[c,Dc] = [e^-Sc] = ... = 

Hence [cXc] = [(c, Cj + . . . + c„c„) Xc] 

= (c, + c, + . . . + c J [e, Dr] = [r. Dr], 
r* = -[r,Dr] = -[r^Dr] = ... = — [r„Dr] = -[rDr], 

[/>Dr] = [(x, r, + . . . + x„r„) Dr] = (x, + . . . + x„) [e. Dr] = - 

Hence the equation of the circumsphere is 

- 2 [cl)p] + [rXc] = r=, or [/)®/)] = o. 

3. HaskeWs Pivot Theorem* 

If points be taken on the edges of a simplex and spheres be drawn 
through each vertex and the points on those edges which meet therCy 
then these spheres go through a point, 

* M. W. Haskell, Archiv, Math, Phys, (Ser. 3), 5, (1903), p. 278. 
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For since the equation of the circumsphere is \p%p\ = o, the 
equation of any other sphere is of the form \p%p\ — [pTr] = o, 
where n is some prime. 

This sphere goes through e,, if [Cj tt] = o. 

It goes through 

Pn = + (kij + kj, = i), 

the point on the edge as well, if 

[(kijej + kjiei)®(kijCj + kjiCi)]-[(kijej + kjiei)7r] = o, 

that is, if kijkjil]j + kij[ej7r] = o, 

or since kjj ^ o, if l?j kjj + [e^ tt] = o. 

Hence, if it goes through allPjj as j = i, ...,n, (i#j), then 

2lijkjiPj + [/>7r] = 0 , 
j 

where /> = p.«, + ... + Pn«„. (p, + Pj+ ... + p„ = i). 

Hence the sphere through has equation 


[/>®/>] + SlfjkjiPj = 0. (i) 

J 

Now all such spheres go through ? = qi^i + +qn^n> where 
the q^ satisfy 

?*<j*^jiqj = ^ltjkj2qj = 2l]jkj3qj= ...; Sqi = i- (ii) 

J J J i 

For - 2[9®9] = S qj qj Ifj = S (kj j qj qj + kj; qj qj) 1 ?^ 

hJ ij 

— 2 ^ Ijjkji Qj? 

J 

by (ii), since 1?^ = Ijj. 

Hence q satisfies (i). 

Cor, The sphere through pj, has equation 

[pXp] [/>,.../>„] = + [PiPP^,-Pn\ 


§ I lo. On spreads of even step and odd step,* 

I. If Ply ,.,y pQ be dependent extensives in a spread of step six, 
and q^y ,,,y q^^ be extensives in the spread such that [p^ ...pe] still 
vanishes when any two of the p^ are replaced by the corresponding 
quthen[q^q.;,...q^ = 0. 

* See Baker, Principles^ 4, p. 6o. 
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For weight the p so that py + • • • + ^ o. 

Suppose the q not dependent on />p , /),j. 

6 

We can let = S (ii) 

j- 1 

where v is an extensive independent of />!, />6 

1 hen \p\p2p’sP\ 95] ~ [P\^-*Pa (^ 56p6 ~ ^)] 

= HAP\ • • * PaP^ — [/^i • • • /^4^] 

= -a56[/>l“-/>4/>5]-[/>l -p4^]- 

By hypothesis, [Pip2p3pA95%] = o- 
Hence o = • • • />5^] - [/>i • • • />4^^ • 

= (^56 + ^65) 

Hence — — a^g. Similarly 

ajj = — aji, (i,j = I, ..., 6). 

Thus the coefficients of/)j, in the expressions 

6 

(i=i,...,6), py + ...+pr, 

j = I 

form a skew-symmetric determinant d, say. Let Ajj be the 
cofactor of a^j in this determinant, then by (i), (ii) 

^ll^l +^2 i 92+ ••• +^61^6 = ^^P\ = 
since d, as a skew-symmetric determinant of odd order, vanishes. 
Hence [q^... q^ = o. 

2. For a spread of step four, the analogous theorem gives: 

If the six joins of p^, p2, p^y P4 the corresponding six joins of 
?2» 93> 94 inhere, for example^ p^p2 meets q^q^), then if the p are 
coplanar so are the q. This includes essentially the theorem on 
the existence of Mdbius tetrahedra. 

That there is a theorem corresponding to that in i for all 
spreads of even step and that it cannot be extended to spreads of 
odd step, is clear, because it depends on d = o. 

3. If five of the pairs />;, q-^ in i be conjugate for a quadric, so 
is the sixth pair. 

For denote supplements for the quadric by the stroke, then 

[Pl ki] + [p 2 192] + ••• + [/>6 ke] ^ o- 



XIV, no] SPREADS OF ANY STEP 413 

4. If n be any prime, and /»„ q-^ be as in i, then 

[Pi A [ 9 i ^] = S [Pj ii\ - [Pi tt] [vn], (ajj = - ajj). 

S [Pi [ 9 i = - S [pi n] [vn] 

1 1 

= - [iPi +p2 + • • • ^Pe) = o* 

Conversely, if we assume ^[pi 7 T][q. 7 T] vanishes for all tt, 

then either [/>i ^2 • • • = o or the following all hold : [j i . . . = o, 

and [Pxq2-- q^ vanishes when any one (i> i) is replaced by 
the corresponding pj. 

Hence, if [<7i . . . ^g] never vanishes when any one q is replaced 
by the corresponding />, then [q^ ••• ^g] "^^nishes when any two q are 
replaced by the corresponding p, 

5 . If ct^be primes in a spread of step six which go through 

a point, and on each line in which four cut we take an arbitrary point, 
for example p^2ZA ^i> ^2> ^3> ^4> points 

arising from five of the a determine a prime by their join ; for example, 
let /ig be so determined by ol^, then yJg meet in a point* 

Ih — [P2345 •/^1345 PviAh • A235 •/^ 1234 ]» 

A = [/^2346 •/^1346 •/^1246 •/^1236 •Pl 234 ]’ 

Thus oCj, cc2y /^5> ^6 meet in Pj 234» snd so on, so that we 

have the situation described on the/), 9 in i. For [aj ...ag] = o, 
and the product also vanishes when any two a are replaced by 
the corresponding //. Hence [fix-., //g] = o. 

6. We now interpret the primes a of 5 (or points in the dual 
theorem) as spheres (of step four) in a spread of step five. (Cf. 
chap. XI.) Six dependent spheres have a common orthogonal 
sphere, corresponding to the point in which six dependent 
primes cut. Four spheres have a pencil of orthogonal spheres, 
corresponding to the line in which four primes cut. Hence the 
theorem of 5 now runs : 

If />!,..., /)g be six spheres (of step four) in a spread of step five, 
and all orthogonal to a given sphere, and we take any sphere 
orthogonal to each set of four, for instance px2Z4 orthogonal to 
Pv P2> P^y p4y ^^en the five spheres so associated with five of the 

* Baker, he. cit. 
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have a sphere orthogonal to them; for example, let/>i, 
fix the sphere in this way; then the spheres ?i, 96 ^^^ve a 

common orthogonal sphere. 

In particular, if we take for our spheres />!, ..., />6, primes in 
step five, they are orthogonal to the point at infinity, when con- 
sidered as special cases of spheres in the ‘inversion geometry* of 
this step. As the sphere pi2M take the point-sphere where />i, . . .,/>4 
meet, and so on. The sphere 95 orthogonal to the five point-spheres 
associated with/)i, ..., /)5 is then the circumsphere of the simplex 
P\y - jA- Hence the six circumspheres of the six simplexes 
obtained frompj, by omitting each/) in turn are orthogonal 
to a sphere. But as in §75*2, this sphere turns out to be a point- 
sphere. For by Haskell’s Theorem, any five of the circumspheres 
meet in a point. Thus either all six meet in a point, or we have a 
figure which is the inverse of a simplex and its circumsphere, and 
this is not the case. Hence : 

Kuhne's Theorem : If six general primes be given in a spread of 
step fivey the six simplexes obtained by omitting each in turn have 
circumspheres which meet in a point, 

A similar theorem holds for any odd step. 


7. Returning to 5, Kuhne’s Theorem shews that if a quadric 
goes through the point where ccyy ..., cCq meet, and through all 
such points as />i234, then it goes through the point where the 
fi meet. 

This is seen by stating 6 symbolically and interpreting for 5. 


§ 1 1 1 . Comparison of geometries. 

I. We have considered, amongst others, geometries of the 
following figures : 

(i) Circles c m z plane. These form a spread of step four 
wherein = o, if c is a point-circle; and [c^ 1^2] = o, if Cj, C2 be 
orthogonal. 

(ii) Systems c of oriented circles in a plane. These form a 
spread of step five, wherein c^ = o, if c is a nul system, that is, a 
set of oriented circles touching a given oriented circle; if Cj, C2 
be nul systems, then [c^ 1^2] =0 if the corresponding oriented 
circles touch. 
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(iii) Spheres c in space. These form a spread of step five, 
wherein = o, if c is a point-sphere; and [Ci 1^2] = o, if C2 be 
orthogonal. 

(iv) Systems c of oriented spheres in space. These form a 
spread of step six, wherein = o, if c is a nul system, that is, a 
set of oriented spheres touching a given oriented sphere; if Cj, C2 
be nul systems, then [c^ [€2] = 0 if the corresponding oriented 
spheres touch. 

(v) Screws s in space. These form a spread of step six, wherein 

= o, if 5 is a rotor; and [s j^j] = 0 if are in involution, which 

if both are rotors means that they cut. 

2. Thus, if reality conditions be ignored, geometries (iv) and 
(v) are equivalent, oriented spheres corresponding to rotors, 
tangent oriented spheres to intersecting rotors, as in the Lie 
sphere-line transformation. 

Each geometry (iv), (v) is also the geometry of a quadric 
in a spread of step six, and we can regard as a sphere. A linear 
complex is the set of lines dependent on five lines; in the spread 
of step six this corresponds to the cut of Jg and a spread depending 
on five points, that is, to a quadric (or sphere) J5 in the spread 
of step five. 

Thus the geometry of lines in a linear complex is the geometry 
on J5 in a spread of step five; hence it is equivalent to geometries 
(ii) and (iii), and to the geometry of oriented spheres linearly 
dependent on five oriented spheres. 

The lines of a linear congruence are represented by points on 
the cut of J 2 q and a spread of step four, that is, by points on a 
quadric J4. Their geometry is hence equivalent to geometry (i). 

3. For example : MiqueVs Theorem, § 75-2, gives : If four reguli 
whose lines are in a congruence contain a common line, then any 
two of them have another common line; thus six lines are 
obtained. These in threes determine four new reguli ; then these 
reguli have a common line in the congruence. 

4. Kuhne's Theorem interpreted in geometry (v) gives; If six 
linear complexes ..., ^g have a common line, any four have 
another common line ; if we omit each complex in turn from the 
five complexes ..., ^5, we thus obtain five lines, through which 
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goes a complex Sq. From the six complexes ^6> omitting 
each in turn, we thus derive six new complexes s[y 4 * These 
have a common line. 

From § iiO’4, the sets of complexes obtained from by 

replacing two ^ by the corresponding s' have a common line, and 
those obtained from s[y ..., 4 by replacing two s' by the corre- 
sponding s have a common line. 

5. The double-six theorem gives in geometry (iv) for oriented 
spheres: If five spheres touch a sphere, any four have another 
tangent sphere, the five spheres so obtained touch a sphere. 

In particular: the in-spheres of the five tetrahedra formed by five 
oriented planes touch a sphere. For five oriented planes touch the 
point-sphere at infinity. 

6. If we combine Kuhne’s Theorem interpreted in 4 with the 
double-six theorem we have: Grace's Theorem, If six general lines 
/j, ..., /g have a common transversal, any four have another com- 
mon transversal; if we omit each line in turn from /j, /j we 
then obtain five lines, through which goes a complex 4 which, 
by the double-six theorem, is a special complex. The six special 
complexes s'q so obtained have a common line, that is, their six 
axes meet a line. Thus the six lines obtained from /j, ..., /g (if 
these have a common transversal), by the double-six theorem, 
have themselves a common transversal. 

This can be translated into a theorem on six oriented spheres 
which touch a given oriented sphere. 

7. If in a spread of step a^,,.a^ be a simple n-gon, and 
a^a^ cuts = o at a^-k^^a^y then 

a?-2kjarl"s] + k?s«s = o; 

the product of the two roots k'^ of this equation is a?/a|. 

Hence (k^kj^k,^ ... k„,)(k'„k;,k'3^ ■••k'l) = i- 

Hence, if n of these cuts, one on each side of the n-gon, lie in a 
spread of step n — i, so do the other n; for the condition for this is 
k„k,3...k„, = (-!)". 

8. Dually, if a^, ..., a„ be an n-face, that is, n spreads of 

step n - 1 , then the adjacent a cut in n spreads of step n - 2. 

Through these draw pairs of tangent primes to the quadric 
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o\ if n of these y one from each pair^ meet in a pointy so do the 
other n. 

As n — I of the a meet in a point, we can regard the n-face as 
arising from an n-gon by joining each set of n— i vertices. 

9. From If s^y s^be spheres in a spread of step four y taken 
in cyclic order y and we consider the poinUpairs in the pencil given 
by two neighbouring spheres y then if five of these points y one from each 
pairy lie on a spherey so do the remaining Jive. 

Again, if we regard the five spheres as extensives of step one, 
they fix a five-face, in which two faces meet in a bundle of spheres 
given by three neighbouring spheres. Through such a bundle 
will pass two nul spreads of step four, corresponding to the two 
points in which the three spheres meet. Hence 8 gives: 

If s^y ..., 55 be spheres in a spread of step foury taken in cyclic 
order y the cuts of three neighbours give five point-pairs ; if five points y 
one from each pairy lie on a spherey so do the other five. 

This is a generalisation* of the six-circles theorem, in a 
dififerent direction from Haskell’s. 

10. Note that some theorems, such as Haskell’s Theorem, hold 
in spreads of any step ; others, such as Kuhne’s Theorem, depend 
on the parity of the step ; others, such as the double-six theorem 
or Hart’s Theorem, are restricted to a single step. This gives a 
new and useful classification of geometric theorems. The most 
difficult are those in the third class. 

Examples, i. Four lines, with a point on each, give four other 
points by the pivot theorem (§ 74). These four points are concyclic 
if the original four are. 

2. In a plane, let a^y...ya^ be points; Lj a line through a,; 
Cjj = [LjLj]; <7jj the centre of the circle through Aj, Aj, \ the 
centre of the circle through «ij, a^^y Then points 

^kii, lie on a circle with centre a^^^^y say. Also the points 
«jkim. «kimi. «mijk lie on a circle with centre say. And so 

on. The final centres lie on a circle. (Richmond.) 

3. In space of odd step, the circumspheres in Kuhne’s Theorem 
have their centres on a sphere. (Cf. Ex. 22, p. 323.) 


FCB 


* E. Muller, Monatshefte Math. Phys. 3 (1892). 


27 



QUADRIC SPREADS IN 


418 


[chap. 


4. Five planes in space with a point on the cut of each pair give five 
pivot points. These lie on a sphere. Six planes give six such spheres. 
These go through a point. And so on. There is no analogue to 
these theorems in a plane. 


§ 1 12. Circles in space.^ 

1 . If spheres in a spread of step four be regarded as point-loci, 
they are represented by expressions of form o-Y\rW, where o is 
a point, 6 an additional unity. Hence they form a spread of 
step five. 

If ^1, 52 be two spheres, then [5152] has previously been taken to 
represent the pencil of spheres coaxal with them ; it is now more 
convenient to interpret it to represent the circle, real or imaginary, 
in which 5j, intersect. Then, if the spheres be represented on 
a point-spread of step five, and we denote the point corresponding 
to 5 by 5', then [5152] is the line in the spread of step five which 
represents the circle in which 5j, 52 cut. Similarly, the outer 
product of three spheres may be interpreted as the point-pair 
at which they meet; this point-pair corresponds to a plane in the 
spread of step five. 

We use dashed letters to represent figures in the point-spread 
of step five, 

2. Corresponding to point-spheres 5, we have in our point- 
spread of step five, points 5' such that 5'^ = o; these points 5' thus 
lie on a quadric 3 ,, If 5 i, 52 be orthogonal spheres, then [5i [52] = o ; 
5^, 52 are conjugate points for 3 , 

A circle C = [ah\ is 'orthogonaV to a sphere 5, if and only if the 
spheres a -{-kb are orthogonal to 5 for all k, that is, if 

[a | 5 ] = [b I5] = o. 

A circle C = [ah'] is a 'point-circle' if = o; then [a \bY ~ a-b"^ 
and the spheres b touch internally or externally. 

For any circle C, we have [CC] = o; if Cj, Co be circles, then 
kjCj-f k2C2 is a circle, if and only if [C1C2] — o. Two circles 
Cj, C2 are on the same sphere, 5 say, if and only if they are of 
form Cj = [55j], C2 = [552], and then [Cj C2] = o. When [Cj C2] = o, 
the corresponding lines CJ, C2 in the point-spread of step five, cut. 


* See Coolidge, Circle and Sphere, 
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3. If three circles Cj = Q = [^2^2]> Q = [^3^3] 

orthogonal to the same sphere, then 6^, ^2, 62> ^3» ^3 ortho- 
gonal to that sphere. Now the set of spheres orthogonal to the 
same sphere is of step four ; hence ^3, 63 are linear combinations of 

^2- Thus C\y C2, C3 are lines in the same spread of step 
four. Thus the geometry of circles orthogonal to the same sphere 
is the geometry of lines in ordinary space. 

4. If the circle C, = [^6], contains a point-pair cospherical 

with Cj, with C2 and with C3, then the point-pair is [«i<Z2^3]> 
where the spheres are such that Cj = ^*2 = [^12^2]* 

C3 = [^363]. Also [aj«2^3^] == [^i^2^3^] ~ Thence C' lies in 
a plane which meets CJ, C2, C3. 

5. Four circles are 'in general position^ if no two are co- 
spherical, no three are orthogonal to the same sphere, and none 
contains a point-pair cospherical with each of the other three. 

We can now interpret the results of § 58 in the spread of spheres. 

Four circles in general position fix a fifth circle ‘associate’ to 
them; it is a linear combination of the four,* 

IfCi, = [^161], is orthogonal to a sphere ^2 through C2, = [«2^2]» 
then [^1 \af\ = [ij \a.f\ = o. Hence [C^ IC2] == o, and C2 is ortho- 
gonal to a sphere through Cj. Such circles are said to be 'in 
involution'. 

Now in the spread of step five, any plane which meets four 
general lines meets the associated line ; in the spread of spheres 
an extensive of form | j So] corresponds to a plane. 

Hence any circle in involution to four circles in general position 
is in involution to the fifth associated circle. 

If Cj, Co, C3, C4 be four circles in general position, then 
[Cl C2 . C2 C3 . C3 Cl] = 2)4, say, is a circle cospherical with 
Cl, C2, C3. Define Z>i, similarly. Then [CiDJ, ..., [C4Z)4] 

are systems of spheres which have a common circle, that asso- 
ciated with Cl, C2, C3, C4. (§58.) 

6. If Cl, C2 be circles on the same sphere a and any sphere 
through Cl cuts orthogonally the sphere b2 through C2 which is 
orthogonal to a, we can write Cj = [^^>1], C2 = [(ib2]. 

* The five constitute a ‘ Stephanos pentacycle 

27-2 
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Then [C, ICJ = a^[b, \b,] - [a \b,] [a \b,l 
[(^2 + kii) ly = o for all k. 

Thus [^1^2] = [61 |ii2] = o> [C*i IC2] = o, and the relation is 
symmetrical. 

Such circles are called ^ orthogonaV . 

7. The 'focV of a circle [ab^ are the point-spheres in the pencil 
a-\-kb\ hence a + k 6 is a focus, if 4- 2k[a | i] -f k^i^ = o. The two 
foci are distinct, unless [obY = o, that is, unless the circle is a 
point-circle. 

If tf, b are (real) spheres, then \abY ^ o, hence a^b^ — [a |6]^ ^ o ; 
thus the foci are imaginary, unless they coincide. 

If [ab\ be a circle with distinct foci f, rf, then [ah'] = [cd], 

8. Two circles, not point-circles, are ‘m bi-involution\ if 
each sphere through one cuts orthogonally each sphere through 
the other. 

Then, if [aA], [cd\ be the circles, we have 

[a\c]^[a\d]^[b\c]^[b\d] = o. 

Each circle goes through the foci of the other. 

Conversely, if Cj = [ai] goes through the foci ^r + kj^, r-f kQ^/ 
of C2 = [cdly then [ab \c] = o, [ab \d] = o, and hence the circles 
are in bi-involution. 

9. In the representation on the point-spread of step five, the 
foci of the circle [ab^ correspond to the cuts of [a'6'] and 
Two circles are in involution if the corresponding lines are such 
that each cuts the polar plane of the other with respect to ^ ; they 
are in bi-involution^ if each of the corresponding lines lies in the 
polar plane of the other; they are orthogonal, if the corresponding 
lines cut, and each cuts the polar plane of the other. 

10. The common orthogonal circle of two circles. Any two circles 
{ah], \cd'\ have a common orthogonal sphere \ \abcd^, and we may 
suppose that a, b and c, d are the foci of the respective circles. 
The common orthogonal circle is cospherical with each circle. 

Since spheres through circles [ah'], [cd], respectively, are of form 
a + kb, c+\d, we may suppose these latter meet in the required 
circle C. Now a — kb is a sphere through \ab\ orthogonal to 
a + k6, since [{a + kb) |(a — k6)] = a^ — k^'^ = o, since = b’^ — o. 
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And c—\d is a sphere through [cd\ orthogonal to c+W. Any 
sphere through our required circle C has to cut a— k6, c—\d 
orthogonally, by definition. 

Hence [(a — k6) | (c + W)] = o, [(a + k6) | (c — 1</)] = o. 

These give 

[a |c] -kl[6 \d] = o, k[6 \c] -\[a |d] = o. 

If l=?6o, thence 

[a|c][a|rf] = k2[61c][6|^. 

If k^o, thence 

[a\c][b\c\^na\d\[b\d]. 

If 1 = 0 or k = o, then [a|c] = o. First suppose none of 
[a \c]j [b |rf], [b \c]y [a \d\ vanish, then we have equal and opposite 
values of k, and corresponding equal and opposite values of 1. 
Thus we get two circles [(^i + k6) (r + W)] and [{a — kb){c — \d], 
which may be real or imaginary, orthogonal to the given circles 
[ab\ [cd\. The circles found are in bi-involution (8) since, for 
example, 

[(a + kb) \(a-kb)] = o, [{a + kb) \{c-^ld)] = o. 

If [a\c\ = o, then \ac \ab'\ — Oy[ac\cd\ = o, since a, c are point- 
circles (foci). Hence \ac\ is then the common orthogonal circle, 
if ai^c. But then [ac]^ = o, hence {ac\ is a point-circle. If 
[a \c] = o, but [b \d'\i^Oy then either k = o, [a |i] = o or 1 = o, 
[i |r] = o or k = 1 = o; in the first case c, d have a as common 
orthogonal point-sphere ; in the second case, a, b have c as com- 
mon orthogonal point-sphere. We exclude these cases. 

If [a \c] = [b \d] = o, but [b |c], [a \d']^o, only the ratio k:l is 
determinate and there is a single infinity of circles orthogonal to 
[abl and [cd']. The latter circles are then called 'paratactic\ 

Finally, if [a |c] = [6 |<i] = [a |c/] = [6 |c] = o, then the circles 
are in bi-involution. 

II. In dealing with circles orthogonal to two given circles, 
the circles and spheres used were all orthogonal to the sphere 
I \abcd\. Now spheres orthogonal to a given sphere form aspread of 
step four, and this spread can be represented on a point-spread 
of step four, or ordinary (not necessarily Euclidean) space. Lines 
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in the point-spread represent circles orthogonal to the given 
sphere, and there is a quadric in the point-spread such that, if 
circles Q, C 2 are in involution, then the corresponding lines are 
conjugate for .2, that is, each meets the polar of the other. 

Since any two circles, in general position, are orthogonal to a 
sphere, we can replace the work in 10 by work on the point- 
spread in step four, containing a non-degenerate quadric 
This we now do, and for convenience, we drop the dashes from 
the letters. 


1 2 . Lines in a point-spread of step four. 

Denote supplements for the quadric Ji by the stroke. If ab, cd 
be two lines in the spread, there are, in general, just two lines, 
which cut ab, cd^ \ab^ \cd^ and they are polar lines for To prove 
the latter fact, let L be one of the lines. Then [Lab’], [Led], [L \ ab], 
[L\cd] all vanish. Hence so do [\L.\ab], [\L.\cd], [\L.ab], 
[\L,cd], Therefore \L is the other transversal. 

Further, L and \L are conjugate to the four given lines, since 
they cut their polar lines. The lines L, \L correspond to the 
orthogonal circles of the circles which correspond to ab and cd. 

Now consider the case when ab, cd, \ab, \cd are dependent, 
but no two meet. There is then a single infinity of lines meeting 
all the four. 

Let y.c^H-x' |aA + y' \cd = o, 

then X \ab'\-y\cd-\-x\ab-\-y\cd = o. 

Since no three of the lines are dependent, otherwise they 
would concur, we have 

x'x~^ = y'y“^ = xx'“^ = yy'“^; 
hence x' = x, y' = y or x' = — x, y' = -y. 

Hence, either x(a6+ \ab)-{-y{cd^ |crf) = o 
or x{ab — \ab) + y{cd — \cd) = o. 

Hence, either ab+\ab = cd-{-\cd 

or ab—\ab = cd— \cd. 

We say the lines ab, cd are 'right-par atactic* in the first case, 
' left-paratactic* in the second. It is assumed that they are not 
polar lines. 
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If p is any point, there is a line through p right-paratactic to 
ab and one through p left-paratactic to (A. For, if 5 = aft + jcA, 
the first line mentioned through p is [^>5] where ? = |[/>‘S]. For 
Pq+ |/>5 = aft+ |aft gives 

pS=[p\pq] = [p\q]\p-p'^.\qy [/» b-Sl = [/>?]• 

Two paratactic lines, having an infinite set of transversals 
conjugate to both, correspond to paratactic circles. All lines 
right-, (left-), paratactic to a given line have a single infinity of 
common transversals. 

13. If aby cd be paratactic lines, let aCy bd be conjugate to both, 
but be not polars of one another, and suppose none of a, by r, d 
is on 

'rhen [ab \ac] = [ab \bd] = [ac \cd] = [bd \cd] = o. 

Hence d^[b\c] == [a\b][a\c]y b^[a\d] ^ [a\b][b\d]y\ 

c^[a \d] = [a\c] [c \dl d\b \c] = [ft \d] [r \d]. \ 

If [a \b] — o, then [6 |c'] = [a |(/] = o, and either 
[rt|r]==[ft|J]=.o or [c\d] = o. 

Such cases being excluded by hypothesis, we have 

[a|c] ^ [ft|./] [a 1ft] _ lc\d]_ 
v'a2 ^b- ~tP ’ ^ d^ ^b^ ~ ^ 

or cosac = cosbdy cosai = cosed. 

If we call points «4-kj6, e-fk^d on [rd] ' correspondingly 
when kj : k2 = [«ld]:[/> |r], then the joins of such points are 
conjugate to ab and cd. For 

[fl/>|(« + ki6)(r + k,,d)] 

= [aA Iflc-fkific-hk.j^xd-f kjkoM] 

= ky[ab \bc] + k2[ab \ad] (since [ab |flc] = [ab \bd] = o) 

= k,([alft][ft|c]-ft2[a|c]) + k,(a2[ft|rf]-[a|ft][alrf]) = o, 
by (i), and the value of k, : kj. 

These results can be used to give a theory of Clifford parallels 
in elliptic space of step four. 
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CHAPTER XV 

ALGEBRAIC PRODUCTS 

§ 1 13. The algebraic product of two points and of two rotors in a 
plane,* 

1 . As the basis of our spread we take e ^ , ^2> H with [e^ ^2 ^3] = i » 

E,^[e,e,], E, = [e,e,], E, = [e^e,]. 

All products introduced are assumed to be distributive over 
addition, 

Def The ^ algebraic product^ of two points a, b (of any weight) 
is the point-pair a, b. This product is to be independent of the 
order of the factors, and is written {a^ b} or {by cl\. 

We write {a^} for {tf,«}.*When no confusion arises, we may 
omit the brackets. 

2. We introduce formally such sums as {a, 6} + {c, i} -f . . . . 

The equation [Uy 6} -h {^, rf} + . . . =0 

is to mean that, for all lines L in the plane, we have 
[aL][bL\^-[cL\[dL\-^ ... =0. 

The equation 

{cLyb} + {Cyd}-^ ... = ••• 

is to mean that, for all lines L in the plane, we have 

[aL\ [bL] + [cL] [ JL] -h . . . = [a, L] [b, L] + [c, L][d,L] + .,., 
Hence we have, k being a scalar, 

[kuy b} = {a, kb} = k{a, b } ; 

{Uyb + c} = {ayb} + {ayc}; {a-\-byC} = {ayc} + {byc}. 

If {a, A} = Aj}, then a^a^y A = Ai, or a = Ai, a^^b, since any 
line through a must go either through Uy or through by. 

If a, b be any sums of algebraic products, then a = b and 
a — b == o are equivalent equations. 


* E. Miiller, Wiener Ber. 2 A (1922, 1924). 
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3. If 
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a = kj 4- 1^262 + kjCg, 6 = Ij + 12^2 + ^ scalars), 

then {a, ft} = k, (kj I3 + kj I2) {^2, Cj} + ••• + ••■ • 

Hence any sum a of products such as {a, b] is a linear com- 

bination of 

and may be written 

3 

0= s k,j{e„ej}, kij = kji. 


Let 


.Skijej = ai, (i=i,2,3), 


then S kij(ei, Cj) = S {Cj, S kjj e^} = 2 (ti, aj. 

i,j=i i j i 


Hence any sum a of products such as {a, b) can be put in the 

•namalform’ (a„a,} + {„„a,)+{o.,a.), 

3 

where S kij^j = for some scalars k^j = kji. 

j-i 

Since 2{ai, e^} = {(aj + e^y - (Aj - Ci)^}, 

any such sum can be written as the sum of a certain number of 
positive and negative squares. 


4. To each non-zero sum of algebraic products of points, we 
associate an envelope. We illustrate this by examples. With {a, b] 
is associated the envelope of lines L such that [aL\ [bL\ = o; the 
envelope is hence the pair of points a, b. With {a,b]-\-{cyd} is 
associated the envelope of lines L such that 

[aL] [bL]-^[cL\[dL\^o, 

We call this 'the envelope {a,6}-h{c,rf}’. And so on. 

5. Dually, the 'algebraic product' of two rotors L, M is the 
rotor-pair L, M; it is denoted by (L, M} or {M, L], Sums of such 
products are introduced formally. 

The equation (L, M) 4- {P, jj} + . . . = o 
is to mean that, for all points p of the plane, we have 
[L/»] [il//»] + [Pp] [!?/>] + ...=o. 
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The equation 

{Z,M} + {P ,0 + ... ={L„MJ + {P.,( 3 J + ... 

is to mean that, for all points p of the plane, we have 

m[Mp] + [Pp\[Qp\ + ... = [L,p\[M,p\ + [P,p][Q,p\ + .... 

All the above work has its dual analogue. In particular with a 
non-zero sum {L,M} + {P, 0 + ... is associated the locus of 
points p such that 

[Lp\[Mp] + [Pp][Qp] + ...=o. 

§ 1 14. The outer product of algebraic products, 

1. Def, The ^ outer producV of {a^}, is denoted by 

and IS defined by p 9l9i rr / \ 

that is, it is the algebraic square of the rotor [ah\. 

This is a reasonable definition, for {of} is a repeated, {6^} is b 
repeated, and the outer product of the repeated points is defined 
to be the rotor [ab'\ repeated. 

2. Def, If [6^:] = Ly the 'outer product' of {a^} and {L^} is 
denoted by [a^,L^]y and is defined by 

[a\L^] = [aLY, (2) 

This is a scalar, since [aL\ is a scalar. 

Similarly, we define = [LaY- 

Thence [a ^ . [bcf] = [abcfy [[abf . c^] = [abcfy 
or, by the previous paragraph, 

[a ^ . 6V] = [a^b ^ . c2] = [abcf. (3) 

This suggests the following definition : 

Def, The 'outer product' of {a^}, {b‘^]y {c^}, in any order, is 
written and is defined to be \abcY- 

3. Dually, if Ay B, C be rotors, we define 

[^4252] = {[ABY}y [^252^2] == [ABCY- (4) 

The first is the algebraic square of a point, the second is a 
scalar. 
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4. We have, by the distributive law, k and 1 being scalars, 

{{a + kby} = {a‘^} + 2 k{a,b} + k?{b^ 

{(c + Idf} = {c^ + 2l{c, d} + 12{rf2}. J 

But, since a + kby c + \d are points, the outer product of the 
left-hand sides is 

{[{a + kb) {c + \d)Y] = {{[ac] + k[bc] + \[ad] + kl[bd])^}. 

Square out the last expression, and compare the coefficient of 
kl with that in the outer product of the right-hand sides of (5). 
This gives 

z[{a, b] {^, d]] = {[acl [bd]} 4- {[bcl [ad]}, (6) 

which we could have taken as a definition. If we equate othei 
coefficients, we get instances of this. In particular, 

[{a,h}{a,b}]^-\{[abf). (7) 

5. Similarly, since 

[{a + ki) (L + IM)] = [aL] + k[^>L] + \[aM] + kl[i.>/], 
and [(a + k6)2(L + lM)2] 

= [({^2] + 2k{a, b) + k2{A2}) ({L2} + 2 \{L, M} + nM^])l 
we have, from (2), by equating coefficients of kl, 

2{{a, b) [L, M)] = [aL] [bM] + [bL] [aM]. (8) 

This is a scalar; the dual argument shews that it equals 
z[{L, M} {a, 6}]. In particular, 

[{a,b]m = [aL][bL]. (9) 

6. [{a2 + 62 + ^2) . = [aLf + [bLf + [rZ-]2. 

We often write {d- -h A- -f instead of [d^] + 4- 

[({a, b] + {c, d \) . {L2}] = [aL] [bL] + [cL] [dL]. 

Hence the equations of the envelopes associated with 
{fl“ + i^4-c2}, and with [a,b]-\-{c,d}, are given by the vanishing 
of the outer products of these expressions and {L^j. This holds 
generally, and the dual also. 

7. The 'outer product' of {a^} and a rotor L is thus defined: 

Def, [a^L] = [aL] a. Dually, [L^a] = [La] L, (10) 

As in the preceding section, we can deduce : 

[{a,b}L] = h{[aL]b + [bL]a). (ii) 
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By § 1 13*3, we now have a meaning for [oL], where 0 is a sum 
of algebraic products of points, if we assume the distributive law. 
Dually, if ^ is a sum of algebraic products of rotors, we have a 
meaning for 

If ^ is a line-pair with double point p, then [Wp] = o. 

8. By(8), (ii), 

the outer product of [{a, b} L\ and M is [{a, b) {L, M}], 

that is, the outer product of {a, A} and {L, M}. (12) 

The outer product of [oL] and M is \a{L,M)\\ the outer 
product of [3lp] and q is [ 3 l{p, 

§115. Interpretations. 

1. Let a, A, ... be any points, L,M, ... any rotors. 

Let a = a^+A^ + ..., then a is the name of the associated 

3 

envelope, and a = 2 some scalars kjj = kjj. 

[aL2] ==rk,j[{e,,.j}L2] ==rk,jh 

where L = 4-l2£'2 + l3^3> = [^2^3]» ^2> ^3 

scalars. 

Thus [aZ,2] = o is the equation of the envelope associated with 
a. It is a conic envelope. 

Dually [ 21 ^^] = o is a conic locus associated with a sum 91 of 
algebraic products of rotors. 

2. If />, q be points such that [ 9 l{/), q]] — o, then the equation 

[ 9 l(/> + k#] = o, or [ 9 (/> 2 ] + 2k[9l{^9}] + kW] = o, 

has equal and opposite roots in k. If these be ± kj, then /> ± kj^ 
are the points in which the line [pq\ meets the locus 9 (. These 
points separate />, q harmonically. 

Hence, if [ 9 l{/), q]\ = o, then />, q are conjugate points for 91 . 

By § 1 14*8, the outer product of [ 9 l/>] and q is [ 9 l{p, 5^}]. Hence 
if />, q are conjugate points, then q is on the line [ 91 /)]. 

Hence [ 91 /)] is the polar of p with respect to 91 . 

Dually, if a is a conic envelope, L, M rotors, then L, M are 
conjugate if [a{L, M}] = o; and [aL] is the pole of L. 
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3. Since [aL^] = o, if, and only if, L touches a, therefore 
[a[/>y]^] = o, if, and only if, 9 is on a tangent from />. Now 
[a[/>y] 2 ] = Hence [a/>^] is the pair of tangents from/), 

regarded as a (degenerate) conic locus. 

Dually [SIL^] is the cut of and L regarded as a conic envelope. 

Examples, i . If L, M be conjugate for {a, b) + {c, d}y then 
[aL] [bM] + [aM] [bL] + [cL] [dAI] + [cM] [dL] = o. 

Give the geometric interpretation of this. 

2. If a^ + b^ = o, then {a, a} = —{A, b ) ; hence a = b^ and a = b == o. 

3. If 4- 4 - = o, and points are allowed complex weights, then 

{{a 4 - ii), {a — i^)} = - c^. Hence, either a^ + b^^ = o, = o, or a 4- iA = 0, 
a — ib=c. All cases give a = b = c, 

4. If ai^ + b^ = + d^, then 

{(a + c), (a - c)} = {{d 4 - A), (d - A)}. 

Hence, either a±c = Oyd±b oor a — c = d±by a + c = d+b. 

If {ay b)L — o and a^by then L = [oA]. 

5. If d^ + b"^ - {Cyd}y then 0, d are collinear with a, A and 
separate them harmonically. 

If [{a, A} [Cy (/}] = o, the same conclusion follows. 

U p + k^qy p + k2q separate /> 4 - Ij^, /> 4 - 12^ harmonically where kj, kj 
and Ij, I2 are respectively roots of 

ax^ 4* 2hx 4- c = o, a'x^ 4- 2h'x 4- c' =0, 
then ac' 4- a'c = 2hh'. 

6. If a^ -{- b^ = d'^ = e^ +f^y then a, A; Cyd\ e,/ are pairs in 

involution on a line. Three dependent point-pairs are in involution 
on a line. 

7. If a = kja“ + k2A2 4-k3c2^o, 

then a[Ar] = k,[o 2 [Ao]] = k^[abc\a. 

Hence if [abc\ ^ o, then a is the pole of be for a. Thus abc is a 
self-polar triangle of a. 

Since every non-degenerate conic has a self-polar triangle, there- 
fore by absorbing weights, any conk envelope can be put in the form 

4- 42 ^ ^2 . j jg gjgQ ^J-^g fQj. a degenerate conic envelope con- 
sisting of points/), qy since {/>,^} = \{p+qY ’~\{p-qY> the points 
a, by c may have absorbed complex weights. 
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8. If + 

then i[a2] = [abf + [bcf + [ca]\ i[a 3 ] = [abc]\ 

Hence if [a^] = o, then [abc\ = o, and r = kja + kg^, (k,, kg scalars), 
so that a is a linear combination of b'^ and {a, ^}, and hence, as in 
ordinary algebra, is the product of two linear combinations of a and 
that is, of two points. 

Conversely, if a = {/>, ^}, then clearly [a^] = o. Hence [a^] = o 
is a necessary and sufficient condition that a is degenerate, 

9. If [aL] = o for some L, then a is degenerate. For take 

a = + + then [aL] = [aL\a + \bL\b + [cL'\c, Thus a, 6, c are 

dependent. The conic is a line-pair, one line being L. 

10. If a = kjfl2 + k2^^ + k3^2 + j^^^2^Q^ 

then a[cd\ = kj [acd\ a + k2[bcd] b. 

Hence, by (12), [Cl{[^^/], [^i]}] = o. Thus [ab], [cd] are conjugate for a. 
Hence abed is a polar quadrangle for a, that is, each pair of opposite 
joins is a conjugate pair. 

11. If a = kj£22 + k2^- + k3^r2^o, we have a case of Ex. 10, with 
k4 = o for all d. Hence if abc is a self -polar triangle, then abed is a polar 
quadrangle, where d is any point. 

If af)^CY be not a self-polar triangle of a, there is just one point d 
such that ay by </ is a polar quadrangle, namely, 

d = [o[byCy]ay,a[cyay]by]. 

12. If d^ + b'^ + c'^ ^ d'^ + e'^+P, then algebraic multiplication of 
each side by itself gives 

[bef + [caf 4- [abf = [eff + [fdf + [def. 

The first equation says that abc, def are self-polar triangles for the 
same conic. Now if another conic locus G goes through a, then 
[Stf = o. Hence if S goes through a, b, c, d, e, then it goes through f. 
Similarly, from the second equation, if a conic envelope touches 
[bcl, [ca], [ab], [ef], [fd], then it touches [de]. 

Hence, if abc, def be self -polar triangles for a conic, their six vertices 
lie on a conic, and their six sides touch another, 

A necessary and sufficient condition that points a, b, c, d, e, f lie 
on a conic is that, after absorbing weights, 

a^ + b^^ + c^ = d^-{-e^+p. 

Hence if a, b, c, d, e,f be on a conic, the sides of triangles abc, def touch 
another conk and the triangles are self-polar for a third conic. 

13. If abed and abpq be polar quadrangles for a conic, then the six 
points a, b, c, d, p, q lie on a conic. 
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14. If a = {a, b) — {c, d) ^ o, then 

[0L2] = [aL\[bL]-[cL][dL]. 

Hence the envelope a touches ac, be, ad, bd, since [a[acf] = o, and 
so on. (Cf. §24‘8.) 

15. If a, b separate c, d harmonically on the conic c, then 

C = [{a,b).{c,d}l 

16. If a is a conic envelope, and [o/>*] = o, then a is a point-pair, 
one of whose points is p. 

17- If a = K, e^} + {^3, ^3}, 

then -f [a^e^ + [^3^3] = o is equivalent to 
kij=kji> (hj = i, 2 , 3 ). 

18. If two triangles are sextuply perspective, any vertex is the 
polar of the opposite side for the conic through the remaining five 
points. (Wieleitner.) 

By § 13-4 we can take the vertices of the triangles in the form 

a,b,c\ a + A + r, (ji)a + (i)^b-\-Cy (j)^a-\-(i)b-\-Cy 

where (o^ - i, 

Let ® be the conic through the last five points, then 

W = (£{^2} = {i{{a + b^cf} = {i{(o)a + (o^ + cf} 

= ^{{(o^a + cob + cY) = o, (i) 

and we have to shew 

g{a,^}=o, e{«,c}=o. 

The last four equations of (i), when multiplied out, give 
(£{a, b} = o. Multiply the fourth and fifth by and add to the first, 
then (£{^, c} = o. 

§ 1 16. Outer products of conics.^ 

I. The normal form of any conic envelope a is 

{«l.«l} + {«2.«2} + {«3.^3}. 

where = rkijCj, kjj = kjj. (§113-3). 

* There is evidently a relation between the outer products of conics 
treated here, and the outer products of symmetrical matrices. If the definitions 
are compared, it will be found that there are different scalar factors involved. 
In each instance these have been chosen for convenience simply. 
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Now, if b, c be any points, then 

1 = 1 i,j = i 

>=I »»j=i i,j=i 

since kjj = kj^. Thus the two expressions are equal. 

Hence v [{a,, c}] = ^i ({[a, 6], M} + {[a,c], ^6]}) 

i=i i-=i 

= i{Ki3,[eic]}. 

1 -= I 

Hence 

[({^1 > ^1} {^2> ^2} {^3> ^3}) ({^1 > ^1} {^2> ^2} {^3> ^3})] 

= {[«! *2]» [^I «2]} + • • • + + {["3^ . ^3«2]}) + - • 

= {(["2^3] -["3*2]). [C2«3]} + - + •••• (13) 

From this, using (12) and (8), and dropping brackets which 
may be understood : 

[{flj, $1 + a 2 i €2 -f ^3, ^3} {^1) + b 2 y €2 + b^y ^3} {cj, + ^2, ^2 ^3> ^3}] 

= [«1 *2 ^3] - [^2 ^3] + K *3 ^1] [«3 *2^1] + k 3 ^2] - [«1 *3 ^2] » 

(h) 

where, as always, [^i^2^3] == the law of the expression is 

the same as for determinants. 

In shewing this formula, we need 

ifiLMEiC]}^i{[L,c],[E,b]}, 

which is proved like the corresponding one at the beginning of 
the paragraph, when Z{L^yE^} is a normal form. 

2. The outer product of two conic loci is a conic envelope. 
Dually y the outer product of two conic envelopes is a conic locus. 
The outer product of three conic loci or of three conic envelopes is 
a scalar. These outer products are commutative. 

3. We can deduce from (6), by the method in i, 
^[{a,b}{c,d}{e,f}] 

= [ace] [bdf] + [bee] [adf] + [ade] [bef] + [bde] [acf]. 



XV, 116,117] ALGEBRAIC PRODUCTS. 433 

Examples. 19. If 0 = {<121^2} + normal form, 

then l[a^]={[a^a,],E,}H{asa^lE,}+{[a,a^,E^},\ 

i[a^] = [aia,a,l / ^*5) 

If 91 = [a^], then 

J[9I2] = 2({[a3a, . a, a2],«i} + . 

= 2 [a,a 2 fl 3 ]({a„e,} + {a2,e2}+ {<23,^3}) = 2[a,«2a3]a. 

Hence [Sl^] = 8[aia2a^] a = |[a^] a, 

[9H] =|[a^][a9l] = » 

20. If a = kj{^, c} -f- k2{cy a} + b), kj, k2, scalars, 

then [a[bc]] = \[abc] {k^c + k^b), [a[bc]^] = o. 

Hence a touches [be], and similarly [ca] and [ab], 

[a[^f -^cai- ab]] = l[abc] ((k2 + kg) a + (k3 + kj) ^ + (kj + kj) c), 

[a{ [be ^ca + abY)] = [abef (kj -f k2 + kj). 

Hence a touches bc + ca-{- ab, if k, + kg + k3 = o. 
a2 = ~ lk^^[bcY kg k3{M, [ab]} + . . . ; = ^[abey k^ k2k3. 

21. The equation of the envelope a is [aL^] = o. The points on 
this envelope lie on the locus [a^], whose equation is [9l/>^] = o, where 
[a“] = provided [a^J^^o. For, let a = a^-^b^+c^, then 

[qJL] = [aL] a + [bL] b + [cL] c = q, say. 

hm = [([beY + [eaY-^[abY)q] 

= [beq] [be] 4 - [caq] [ca] + [abq] [ah] 

= [abe] {[be] [at] + [ca] [bL] + [ab] [cL]) = [ahef L. 

Hence if [abc] ^o, then if q is the pole of L for a, L is the polar of q 
for 91. Whence a, SI = [a^] represent the same conic as envelope and 
as locus respectively, 

22. If [a^J = o, we know a is degenerate. If [a^] = o, then a repre- 
sents a point taken twice. 


§ 1 1 7 . Formulae, 

I. Consider the scalar [Lc'\{Ld][Xc^[Xd\, where L, X are 
lines, c, d points. 

Let C = Cj^i +C 2^2 + ^3^3» dl^l-hd2^2“I'^3^3> 

L = Ij -f- 12-^2 “i” ^3‘^3> ^ ~ 


FCK 


28 
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Then the scalar is 
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i l,CiljdjXkC„x„d„ or S x^CkCililjdjd^x^. 

ij,k,m=®i I (l6) 

Now any conic envelope is of the form c = 4- + . . . ; any 

conic locus is of form S = + ... . Let b = ... be 

another conic envelope. 

C = C^ + C^+.,,= S 2] CjCj{ei,^j}+ 

"7 . f 

fi = L2+L'2+...= 2 2 

i.j = i 

Add together all the expressions obtained from (i6) when c is 
replaced by c, c\ c'\ . . . ; L by L, L', L", . . ., and d by d, d\ d'\ .... 
The sum is 3 

2 Xt(ci>bUx„, (17) 

k, m= I 

where (c£b)^^ is the (km) element in the matrix cSb formed as 
the matrix product of the matrices of the coefficients of c, S, b, 
written in the form (i). The matrix J(cSb + (cSb)’**') is symmetric, 
and hence it represents a conic; we denote the corresponding 
conic envelope by (cSb). Then (17) can be written 

[(cSb){^2|] or [(cSb)X2]. 

The poles of a line X for c, b are respectively Z[Xc\c and 
E[Xd'\ dy and these are conjugate for S if 

E[Xc][cL\ [Xd][dL]==Oy 


the sum being taken over c, c', ..., L, L', ..., rf, d\ .... But this 
condition is [(cSb) X^] = o. 

Hence (cSb) represents the conic envelope of lines whose poles for 
C, b are conjugate for S. 

In particular, since (cfic) is the envelope of lines whose poles 
for c are on S, it is the reciprocal o/S for c. 

Dually, ( 9 [c 93 ) is the locus of points whose polars for 21 , 93 are 
conjugate for c; (2lc2l) is the reciprocal of c for 21. 

IfS = {L,L'}, then 

(cSb) = K{[c^]. [bL']}+{[c/:'], [bL]}). 
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2. If a, b, c, d be points, then 

[ab.cd] = \abd\c — \^c\d. 

Hence {[ab.cdY} = [abdY{c'^) 

+ [abcf {d‘^] - 2 [abd] [abc] {c, d). (18) 

Now, by (t), (4), 

m = {[ab]% {[ab.cdf] = [[ab]\ [cdf], 
and, by (2), [abd^ = [a^V^d^]. 

Hence, if a. = a^ + a'^ + a"'^+ b'^-¥b'^ + b '"^+ and 
similarly for c, b, and we substitute a^ + a'‘^-k-a"^+ ... for a^, and 
b‘^ + b''^+b''^+ ... for and so on, in the first two formulae, and 
use the distributive law, we get 

[ab] = [{a^-^a'^-¥...W+b'^ + ...)\ 

= [abf + [ab'f-{-[a'bf+..., 

[ab.cb] = [{abf + [ab'f + ...,[cdf + [cd'f+...] 

^{[ab. cdf } + .... 

Similarly [abb] c, [abc] b are respectively the sums of terms like 
[abdf{c'^}&nd[abcf{d'^\. 

Let [ab\ = Z,, then 

[abc] [abd] {c,d) = [Lc] [Ld] [c, d}. 

The sum of such terms as this is (cSb), where 
iJ = [abf+iab'fH^^'bf 
for if [Lc] [Ld] [c, d} be multiplied by X^, it gives 
[Lc][Ld][cX][dX]. 

Hence, finally. 


[ab . cb] = [abb] c + [abc] b - 2(c[ab] b). (19) 

Similarly, [ab . cb] = [bcb] a + [acb] b - 2(a[cb] b). (20) 

3. If we write for [cb], this gives an equation for (aSb): 

2(aSb) = [bS] a + [ai»] b - [obS]. (21) 

In particular, for the reciprocal of S for a, we have 

(afia) = [aS] a - (22) 

4. By (19), (20), we have 

[bcb] a + [acb] b - [bab] c - [obc] b 


= 2(o[cb] b) - 2(c[ab] b). (23) 
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From (20), with c = b = a, [a^] = 31 , we have 

2(o3lb) = [a^b] a + [a*] b - [o^ . ab]. (24) 

5 . The method used to obtain ( 1 9) is quite general. T o illustrate 
it again, take the theorem on points: 

[flic] d = \bcd\ a + [cad^ b + \cibd\ c. 

Squaring 

[abcf {d^ = [bcc[f {d^} + [cadf + [abdf {c^} 

— 2\adb^ [adc\ {b, c) — 2\bdc\ \bdd\ {c, a} — 2{cdd\ [crfb] (a, b}. 
Let a = a^ + a '2 + ..., b = b^ + b'^+ 

C = c2 + c'2 + ..., b = d^+d'^+..., 

then [abc] is the sum of expressions like [a^bV] or [abcY. 
Proceeding as before, we find 

[abc] b = [bcb] 0 + [cob] b + [obb] c 

- 2(b[ab] c) - 2(c[bb] 0) - 2(o[cb] b). (25) 

In particular, (a[ab]a) = J[a^b]a — |[o^]b. (26) 

From (25), (20), we have 

[ob . cb] + [be . ab] + [co . bb] 

= [bcb] a + [cob] b + [obb] c + [obc] b. (27) 

In particular 

[o2 . ob] = [o^b] 0 + i[o 3 ] b, [o2 . o2] = Ma'] o- (28) 
Hence (24) gives (a 3 tb) = ^[o*] b. (29) 

6. From [abc] L = [aL] \bc] + \bL] [ra] + [cL] [ab], 

we obtain [obc] L = [oZ. . be] + [bL . co] + [cL . ob]. (30) 

7. From [ab . cd] — [acd] b — [bed] a = [abd] c — [abc] d, 
we obtain 

[ob . cb] = (b[ob] c) + (o[bc] b) + (c[bb] o) + (b[co] b), (3 1 ) 

which can also be deduced from (20) and (27). 

In particular, 

[o 2 .c 2 ] = 4 (a[oc]c), [o 2 .o 2 ] = 4 (o[a']a)- (32) 

8. By (27), 


[ob . ob] = [o^b] b + [ob2] 0 - . b^]. 


(33) 
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By (19). 

[o2 . 62 ] = 2[o 26] 6 - 2(b3tb) = 2[ab2] a - 2(a»a), (34) 
where = [a2], S3 = [62]. 

From these and (32), (33), 

[ab.ob] = [ab2]a+(bSlb) = [o2b]b+(aS3a) 

= [ab2] a + [a2b] 6 - 2(o[ab] 6). (35) 

Again, from (20), 

[ab . c2] = [ac2] b + [bc2] a - 2(o(£b). 

By (27), 

2[ac . be] = - [ab . c2] 4- 2[abc] c + [bc2] a + [oc2] b. (36) 
Hence [ac . bc] = [abc] c + (aSb). (37) 

9. If A, B be lines, c a point, then 

[AB.c] = [Ac]B-[Bc\A. 

I lence [AB. cf = [Acf B^ + [Bcf A^ - 2[Ac] [Bc] {A, B). 

Let [AB] = p, then 

[AB . Cf = [pcf = [/>2 . c2] = [^252 = [^2^2]. 

Taking a = a2 + a'2 + and so on, and noting that the sum 
of such terms as [Ac] [6c] [A, 6} is (9lcS), we have 

[«« . c] = [Sic] S3 + [«c] St - 2(Slc«). (38) 

Similarly, from [AB.cd] = [.<4c] [Bd] — [6c] [Ad], we have 
[m . cb] = [Sic] [«b] + [^c] [Sib] - 2[(Slc«) b]. (39) 

Thence [(SlcS3)b] = [(SlbS3)c]. (40) 

10. If a, b be points, L, M lines, and [LM] = />, then 

[ab . LM] = [aL] [bM] - [bL] [aM], 

[aW.LM] = [[abf.LM] = [[a6]2./)] = [abp] [aft], by (10), 

- {[aL] [bM] - [bL] [aM]) [aA]. 

But [d^L]^[aL]a, [V^M] = [bM]b. 

Hence [d^L . b^M] = [aL] [bM] [aA], 

[fl2A2.LM] = [a2L.A2M]-[a2M.A2L]. 

Summing for a^, a'2, ..., A2, A'2, ... as usual, we find 
[ob.LAf] = [aL.bM]-[aM.bL]. 


(40 
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Similarly, 

[ob . [LMf] = [ab . LM] [LM] 

= [aL2][bM2] + [aM2][bL2] 

- 2 [a{L,M}]\b{L,M}l ( 42 ) 

Dually [m .pq] = [%p . 58?] - [% . 33/)], ( 43 ) 

[3133 . [/)<7]2] = [31/)2] [339^] + [31^2] [33/)2] 

- 2 [ 3 l{/>, 9 }] [«{/>,?}]. ( 44 ) 


§ 118 . Interpretations, 

1. As the scalar k varies, 9( + k!i 8 gives the curves of a 
pencil of loci. One of these goes through an arbitrary point /), 
for [( 3 l + k 93 )/) 2 ] = o gives 4- k[’i 8 />^] = o, and this deter- 
mines k. For all k, ?t4-k93 goes through the common points of 
31 and 58. 

2 . In general, two curves of the pencil touch an arbitrary line, 
for the equation 

[(3t+k58)2L2] = [3l2L2] + 2 k[ 3 l 58 L 2 ]-f k2[582L2] = o 
has two roots in k. 

3 . Desargues^ Theorem, Since the cuts p-^-hq of [pq\ and (£ 
are given by 

[m + 2 h[ 6 {/», q}] + ^ o, ( 45 ) 

the cuts of [pq] and the loci 3t, 33, 31 + k58 are linearly dependent 
point-pairs and hence are in involution (§ 115 , Ex. 6 ). 

4 . The cuts of [pq] and 31, 93 are given by equations similar to 
( 45 ). These cuts separate one another harmonically, by § 115 , 
Ex. 5 , if 

[m + M [m - 2mp, ?}] [33{/>, ?}] = o, 

and hence, by ( 44 ), if [3195 . [pqY] = o, that is, if [pq\ touches [3195]. 

The envelope of lines which are cut harmonically by 31, 95 is 
thus the conic [3195], called the ^harmonic conic envelope^ of 31, 95. 

Dually, the locus of points from which tangents to a, b separate 
harmonically is the ^harmonic conic locus* [ab] of a, b. 



ALGEBRAIC PRODUCTS 


439 


XV, 1 17, 1 18] 

5. Equation of harmonic locus of 0, b. 

If a = I’ajJci.Ck}, b = 2 'bjci,cj, then 
[ab] = 

“ (^22^)^^ + a^^b22 — [^2^3p + ••• + ••• 

^(^23^31 ” ^33^12 ~ ^12^33 ^31 ^23) [^2^3] [^3^1] + • • • • 

6. The harmonic envelopes of c and the conics of pencil a + kb are 
in a pencil, 

7. If Ay By C be lines, py r points, then 

[ABC\{pqr]= [API {Aql [Ar] . 

, {BPI [Bq], [Br] 
i [Cpl [Cql [Cr] 

Hence \A^B^(y-\ {pqr\ is this determinant multiplied by [ABC] ; 
expanding the determinant, thus multiplied, the term 
[Ap][Bq][Cr][ABC], 

for example, gives [A^p] [B‘^q\ [C^r]. Hence we obtain another 
determinant, with A-, B-, substituted for A,B,C, in the above. 
The usual summing process then gives, expanding as in (14), 

m, [ill?], [ 9 lr] . (46) 

! mi [«9], m] 

: mi [e?], m] 

Dually, we have an expression for [abc] [LMN], 

In particular, 

l[a^h][LMN] = [aL,aM,bN] + [aM.aN.hL] + [aN,aL.bMl 

Let aL = py aM=qy aAr = r, bL-p\ bM = q\ bN=r\ 
Then, if [a^b] = o, we have 

[qrp'] + [rpq'] + [pqr'] = o. (47) 

Now, if LMN be a self-polar triangle for a, we have, if L, My N 
be given suitable weights, [^r] = L, [r/>] = My [pq\ = N. 

Hence (47) gives 

[L.bL] + [M.bM] + [N.biV] = o 
or [b({L2} + {M2}-f{iV2})] = o. 

Hence, if [a^b] == o, and a self -polar triangle of a has two sides 
touching b, the third side touches b. Conversely y if there is one such 
trianglcy then [a^b] = o, and there are 00^ such triangles. 
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If [a^] = o, we say b are ‘apolar\ 

Again, by (47), if [o^b] = o, and LMN be any triangle, the 
triangle whose vertices care the poles of L, M, N for b is perspective 
with the triangle whose sides are the polars of [MA^, [NL], [LAf] 
for a. 

If [31^95] = o, we say 91^, 93 are 'apolar' . The duals of the above 
theorems hold. 

If 91 = [a^], 93 = [b^], and the conics are non-degenerate, then 
[a^93] = o is equivalent to [ab'^] = o. Hence, if a self -polar triangle 
of Q can be circumscribed to b, then any self -polar triangle ofb with 
two, vertices on a is inscribed to a. 

8. By (34), if [a^b] = o, then [a^b^] = -2(b91b). 

Hence, as a numeric multiplier is merely a weight : 

If 0?, b are apolar, then the reciprocal o/9l with respect to b is the 
harmonic conic of 91, 93. 

9. If the conditions [a'-b] = o and [ob“] = o both hold, and the 
conics are not degenerate, we have the following results. 

(i) By (33), [ab]^ = - ^[a^b^]. Hence the harmonic conic of the 
loci 0, b is the harmonic conic of the envelopes 91, 93 ; it is the reciprocal 
0/93 zoith respect to a, and of % with respect to b (by 8). 

(ii) Write [c^] = (£ = [ob], then by (26), (a6o) = - J[a’]b; 
hence the reciprocal of S with respect to a is b. The conics a, b, c 
are such that each is the reciprocal of any other with respect to the 
third. 

(iii) Since [ab] = g = [c^], we have [bc^] = [ab^] = o; simi- 
larly [oc^] = o. 

By (i), c = [o^b^], hence [ca^] = [ob^] = o; similarly [cb^] = o. 

By (34), [a^c^] = -2(c9tc) = -2(oKa)sb; [oc]s58; similarly 
[bc]=9t. 

Hence each of a, b, C m the harmonic envelope of the other two as 
loci, each is the harmonic locus of the other two as envelopes', each as 
locus {as envelope) is apolar to each as envelope {as locus). 

10. Examples, (i). If 

0 = ki{i, c) + kjlc, a} + kj{a, b}, 

95 = k;{B, C) + k2{C, A) + k;{ J, E) 

[be] = A, [ca] = B, [fli] = C, 


and 
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then a touches A, B, C at k2C-\-k^b^ + kii + k2« respectively, 

and $8 goes through a, h, c. 

[aSB] = |(kik;+k2k'+k3k'3)[a6c]2, 

[a^m = i(kik;+k2k'2 + k3k'3)2[a^.]4. 

The joins of the vertices to the points of contact of a with the 
opposite sides meet at k2k3a + k3ki6 + kik2C. If this point lies on 58 , 
then kik'i +k2k2 + k3k3 = o, and hence then [a 58 ] = o, [ 3 lb] = o and 
we have the case considered in 9. 

(ii) If a = liM + ^{h^} + 13(^2}, b = \\W} + V^ib^ + V,{c% 
then i[a2£)] = (I;i2l3 + lil2l3 + lil2l'3) W, 

im = (Ill2l'3+l'll2l'3+i;i2l3) W 

If now [a^b] = [ab^] = o, and we take 1 , = we find 


I2 — WI2, 


I3 = 


= I. 


If C = i;V} + l2W + l3V}, and [ab] = C 2 , then 

I2l'3+l2l3 = 2l'2'r3', I3 1'l + 1^3 1^ = 21'/ 1'/, 1, 1' + 1; I2 = 21'/ 1''. 

Hence C'^ = l2l3[Ac:]“ + ^#d3li[cfl]2 l2[^^]^, 

C = \,{a^} + ojH2m + wl,{c^}. (Cf. §99*4.) 


11. Condition that [ab] = o. This means that [ab/)^] = o for 
all points p of the plane. 

Suppose, if possible, that [a^]#o, and take/) on a, then [a/)^] 
is the tangent at p repeated. But as [b.Q/)^] = o, therefore all 
tangents to a touch b; hence a = b, and so [a^] = o, contrary to 
the hypothesis that [a*^] 7^0. 

Hence [a*^] = o, and similarly [b^] = o. Hence we can take 
a = {«,«'{, b = {6,6'}, and then [ab./)^] = o means that [«/>], 
{a' p'\ separate [6/)], [6'/)] harmonically for all />. 

Hence a, a' are collinear with 6, 6' and separate them har- 
monically. (Ex. 16, p. 431, furnishes a special case.) 

12. If a, b be non-degenerate, then the equation 

{(a - kb) 3 ) = o, or [a^] ^ 3k[a2b] + 3k2[ab2] - k^\b^] = o, 

is satisfied, in general, by three values, kj, k2, k3, of k; that is, 
there are three degenerate conics in the pencil a — kb. These 
conics will be point-pairs; let {p,q} be one of them, and let 
a-k,b = {p,q}. 

Then [(a -k,!)) [/>?]] = [{/>,?} M = o, by (ii). 



44^ ALGEBRAIC PRODUCTS [CHAP. 

Hence Ci[/)5] = b[/)j], so that [pq\ has the same pole for all 
conics of the pencil a — kb, (k^kj), and in particular for a~k2b, 
a — k3b. Hence the pole of pq is the point where the joins of the 
last point-pairs meet. 

Hence the joins of the point-pairs in the pencil a — kb form a 
triangle self -polar for all conics of the pencil. 

If a, b be points not on the conic a, there are points f , d such that 
a = {a, i} — k{c, d], (k scalar) ; 
for we need only find the degenerate conics of the pencil 

a — k'{a,6}. 

13. The poles of a line L for conics of the pencil a 4- kb lie in 
general on a line. For these poles are [aL]H-k[bL], and if 
[oL] # [bL], they lie on the line [oL. bL]. If [aL] — [bL], they all 
coincide at this point; this is the case of 12. 

Dually, the polars of a point p for conics of the pencil 4- k23 
have in general one common pomt [?(/) . 53/)], but if [51/)] ^ [53/)] they 
all coincide with this line. 

If L is the polar of/) for 5l4-k53, then [/> . 51/) . ^S/)] = o. Hence 
this equation in p gives the locus of the poles of L for conics of 
the pencil. Since the equation contains p twice, the locus is a 
conic, the * polar conic^ of L for the pencil. 

The polar conic goes through the vertices of the common self -polar 
triangle of 51 and 53, for these vertices satisfy [5(/).53/)] = o, or 
5I/) = 53/). 

If s is on the polar conic of L, and [515 . 535] = q, then 
[515. 9] = o, [535. 9] = o, [Lq] = o. 

Hence the polar conic of L is the locus of points conjugate to 
points q of L for conics of the pencil 51 4- k53. 

14. Steiner correspondence. To a point p make correspond 
the point p' = [51/) . 53/)]. Then 

[%p ./)'] = [53/) ./)'] = 0, p^ [51/)' . 53/)']. 

The correspondence between p and />' is involutory and in 
general one-to-one. The points of the common self-polar triangle 
of St and 53 are the only exceptional points, a vertex corresponds 
to all points of the opposite side. The only self-corresponding 
points are the cuts of 51 and S3. 
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To points /> of a line L, not a side of the common self-polar 
triangle, correspond points/)' such that [L . 31/)' . 58/)'] = o. Thus 
these lie on a conic circumscribed to the self-polar triangle. To 
the lines L + kM of a pencil correspond the conics 

[L . 31/)' . 58/)'] + k[M. 31/)' . 58/)'] = o 
of a pencil. The duals of ii ... 14 are clear. 

15 . \i a, b and c, d be conjugate point-pairs for 3(, then 
3{{a, 6 } = o, %[cyd] = o. Hence the conic b = k^{a,b}-\-k 2 {c,d] is 
apolar to 5S[. But b is in the pencil of conics touching the lines 
[^r], [bc\ [arf], [ 6 ^], and by choice of kj, k^ it can be made 
= {^»/}> where e = [ac, bd], f= [ad, be]. Hence 3({^,/} = o. 

Hence, if {a,b), {c^d), {e,f) be pairs of opposite vertices of a 
quadrilateral^ and two pairs be conjugate pairs for a conic, so is the 
third pair. (Cf. § 115, Ex. 10.) 

16. By absorbing weights, any four independent points can 
be taken as a, 6 , c, = a + ft + c. Then 

[bc.ad]^b'\-c, [ca.bd^^c^^a, [flft.rrf] = a + ft, 

a- + ft2 + + (« + ft "f = (ft + cY + -f aY -h (a + by 

(algebraic squares). 

Hence, if abed be a polar quadrangle, then \bc.ad], [ca.bd], 
[ab . cd] is a self -polar triangle. 

The last identity can be written as a special case of ( 27 ) : 

[ab.cdf-V[bc.adf-\-[ca,bdf 

= [bedf a^ + [cadf ft 2 + [abdf + [abef dK 


§ 119 . Apolar spreads of conics. 

I. We may regard [e]}, {er^, {ej}, {^ 2 ,^ 3 }, as 

unities in a spread of step six. Then any conic envelope a is a 
linear combination of these unities. 

• Dually, any conic locus is a linear combination of {£^}, {£?}, 

Now, if 93, a be expressed in this fashion, and [95a] = o, there 
is a relation between the coefficients of 93 and a, which is linear 
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in both sets. Hence, if [SSaJ = o, [SBOs] = o, we have five 
linear equations for the coefficients of 93 . Hence, if Oj, a5 are 
linearly independent, then 93 is fixed apart from its weight. 

Thus there is just one conic apolar to jive independent conics, 

2. If also [ 930 ^] = o, then Oj, ...,06 are dependent. 

3. If 93 i, 932 be independent, and apolar to 0^ ..., 04, also 
independent, then all conics of pencil ki93i + k2932, and no 
others, are apolar to Oj, ...,04. This follows from the theory of 
linear equations. 

If {a,b} is in the system of Oj, ..., 04, then A] = o, 
932!^, = o; hence a, b are conjugate for the pencil ki 93 i +k 2332 . 

Hence if a moves on a line, then b describes the polar conic of 
a for the pencil. 

4. If ^1, $82, be independent and each apolar to Oi, a?, 03, 
also independent, then all conics of the ‘ net’ k^ -f k2'62 + ^39^3, 
and no others, are apolar to Oj, 02, (ly 

5. Since a = (a, b] is apolar to 93 , if, and only if, Uy b are con- 
jugate points for 93, therefore six pairs of points 

6 

if conjugate pairs for a conic, are connected by v kija^, = o 
for some scalars kj. * 

If (i=i, ...,5), are five point pairs, and = o 

I 

for some kj, then a^y b^ are conjugate points for all conics for which 
the remaining four pairs are conjugate pairs. In particular, the 
polars of a point />, for all conics with respect to which four given 
point-pairs are conjugate pairsy meet in a point. 

6 . If ^^^2^3 and 61^2^3 polar triangles for a conic y and 
a^a^a^y b^b^b^ be another pair of polar triangles for the conic y then 
{^^i, Aj}, (i = I, . . ., 6), are dependent. 

//“{«!, 6i}, (i=i,...,6), be dependent pairs y and be separated in 
any way into two setSy we obtain two pairs of polar triangles for the 
same conic y and the twelve sides of these two pairs of triangles form 
a dependent set of six line-pairs.^ 

• Rosanes, Crelles Journ. 90 (1881), p. 303. 
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7 / Lj , . . . , L4 and , . . . , be two quadrilaterals y and we make 

the vertices correspond as follows y [L^L^ to [M3M4], [^2^3] 
[M^M^y [7^37^4] to [M^M^y then we have a dependent system 
of six point-pairs. If five of the joins of corresponding vertices 
concur y the sixth goes through the common point J* 


§ 1 20. Nul triads of conics, 

1 . These are triads of conics a, b, c such that [abc] = 0. If c 
is apolar to the harmonic conic [ab] of a, b, the relation between 
a, b, C is symmetrical, and a, b, C is a nul triad. 

By (30), if a, b, c is a nul triad, and we take the poles/), 5, r of 
any line L for a, b, c, then the polars of/), r for [be], [ca], [ab] 
are concurrent. 

If [a{fl, A} {Cy d]‘\ = o, then ay b separate Cy d harmonically on a 
conic apolar to a \ Cy d are conjugate for the harmonic conic of a 
and [ay b}\ayb are conjugate for the harmonic conic of a and (c, d], 

2. If each triad of a, b, c, b is a nul triad, then the harmonic 
conics of [ab] and [cb], of [be] and [ab], of [ea] and [bb] are in a 
pencil. By (27). 

3 - By (39). 

[«« . cb] = [%c] [!i8b] + [«c] [?lb] - 2 [( 31 c») b]. 

By (40). [('^tc«) b] = [( 9 lb 93 ) c]. 

Substitute [ab], [bb] for 91 , 93 , then 

2[([ob] c[bb]) b] = [ob2] [beb] + [bb^] [ocb] - [ab .bb . cb]. 

By (28), [cb . b 2 ] = [cb 2 ] b + i[b*] c. 

Hence [ab . cb . b^] = [cb^] [abb] + i[b*] [abc]. 

By (27), 

2[ab . bb] + [ab . b^] = 2[abb] b + [ob^] b + [bb^] a. 

Hence 2[ab . bb . cb] = - [ab . cb . b^] + 2[abb] [cb^] 

+ [bcb][ab2] + [acb][bb2] 

= [bcb][ab2] + [acb][bb2] 

+ [abb][cb 2 ]-i[abc][b 3 ], (48) 

4[([ab] c[bb]) b] = [beb] [ab^] + [acb] [bb^] 

-[abb][cb 2 ]+i[abc][b^. (49) 

* Rosanes, loc, cit. 
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In particular, (48) gives: if each triad of a, b, c, b is a nul triad, 
so is ab, bb, cb; if a, b, c is a nul triad, and they are apolar to b^, 
then ab, bb, cbis a nul triad. 

If we put b = C in (48), and [b^] = ® , [b-^] = ® , then, if a is apolar 
to 83 , and if a, b are apolar to ®, then so is [ab] to [bb]^. 

4. By (37), [ac.bc] = [abc]c 4 -(aeb). 

Take b = a, and we have : the harmonic conic of a, C, the conic 
C, and the reciprocal of (£ for a are in a pencil. 

Next, take c = {/>, ^}, then (£ = — \\pq\^ 

(aeb) = [abc]c-HaM,bM^ 

Hence i/[abc] = o and c = {p, q), then [ac . be] is a point-pair {a, b}, 
where a = a[p?], b = h[pq\. 

Conversely, if c = {/>, q}, (a®b) = — \{a, b], then [ac . be] is a 
point-pair, if {[ae.be]^} = o, that is, if ([abe] e + (a(£b))^ = o. 

This gives 

[abe] [e . e . {a, b}] - ^[{a, b} {a, A) e] = o, 
or, by (37), since (a 6 b) = - ^{a, b\, 

[[ae.be]{a, 6 }{p,^}] = o. 

Hence the harmonic conic of fi = [a{/),9}] and = [b{p,9}] is 
a point-pair if, and only if, either p, q are conjugate for [fi 5 !Ji], or 
the harmonic conic of {a,b} and {p^q} is apolar to [S 3 [R]. In the 
first case, the point-pair is {a, b} where a = a[/>?], b = b[pq\. In the 
second case, it is the third pair of vertices of the quadrangle abpq. 

Examples. 23. If [pq\ does not touch a, it has the same pole 
for a and for [a{/>,^}]. 

24. If b = {p, q), [ab] = S, [bb] = 9 Ji, and r be a common point 
of S, 904 , then [abb] = o is the necessary and sufficient condition that 
tangents to S, 904 at r are harmonically separated by p, q, and then 
p, q are conjugate for [ 8904 ]. 

§ 1 21. The line at infinity and the circular points. 

I. Let Cq be a fixed point, e^, ^2 perpendicular unit vectors, 
[^0^1 ^2] = r. Write i for — i. 

Let 71 = ^i + i^2» J2 ~ Be called the 'circular points at 

infinity'. 



ALGEBRAIC PRODUCTS 


447 


XV, 120, I2l] 

Denote [cjCj] by U, by e, then 

= {h,h}=-{e\} + {e% 

[C/c] = o, [e3] = o, [e2] = -i{[;i; 2 ]^} = 2{t^^}- 

If/) be a point, then [e/)^] is the pair of isotropic lines through/). 

If/) = + + weight one, then [/)t/] = i,[/)2e^] = 2. 

Ifg = ^0 + qi^i + (!j2 ^2 is also of weight one, then [^i/)^] ~ P2 — q2; 
similarly, [e2pq\ = qi-pp 

But e = {^1} + {^2}* Hence [e/)^^'^] represents the square of the 
distance between p and q. 

If z; is a vector, is proportional to the square of its magni- 
tude. 

For, if z; = + k2^2» 

M+el){k,e^ + k,e,f] = me,e,Y + kl[e,e,Y = (kf + kDiC/^}. 

If L is a unit rotor, [eL^] = i ; [eL], = [^^L] 4- [^2^] ^2> i® 

vector perpendicular to L, and [e{L, M}] is the scalar product 
of L, M. 

2. The circle c, centre/), radius r, as an envelope, is given by 
{/)2}~r2e. 

For[cL2] = [/)L]2 — r2[eL^], and this vanishes when the distance 
from /) to L is r. 

The same circle, as locus, is [C“], or — 2x\pH'\ + r**[e-] ; hence, 
if r^o, its equation, in is 

[/.V]-r-[t/9r = o, 
or, if q is of weight one, {p^^(f\ — r^ = o. 

The point-circle, centre /), as locus, is 

Any circle, as locus, goes through for if 

ft^ = [/,2c]~r2{f;2}, then M = [%*2] = O- 

3. If c is any conic, the pole [cC/] of U is its 'centre*. From 
§118-13 we have the locus of centres of conics touching four 
lines, or through four points. 

The 'director circle* of c is [ce]; the expression represents a 
circle since [cejf] = [cejl] = o. 

4. By the last remark of §118-12, any conic c can be put in 
the form {/i,/2} - k^e, where k is a scalar, and points of unit 
weight, or vectors, called 'foci*. 
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If L be a unit rotor, then [cL^] = [fiL'\ [/2L] -k^. Hence the 
product of the perpendiculars from /j, on to a tangent to c is 
constant. 

If /j is a vector, take it for ^j, then 

[{/iJJe] = [M) = {[M. 

[cc] = f/}-k2[e2] = [/}. 

Now [foe^-2k^U, or [(/2~2k2^i)^2]» is a line perpendicular 
to the direction of at a distance — 2k^ from /2. Hence the 
‘director circle’ is this line (the directrix), together with the line 
at infinity. 

5. The conic locus S is a ^rectangular hyperbola' if the point- 
pair e is a conjugate pair for K, that is, if [Sc] = o. 

Thence, if a = -k'c, then [Ha] == 

Hence the conic envelopes apolar to a rectangular hyperbola have 

foci conjugate for the hyperbola, 

6. The circle loci t = [p- form a spread of step 

four; those apolar to a conic envelope a form a spread of step 

three, the point-circles in this spread are of form [/)“e], and they 
satisfy [a = o. 

Hence [ae./>^] = o, so that/) is on the director circle of a. Now 
three such point-circles will serve as a basis for the spread of 
apolar circles, and these point-circles are on [ae], that is, ortho- 
gonal to [ae]. Hence the circle loci apolar to a are orthogonal to its 
director circle. 

If a is a rectangular hyperbola, [a . ae] = o ; hence its director 
circle is apolar to a, and hence is self-orthogonal, and thus is a 
point-circle. The director circle of a rectangular hyperbola is a 
point-circle. 

r r 

7. If = o, then Ski[OiC] = o. Hence, in general, a 

I 1 

Spread of conic envelopes of step r has a spread of director circles 
of step r. 

We have an exceptional case when the [ajC] are connected by 
another linear relation; e.g. conics which touch the sides of a 
rectangle form a spread of step two, but have the same director 
circle. 
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Examples. 25. If fj = {/>?}- Jrfc, fj = Jr^e, where 
are proper points of unit weight, then 

[f,f2C] = [/>f/>ie]-Jrf[pic 2 ]-iri[p?e 2 ] =^ 22 -rf-ri. 
Hence circle-envelopes f, I' with centres p, p' , radii r, r„ are 
orthogonal if [(f + ir2e)(f' + Jrfe)c] = o. 

26. The circle on diameter pq is [{p, q} e]. Hence if /„ and 
fi’fz separate one another harmonically on a circle, then the har- 
monic conic of any conics with foci /p/j and //./j is a circle. 

27. The harmonic conic of a, b is a rectangular hyperbola or 
degenerate, if and only if [abe] = o, that is, if and only if the 
director circles [ae], [be] are orthogonal. For if [ac] is apolar to b, 
it is orthogonal to its director circle. 

28. The line L conjugate to U for the pencil of conics {a, b} + k{c, d) 

touching [ac], [ad\, [bc\, [bd\ satisfies [(a + 6)L]+k[(<r + d)L] = o, and 
hence goes through ^(a + b), + d). Thus we have the line of centres. 

29 - If ={L,t 7 }, 

1= I 

then ^’ki[L,p ]2 = [Lp] [Up] 

for all points p. But [Up] = i, hence Ek^[L^p]- = [Lp]. 

Then L is the line of centres of the conics c touching L,, I's. L^. 
For if [cLf] = o, (i= I, ...,4), then [c{L, t/}] = o. 

This may also be seen as follows:* 

i— I 

Hence a conic touches Lj, , . L4, L + U, L - U, and the centre is equi- 
distant from L+U and L-Uy and hence is on L. 

U p = [LjLg], the polar of p is which is 

a line through 

30. The conic loci through points a, by r, d are of form 

(l = {lbc]y[ad]}^k{[ca]y[bd]^ 

If bcy ca are perpendicular respectively to ady bdy then 

[C{[bc]y [ad]}] = o, [e{[ca]y [bd]}] = o ; 

hence [ge] = o. 

Hence (£ is a rectangular hyperbola. The conics through four 
orthocentric points are rectangular hyperbolas. 

• Serret, G^ometrie de direction (1869), p. 140. 
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The loci of the centres of these conics is, by § 1 18*13, 

[U.SHp.S 8 p] = o, 

where 91 = {[be], [ad]}, « = {[ca], [bd]}. 

Since [e9l] = o, [c®] = o, c = [jiJzh we have .®yi] =>2* 
Hence = o. Thus the locus of the centres is a circle. 

31. The diameters of the five quadrilaterals formed by L^, are 
concurrent. 

For, if + + = {M„ U}, 

^21^1 +^23^3 +^25^'! = {^2» 

then k23{Afj, C/} — kj 3(^/2, U} = {k23Afi —ki^M2, U} 

is a linear conbination of Lf, Z.|, i|, and hence is ={M^, U}. The 

point of concurrence is the centre of the conic touching the five lines. 

32. The centres of the six conics each of which touches five of the six 
given lines L^, . . ., Lg lie on a conic. 

For take points such that Lj = ab', = b'c, = ca', = a'b, 
L5 = be', Lq = c'a ; and let 0^ be the centre of the conic touching 
all the lines except ; let Mj j be the diameter of the quadrilateral 
formed by the lines L omitting Lj, Lj. Then Mjj = [OiOj]. But, 
§5. Ex. 33, • = o. 

Hence the theorem follows from Pascal's Theorem, and the Pascal line 
of the hexagon of the centres in the order taken is 

b'c + c'a -f a'b - be' — ca' ~ ab', 

33. The circles in the set of conics where 

Lj, ..., L4 are lines, include (when k^ = o) the polar circle of 
LJL2L3, and any circle which divides harmonically the diagonals 
of the quadrilateral, for example, the circumcircle of the diagonal 
triangle. The point-circles arise when the expression equals L- -f M‘^, 
where L, M are perpendicular lines. Then since 

i kiL2~L2-M2=:o, 

i= 1 

it follows that the lines L, and two perpendicular lines through the 
centre of a point-circle of the set, touch a conic. Thence the director 
circles of conics of the set are coaxal. (Serret, l.c. § 119.) 

34. The locus of the centres of conics, for which Lj, L \ ; 

are conjugate pairs, is a line i7k|{Li, LJ}. Five pairs of 
lines define a conic for which they are conjugate pairs ; its centre is the 

5 

radical centre of the circles in the set S J^i{A>^i}* (^f* § ^^9*5*) ^ 
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35. The Steiner parabola and the Apollonian hyperbola. The conics 
a and a~ke are confocals, by 4. The polars L oi p for a~ke 
envelope the polar conic [p.aL.tL] =0. This is a parabola, for 
L U satisfies the equation, since [eC/] = 0. Since 

[p.aL.{a-kt)L\ = o, 

the tangents at p to the confocals through p touch the polar conic. 
Since eL is the vector perpendicular to L, therefore the perpendicular 
[/). e//] from p to L goes through the pole aL of L for a. The parabola 
touches the normals to a-ke at the points of contact of tangents 
from p. 

Let q be the pole of L for a, let [a^] = then q = [oL], 

L = [ 21 ^] ; hence [p.q.tL] = o. The point q describes the reciprocal 
of the parabola with respect to a. When L — U then [eL] = o, 
q = [aL] is the centre of a, thence the reciprocal of the parabola goes 
through the centre of Ci\ it also goes through />, (since q=p satisfies the 
equation) and through points q whose polars L are perpendicular to pq, 
in particular through the feet of the normals from p. 

36. The poles of two arbitrary lines with respect to conics of a 
confocal system are corresponding points of two similar ranges. 

37. The director circle of a conic, the circle on any chord as 
diameter, and the point circle whose centre is the pole of the chord 
are coaxal. 

38. If tangents are drawn from a fixed point to confocals, the 
circumcircles of the triangles formed by pairs of tangents and the 
chord of contact are coaxal. 

39. Erect a theory of point-pairs in involution on a conic, 
shewing that a, b separate c, d harmonically if \ab \cd\ = o, and that 

{^1*^2} pairs in an involution on the conic, if 
the corresponding products are dependent. Extend this to generators 
on a regulus. 

§ 1 22. Algebraic products of three points and of three lines.* 

I . The ‘ algebraic product ’ of three points a, b, c of any weights 
is the point-triad a, b, c, in any order, and is denoted by {a, b, c}, 
the order of a, b, c being irrelevant. If one of the points be 
multiplied by a scalar, so is the product. We write {a^,b} for 
[a,ayb} and {a?} for {a, a, a). Algebraic products are added 
formally. 

* H. Grassmann, d.J., Projektive Geometne, Band ii, 2 (1927). 


29-2 
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The equation {a ^ , + {a2> ^2> ^2} + • • • 

means that, for all lines L, we have 

[^1 [^1 -^1 [^1 [^2-^] [^2 -f'] [^2 ~ 

Two sums a, b of algebraic products are 'equaV if a~b = o. 

Dually, we have the algebraic product of three lines, 
{h M, N). 

2. The ‘ outer product * of a2y and {L, M, is the scalar 
\^[u^L'\{a^M][ay.N'\, the sum over all permutations i, j, k of 
I, 2, 3. It is denoted by {[flj ,a 2 ,ay^{L,M,N}]. 

For example, [{a, ft, c) {L^}] = [aL] [ftL] [cL], 

and it would have been possible to start with this formula. 

The distributive law being assumed for these products, if a 
is a sum of algebraic products of point-triads, and L is a line, then 
[a{L^}] is defined. The set of lines L which satisfy [a{L^}] = o 
envelope a cubic envelope, which we also denote by a. 

Dually, if 31 be a sum of algebraic products of line-triads, then 
q, r}] is a scalar ; the locus of points j!> which satisfy = o 

is a cubic locus, which we also denote by 91 . 

3. The ' outer product' of {aj, ^2, ^3} and {L, M) is 

where the sum is over all permutations i, j, k of i, 2, 3. It is 
denoted by [{a^,a2,a^{L,M}'\. Its outer product with N is 
clearly [{oj, Cji <*3} •^]- 

The ' outer product' of {ai,a2,a3} and L is 

i([«i L] {02, + [ 021 ] {flj, a,} + [o^L] a^). 

It is denoted by [{0^,02, o^L], Its outer product with M is 
{{0i,02,0^{L,M}]. 

Using the distributive law, we have now products [o{I., M}], 
and [at]; the first is a sum of points, and hence is a point; the 
second is a sum of products of point-pairs, and represents a 
conic envelope. 

Dually, [^{/>,?}] is a sum of lines, and hence is a line, and 
[?l/>] is a sum of products of line-pairs, and represents a conic 
locus. 
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The outer product of and q is 9 }] ; the outer product 
of q}] and r is [9l{/), 9 , r}]. 

9 }] = o means 9 , r}] = o for all points r. 

[ 9 lp] = o means [2l{/), 9 , r}] = o for all points 9 , r. This will be 
the case if, and only if, [^{p, 9 , 9 }] = o for all points 9 . 

§123. Cubic curves, 

1. We shall deal with the cubic locus denoted by 91, and, for 
simplicity, we usually omit the square brackets from [9l{/>^}], 

9 , r}], and so on. 

If/) + k 9 (k scalar) is on 91, then [9l{/) + k 9 P] = o, that is, 

m 9 } + 9^} + k39l{9^} = o. (i) 

2 . If /) is a fixed point, the conic 91/), called the ‘/)o/flr conic^ 
of/), is the locus of points 9 such that 9l{/), 9 -I = 0 ; the line 9l{/)^], 
called the 'polar line' of /), is the locus of points 9 such that 

^{/>^9} = o• 

If the polar conic of p goes through 9 , then the polar line of qgoes 
through p. 

For, if 9l{/), 9 ^} = o, then 9 l{ 9 ^,/)} = o. 

The polar line of p for the conic 91/) is the polar line of p for the 
cubic 91. 

For the former line is the outer product of 91/) and /), that is, 
9l{/)2}. 

3 . If /) is on 91, then 9l{/)^} = o, the line {pq\ cuts 91 again in 
/) 4 -k 9 , where k is given by 

39l{/)2,9} + 3k^«{/>>9'} + kW} = o. 

If 9 is on the polar line 9l{/)^} of />, then 9l{/)^, q} = o, the equa- 
tion (i) in k has an additional zero root, and hence 9lp^ meets 9t 
in two coincident points at p. Hence 9l{/)“} is the tangent at p. 

The polar conic of the point p on 91 is 91/), its tangent at p is 
9l{/)^}, the tangent to 91 at p. Hence the polar conic of a point on 91 
touches 91 at the point, 

4 . In the last paragraph it was tacitly assumed that 9l{/)"} / o. 
If 9l{p2} = o, that is, if 9l{/)^, 9 } = o for all points 9 , then all lines 
through p cut 91 again in p. Hence 9l{/)^} = o is the condition that 
pis a double point of 91. 
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If ^ is a double point of 31, and [/>§'] a tangent at/), then equation 
(i) has three roots k = o, and hence 8 l{/), q^) — o. Hence, if q is 
on a tangent at a double point/), it is on the conic 31/), which must 
hence be a line-pair. The polar conic of a double point p is the line- 
pair of tangents at /). 

Not all cubics have double points; for if 3t{/)^} = o, then 
3l{p“,^i} = o, (i=i, 2 , 3 ). 

Take p — -hX 2^2 + ^ 3^3 ^^id we obtain three homogeneous 

quadratic equations for Xj, X 2 , X 3 which, in general, have no 
common root. 

5 . If r be any point, the polar conic 81r goes through all double 
points /), for since 3l{/)^} = o, we have 3l{r,/)^} = o. The polar 
conic also goes through the points of contact of tangents from r. 
For, if q be such a point of contact, then the tangent at q is 31(9^ j, 
and since it goes through r, we have 3l{9^, r} = o, and hence 
3l{r, q^} — o. Thus q is on 3lr. 

6 . If p is on 31, but not a double point, and so 3l{/)^} = o, 
3 I{/) 2 } ik o, then the line {pq\ will meet 3t in three coincident points 
if 3({/)^, q] = o, 3I{/), q^} = o. Hence this is the condition that p 
should be a 'flex\ and [pq] a tangent there. If these conditions 
hold, then, for all scalars 1 , 

= ^p^}+ 2 m{p\q}+mi{p,q^} = o. 

Hence each point on [pq\ is on 31/), the polar conic of p. Hence 
the polar conic of a flex p is a line-pair, consisting of the tangent 
at p, and another line, called the * harmonic polar ^ of p, 

7 . Thus the polar conic of a double point, or of a flex, is a line- 

pair. If q be any point whose polar conic 31^ is a line-pair, with 
double point r, then the equation 31(5', (r + h)^} = o in 1 has two 
zero roots for all points s. If this is so, then 3l{?, = o, and 

hence r is on 3 ly, and also %{q, r,s} = o for all points s, that is 
8 %,r} = o. 

Hence ^q is a line pair if, and only if, there is a point r such that 
r) = o, and then r is the double point of the line pair. 

Since 3l{^, r) = 31{r, therefore, if r be the double point of the 
polar conic of q, then q is the double point of the polar conic of r. 
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8. To find the locus of double points of polar conics of 
This is the locus of points q such that 9 t{g, r) = o, as r varies. 
Since r, c,} = o, (i = i , 2, 3), therefore the lines W^q, Cj}, 
(i = 1 , 2, 3), go through r, and hence the equation of the locus of q 

mq,e,}M{q,e.^i.nq,e,W= 0 . 

As this is a cubic in 9, the locus is a cubic curve, the ^ Hessian^ 
^ of 31 . 

If r is the double point of 3 t^, then by the last remark of 7, both 
q and r are on Sq\ they are called ^ conjugate points^ of 

^ goes through all double points and flexes of 31 , since their 
polar conics are line-pairs. 

Conversely, if p is on 3 (, and has a line-pair for polar conic, 
then 3 l{/)‘‘^} = o, 3 ({/), r\ = o, for some point r. Hence 

3l{/),r,/)-|-lr) = o 

for all scalars 1 , in particular 3 l{/)“, r] = o, 3 I{/), r^] = o. Hence, 
either /) is a flex, or 3l{/)“} = o, and then /) is a double point. 

Thus meets 31 in all its flexes and double points and nowhere 
else. 

If the cubic has no double points, it has accordingly nine 
flexes. 

§ 1 24. Nets of conics. 

I. If (£1, iloy (£3 be three independent conic loci, they deter- 
mine a net of conics 

(£ = ki(£i + k2(£2 + k3(£3, (kj, k2, k3 scalars). 

The "Jacobian ’ of the net is the locus of points p whose 
polars (£1/), (£2/), (£3/) for (£2, S3 concur. The Jacobian depends 
on the net only, for if these polars meet in 9, then 

= [9-^3p] = O, 

and hence = o. Thus the polars of p for all conics of the 

net go through q. 

We call/), q ‘ conjugate points' of the net. They satisfy S{/), 9} = o 
for all conics S of the net. 

The equation of the Jacobian of the net is [Si/>.S2/>.S3/>] = o, 
and hence the Jacobian is a cubic locus. 
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2. If (£, in the net, is a line-pair with double point r, then 
Sr = o ; hence 

kiSir+k2S2^+k3®3^ = ~ 

Hence the double points of degenerate conics of the net lie on the 
Jacobian of the net) conversely, each point of the Jacobian is such 
a double point, 

3. Since the point-pairs consisting of opposite vertices of a 
complete quadrilateral are dependent, and as a, b are conjugate 
pairs of the Jacobian, if i} = o for all S of the net, we have : 
if two pairs of opposite vertices of a complete quadrilateral be con- 
jugate pairs for the net, so is the third pair, 

4. Let Cl, C2, C3 be independent conic envelopes, each apolar to 

each of the independent conic loci Sj, ^2* ^3^ ^3 

determine a net which we call ^ apolar^ to the net determined by 
Sj, ©21 ®3* The ^Jacobian' 1 ) of the net of envelopes c is defined 
as the envelope of lines L whose poles for Ci, C2, C3 are collinear. 
It is a cubic envelope. The poles of L for all conics of the net of 
the c lie on a line M tangent to t), and vice versa. These ‘ conjugate 
lines' are the joins of the point-pairs which are degenerate conics 
of the net of the c. For dualise i, 2. 

5. If p, q be conjugate points on then ^{p,q} = o for all 
conics S of the net of the S ; hence the point-pair {p, q} is a degen- 
erate conic of the net of the c, for the last equation means that G 
and {p, q} are apolar. Since a conic of the net of the G is fixed by 
two points, there is one conic of that net through p, q, and it must 
be apolar to {p, q\. But a degenerate conic, one line of which is 
[pq\y is apolar to {p, q). Hence the net of the G contains a 
degenerate conic, one line of which is [pq\ And [pq\ touches f). 
Thence : 

If p, q be conjugate points of then [pq] touches t); the third cut 

of \pq\ and ^ is the double point of the conic of which [pq\ is part. 

Dually, if L, M be conjugate lines touching t), then [LM] is on 
the third tangent from [LM] to I) is the join of the point-pair conic of 
the net of the c, one of whose points is [LM]. 

6. If /) be a point such that the tangents from p to conics Ci, 

C2, C3 are pairs in involution, then these pairs C^p"^ are 
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linearly dependent, that is, there are scalars kj, k2, k3 such that 
(kiCi + k2C2+k3C3)/)2 = o; hence /> is a point of a point-pair conic 
of the net of the c, and hence/) is on (Cf. Ex. i6, p. 431.) 

Thence ^ is the locus of a point from which tangents to conics 
of the net of the c are in involution. 

Dually, ^ is the envelope of lines cut in involution by the net of 
the (£. 

7. If ©p £2) ©3 be independent conic loci, the line [pq\ is cut 
at /) + k 9 by Sj , where 

ei{p2} + 2kei{/),?} + k26,{?2| = 0. 

Hence the line is cut in involution by the conics, if 

e.{n e.{?^}l = o. 

W), W) 

Up\ Up^ql W}\ 

If (£,=^2 + ^2+..., 62 = 52 + 52+ 63 = C2 + C2+..., 

then the determinant is the sum of determinants such as 

[Ap]\ [Ap][Aql [Aqf , 

[Bpf, [Bp][Bql [Bqf I 
[Cpf, [C/»][C?], [Cqf : 

and this equals 

-m][Cq]-[Cp][Bq]) 

X {[Cp] [Aq] - [Ap] [Cq]) ([Ap] [Bq] - [Bp] [Aq]) 

= - [BC.pq] [CA .pq] [AB.pq] = - [BCL] [CAL] [ABL], 
where L = [pq\- 

Hence the equation of the envelope 1} is given by the vanishing 
of a sum of terms like [BCL\ \CAL\ [ABL^. Dually the equation 
of the locus ^ is given by the vanishing of a sum of terms like 
[bcp] [capi [abp'ly where 

Cl = + C2 = 6^4" A'i + ...» C3 = + + .... 

8. Now^ let 9t be a cubic locus; the polar conics of all points 
of the plane with respect to 91 form a net of conics, for the polar 
conic of e^ is 9l^j, (i = i, 2, 3), and these three conics are not in a 
pencil, since the e^ are independent. The Jacobian of the net of 
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polar conics has equation . Slca/* • = o. hence the 

Hessian $ of the cubic locus is the Jacobian of the net of polar 
conics. For [3lc/)] = %{e,p}. 

The envelope I) of the join of conjugate points on is called 
the ‘ Cayleyan’ of the cubic. Its properties are given above. 

9. The equation of ^ can be written = o, 

hence the polars of the non-collinear points e^, Cj, e^ for the conic 
%p are concurrent, hence %p is degenerate, and K?!/')*] = 0. 
If 91 = .(4^ + J5* + . . ., this can be written 

:^[Ap]{A^}.[Bp]{B-^}.[Cp]{C^} = o 
or Z[Ap][Bp][Cp][ABCf = o, 

which connects it up with the equation in symbolic invariant 
theory. 

10. By § 124*3, if P' r, r' be conjugate pairs on then 
q — [/>r./)V'] and q' = [/)r'./)V] are also conjugate points on 
Let tend to r, and p* to r\ then tangents to at conjugate points 

P' ^ 9 point conjugate to the third cut q[ of [pp'] 

and 

The pencil of conics 9t(k/) + k'/)') or VSUp + k'9l/)' contains the 
line-pairs 31/), 31/)', 51^' with the respective double points p\pyq. 
Hence pp'q is the common self-polar triangle of these conics. 
Hence, if p is on the polar line 31/)^ of p for 31 is the tangent to 
^ at p'\ for 3t/)2 = 31/) ./) = [/)'?]. 

We have 3l{/)2, = o, and similarly 3l{/)'2, q] = o, hence the 

conic 3ly goes through/), /)', y'; but as it is a line-pair, the line 
[/)/)'] is a part of the conic. Hence, ifp, p' be conjugate points of^y 
and q' the third cut of [/)/)'] and then [//)'] is part of the polar 
conic of q (the conjugate point to q') for 31; the other part is [tq']y 
where t is the point of contact not on [/)/)'] of a tangent from 
q to 31. 

§125. Flexes of a cubic locus, 

I. If /), 9 be flexes of a cubic locus 31, and [pq\ cuts 31 again in 
^ = /)4-kg, then ^ is a flex. For, if the flex tangents at />, q meet 
in r, then %p\ %{q\ %{p\r}y 3l{/),r2}, 3l{?2,r}, 3l{9,r2} all 
vanish. 
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Hence r^} = o, and since = o, we have 

q} + k9l{/), g2} = o. (i) 

Now ^ is a flex, if, and only if, there is a point t such that 

= ^} = o. 

We shew that if the scalar 1 be suitably chosen, then t = p-^lr 
satisfies these conditions. For 

%{s, {p + lr)2] = Sil{s, /)2} -f 2l2l{5 , /), r}, since , r^} = o, 

^{s^,p + Ir} = + 2k{/), q} 4- {p + Ir)} 

= 2 k^l[p‘^, q} + k?%{p, q^} + 2 kl 9 l{/), q, r}. 

Both expressions vanish by (i), if 

+ = o, 

and this gives 1, unless both and 9t{/),9,r} vanish, which 

is impossible, since it would mean that q was on the tangent at/). 

We shall assume that a cubic locus has two real flexes, it then 
has another, collinear with these two. We shall also assume that 
a cubic is at any rate fully determined when three of its flexes and 
the tangents there are given. Such questions are better treated 
by ordinary algebra than by the jnethods of this book. 

2. If B, C be tangents at the collinear flexes />, q, s and if 
D = [/)}], then 

9 l = {^,fi,C}-k{D3), (k scalar). (i) 

If B meet in r, it will be sufficient to prove 
S8{/>,r2} = 58{/>2,r} = o, where 95 = C}~k{Z)3). 

Now 

[{A,B,C}{p,r^}] = mp\m{Cr-\ + [Ar]m[Cr] 

+ [^r][fir][Q>]) = o, 

[{A,B,C}{p\r}] = mp\m[Cr-\ + [Ap][Br]{Cp\ 

+ m[Bp-\[Cp])^o, 
m{py}]=^[Dp][Dr][Dr]^o, 
m{p\r]] = [Dp][Dp][Dr] = o. 

Hence 93{/), r^} = 95{/)2, r} = o. 

Thus any cubic locus can be written in form (i). 

The harmonic polar of p goes through [BC], as is easily shewn. 
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3. Consider the cubic locus 

S = + B, C}, (2) 

where a = [BC], b = [CA], c = [AB], [ABC] = i. 

We have ©{a, p) = [Ap] A - ^k([B/>] C + [Cp] B), 

[S{a,/>} 6 { 6 , /»}%,/,}] = [Ap][Bp][Cp] 

-lk\[Apf + [BpfHCpV) 

-\k^[Ap][Bp][Cp]. 

The equation of the Hessian is accordingly 

{A, B, C} - ik2{^3 + 53 + c 3 } _ r} = o, 

or {^3 4.^3 + c3}_3h(^,5,C} = o, where 3h = (4-k3)k-2. 

Since the equation (2) may be written 

{(k^ + B + C), (k^ + eB + e 2 C), (kA + 625 + eC)} 

= (^3=1,^^ I), (3) 

we see, by comparing the equation with (i), that the tangents at 
the flexes are ^ + X2 B + X3 C, where Xj , X2, X3 have the following 
values : tTi* ^^2^. 

IVj X ^ X ^ iVj Cj c j Jv^ c ^ j 

i,k, i; e, k,62; e2, k,e; 

i,i,k; e,e2,k; e2,e,k. 

The flexes themselves are 

[A{B + C)l [A{B^eC)l [A{eB^-C)l 
that is, b — c, b — ec, b — e^c^ 

and similarly 

c — a^ c — ea, c — e^a, a — b, a — eb, a — e^b. 

They are situated by threes on twelve lines. (Cf. § 13*4.) 

4. Cubic loci of form (2) have the same flexes for all k; in 
particular, the Hessian of a cubic locus has the same flexes as 
the cubic locus. 

5. The polar line for a cubic locus 91 of a point/) on its Hessian 
^ touches ^ at the conjugate point/)' (§ 124* 10). Let w be a flex ^ 
of 91 ; the polar line is the tangent at w; the polar conic %w 
is this tangent together with the harmonic polar H oiw. But 

is also a flex of ^ and its conjugate point w' is the double point 
of 9 l«;, which is the cut of H and Hence the tangent at w 
touches ^ at the cut of H and the tangent. 
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Examples, 40. Three conics by their intersection in pairs give three 
complete quadrangles^ the sides of these quadrangles touch a cubic 
envelope, which is the Cayleyan of the cubic of which the conics are 
polar conics. 

Hence the three conics each round two of three triangles circumscribed 
to a conic meet in a point. 

If a triangle is inscribed in a fixed conic and circumscribed to a fixed 
parabola, its circumcentre describes a line, 

41. The condition"**' that %p touches L = [^r] is [{^PYE^] = o 

or [(9l/>)2 [jr]2] = o, or %{p, r^} - q, r}f = o. 

If L i^ fixed, p describes a conic (the * polo-conic' of L) which is 
the locus of points whose polar conics touch L; it is the envelope 
of the polar lines of points on L, 

For the polar line of ^ + kr is 

9 l{<? 2 } + 2k2t{(7,r}+k2?l{r2}, 
and its envelope is r)Y, 

It is the locus of poles of L with respect to the polar conics of its 
points. It degenerates when L touches 

42. The polar conic of a point p for a cubic and the polar conic of p 
for the Hessian of the cubic are apolar. 

43. The polar conics of 

% = H*}+{B 3 }+(C 5 }- 3 k{^, 5 ,C} (i) 

form the net given by 

A^-k{B,C}, C’^-k{A,B), 

The conics apolar to these are in the net a^ — \i'{b,c), and so on, 
if kk' = -2, [ABC^ = I, and [BC] = a, and so on. 

Hence if a = {a^} + {b^} + {c^} ~ 3k'{a, b, c}, (ii) 

then [ 2 la] = o. Since the Hessian of 91 is of form (i), with 
J(4 - k^) k~2 for k, its Cayleyan is of form (ii) with 

i(4-k'3)k'“2 or K2 + k 3 )k-i for k'. 

Hence [ 9 lt)] = 3 + i 3^2 + k') k"' = + 8), 

= 3 + i(2 + k3)(4-k3)k-3 = i(8 + 20k3-k6)k“3. 

The ‘invariants* of 91 are often given in the form 

i = |k(k 3 + 8), j = -i(k 6 - 2 ok 3 - 8 ), 
and are thus connected with [9lt)], [§^]. 

• For 41, 42, 43, see Clifford, Mathematical Papers (1882), p. 532. 
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§ 126 . Algebraic products in spreads of step four,* Products of 
pairs of points or of pairs of planes, 

1. As the basis of our spread we take e^, ^4 

[^1^2 ^3 ^4] = 

6'i = = [^2^3^4]> ^2 “ \^2 ” 

^3 ~ ks “ kl^ 2 ^ 4 ]> ^4 ~ k 4 ~ ~kl^ 2 ^ 3 ]» 

SO that [^2^364] == — <?i, and so on. 

2 . Algebraic products of two points can be introduced and 
treated as in step three; the dual construct here is the algebraic 
product of two planes. Products of the same type are added 
formally. 

If Tty p be planes, the outer product of (^ , b} and tt, and of 
{Uy b) and {7r,p}, may be defined as follows: 

[{Cy b) tt] = \{\aiT] b + [bit] a)y 

Thus [{a, b) {rtyp}] is the outer product of [{ay b] n] and p. 

The distributive law is assumed for these products. Hence if 
a is a sum of products such as {Uy b]y and S 3 a sum of products 
such as {tt,/?}, with any coefficients, we can speak of the outer 
products [a7r]y [a{7r,/o}], [aS3]. 

Dually, ii py q be points, we have products [93/>], [33{/>, 9 }]^ 
[95a] = [a93]. 

The equation a = b means that, for all planes tt, we have 
[a{n^}] = 

3 . The expression a = Zk^{a^yaff is zero, if [al^r^}] = o for 
all planes zr, that is, if Zk^^[a^7T] [a^Tt] = o for all planes tt. 

If a^o, we say that a represents the envelope of planes tt 
which satisfy [a{ 7 r^}] = o. This is a quadric envelope, and there 
is no restriction if we assume kjj = kjj. We can express a as a 
sum of point-squares. (Cf. § 113 * 3 .) 

Dually, 91 = £k^^{oc^yOc^} is zero, if i^kij[aj/)] [aj/)] = o for all 
points p. If 91 7 ^ o, we say 91 represents the locus of points p which 


* E. Muller, Wiener Ber, (1924). 
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satisfy = o. This is a quadric locus, and we can suppose 

k|j = kjj. We can express 31 as a sum of plane-squares. 

We shall denote the sums of products of pairs of planes by such 
letters as 31 , 58 , reserving £l for sums of products of pairs 

of lines introduced later. 

4. Taking the harmonic property as the definition of conjugate 
points with respect to a quadric, we can shew, as in the plane, that 
[ 31 /)] is the polar plane of p for the quadric locus 31 . 

Dually, [an] is the pole of n for the quadric envelope a. 

[3l{a, 6}] = o, if, and only if, a, b are conjugate points for 31 . 
[a{n,p}] = o, if, and only if, tt, p are conjugate planes for a. 

5. Let ..., ^4 be independent points. 

4 4 

Let a = S where /)i=Skijaj, k^^ = kj^. 

i=i j-i 

Then is the pole of tt = [«2^3^4] 

For 2[a[a2^3^4]] = [^1 ^] + [^1 tt] + [A 2 ^]« 2 +[* 3^]«3 

+ [^ 4^]«4 

= [«i^]*i + knK7^]«i + k2i[ai77^]a2 
+k 3 ,[ai 7 r]a 3 +k 4 ,[a, 7 r]a 4 
= [«! tt] (61 + ki, + k2i 02 + k3i 03 + k^i 04) 

= 2[ai7r]6i 

= 61 , since [a^ n] ^ o. 

Thus aia2^3^4 ^1^2 ^3 ^4 polar tetrahedra. 

Conversely, if aj, . . ., ^4 be independent points, and 6j, i2> ^3, ^4 

be poles of [«2^3^4]> [^3^4^i]» [^4^1 ^2]> [^i^2^3] ^ quadric a, 

4 

then a is represented by S = o, if the points b^ be suit- 

ably weighted. 

If, then, = -^kij^j, (kjj = kji), we have, using outer products 
of points, 

[«iM + [«2y + [<* 3 ^ + KM = ^kij[aiaj], 
and since [ay^a>^ = — [tJjaj], this vanishes if kjj = kjj. 

Hence the joins of corresponding vertices of polar tetrahedra 
lie on a regulus. (Cf. § 30, Ex. 20.) 

If then is a ^normal form\ if k^ = kjj. 

4 

If be a self-polar tetrahedron for a, then a = S 
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6 . The expression k^{ayh}-\-k2{c,d] represents a quadric a 
through the lines [ac\y \bc\, [ad\^ \bd\\ since, for example, if 
[Tra], [nc] vanish, then [a{ 7 r 2 }] = o; thus any plane through [ac\ 
is tangent to a. 

The poles of a plane n for these quadrics lie on a line, for 


2[a7r] = kj [att] i + ki [bif] a + k2[^7r] d + k2[rf7r] c. 

The polar planes of a point for these quadrics go through a line. 


7. Let 2 = o, where the a are independent, and the 

i= 1 

b are independent; then the tetrahedra and 

are in Mobius relation (§ 39). 

For example, multiply by {[62^3^4]^}, then we have 

[^1^2 ^3 ^4] [^1^2 ^3 ^4] == 

hence [«i 62^3^4] == similarly [^>ia2«3«4] = o. Hence a^ is on 

[^2^3^4]> ^2 [^1^3^4]» •••> ^1 [^2^3^4]> '» ThuS 

the tetrahedra are in Mobius relation. 


We can suppose = 2 where we do not now assume 




Then [^>i«2^3^4] = ^ gives =0. Similarly kji = o, 
(i=i,..., 4 ). 

And since [^1^2 ^3 ^4] ~ we get, if we expand the relevant 
determinant, ttk — — kkk 

^ 23 ^ 34^42 — ^ 24 ^ 43 ^ 32 * 


Similarly, we have three other equations; any three of the four 
equations imply the fourth. In particular, if 


4 44 

2 = 0. = 2 then S k,j{ai, b^} = o, 

1=1 j=i i,j=i 

and hence kjj = — kj^. The general case can be reduced to this 
by absorbing weights, taking a[ = k^a^. 

Conversely, if two tetrahedra be in Mobius relation, we can 

4 

weight their vertices so that 2 = o* 

i=i ’ 

Thus if aia2a^a^ and Aj 42^3^4 be tetrahedra in Mobius 
relation, there is a nul system (§97) in space transforming the 
first into the second. 


Further, if three of the pairs (^j, be conjugate for a quadric 
% so is the fourth pair. For 2 J{a^, = o implies E%{a^y = o. 
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10 

8. If {a?}, {a|}, {afo} be dependent, say = °> 

I 

no four of are dependent, then a2, «io lie a 

quadric. For through nine general points goes a quadric locus 9 t, 

10 

and i) kj = o. 

I 

If {a\}, {a|}, be dependent, and no four of be 

dependent, then Aj, ..., lie on the curve of intersection of two 
quadrics, for any quadric through eight of them goes through the 
ninth point. 

If {a\}y {a|}, ..., {al} be dependent, then any quadric through 
seven of them goes through the eighth. In particular, if four are 
coplanar, so are the other four. 

Conversely, it can be shewn that if eight points ..., be 
associated, (§32), then {af}, {a^}, ..., {flg} are dependent. In 
particular, this is the case if the eight points are on a twisted 
cubic, for a quadric through seven points of a twisted cubic 
contains it.* 

If a, b\ Cy a\ by c\ dy be associate points, then, with appro- 
priate weights, + ^2 ^ ^'2 ^ ^'2 ^ ^'2 + represent 

the same point-pair {p, g}. Hence/), q are separated harmonically 
by the cuts of [pg] with \abc\ and [a'6'c'], with \a'bc\ and 
and so on, and by dy d^. Thus these cuts are pairs of an involution 
on [pq]. 

In particular the theorem holds when dy d^ are replaced by 
any points on the twisted cubic through ay 6', c, a', 6, c\ Only 
one line through d cuts the planes mentioned in involution; and 
only one bisecant of the cubic goes through d. Hence [dd^] is a 
bisecant. 

9. If a = {a]} H- . . . + {al}y and are on the quadric 83 , 

[«{«?}] = 0. 

hence [a 58 ] = [ 33 {a]}] + . . . + = o* 

If, also, 0 = {/>]}+••• and />, are on 93 , then 

/),, is on 93 . 

Take, for instance, h = 4; we then have: if there is one tetra- 
hedron whose vertices are on 93 which is self-polar to (i, then there 

* We take this fact from the usual algebraical treatment. 


FCE 


30 
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are cx)^ such tetrahedra. The vertices of two such tetrahedra are 
associate points. If eight associate points be divided in any way into 
two sets of four points y there is a quadric for which the two tetrahedra 
so determined are self -polar. 

If we take h = 5, then the pole of [«i«2^3] [^4^5]? 

of [a2a^a^] is on \a^a{\y and so on. For 

[{af} + ...+{«!} [a, a2a^] = [a^a^ + [a^Oi a^a^] 

If we take h = 6, then the pole of [a^a2a^ is on [a^a^a^y the 
pole of [^*2^3^41 is 01^ [^5^6^l]> S® 

8 

10. If [a^yb^y {a^yb^} be dependent, say, S 

1= I 

and we separate these pairs in any way into two sets of four point- 
pairs, we get two pairs of polar tetrahedra for the same quadric. 
For, if 7 T satisfies ^i[axn][b^n] + ..,-^k^[a^TT][b^TT\ = o, then it 
satisfies k5[a5 tt] [65 ti] + . . . 4- kg^ [^s = o. 

The sixteen faces of the four tetrahedra form a dependent 
system of eight plane-pairs, for example {[aia2a^]y [^162^3]}- 

11. If a line L cuts the faces bcdy cday daby abc of a tetrahedron 
in a^yb^yC^y d^ respectively, then [ay aj, [by AJ, {c, cj, {dy d^ are 
dependent pairs; for 

{[L . bcd^y a} - {[L . cda'ly b) + {[L . dab ] , c} - {[L . abc] , rf} = o, 
as is easily seen on expanding. (Cf. § 17, Ex. 19.) 

Examples, 44. Among the ten cuts in which a line L meets the faces 
of a complete five-point are five sets of six points in involution ; the five 
pairs of double points of the five sets are again in involution. 

45. Consider y in a spread of even step 2r, pairs of points a^y b>^ 
(i=i,...,r), whose products {a^yb^ are dependenty and shew that 
we have thus a generalisation of Mobius tetrahedra. Connect this 
up with the work in § 1 10. 

§ 1 27. Algebraic products of pairs of lines in spreads of step four, 

I. Def, The 'outer product' of {d^}y is {[aA]^}, a line 
repeated. 

Tht' outer product' of {a^}y (A^j, is {[abcY}y a plane repeated. 

The ' outer product' of {a^}, {A^}, is [obcdY'y a scalar. 
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By the distributive law, we can now use products [ab], [abc], 
[abcb], where a, b, C, b represent quadric envelopes. These pro- 
ducts are respectively sums of line-pairs, of plane-pairs, and of 
scalars. 


2. The algebraic product of two lines L, M is the pair of lines, 
in either order, and is written {L, M). Such products are added 
formally. 

The equation = o means that 

2;ki[LiAr][MiAr] = o 

for all lines N. 

If Cl = then Q represents the set of lines N 

such that i 7 ki[LjiV] [Mj AT] = o. We can express Cl as a sum of 
squares of lines. 

3. Def. The ' outer product' of [V] and is the scalar 
[LM]2, and is written 

Assuming the distributive law, it follows that (cf. § 114-4) if 
a = i:ki{Li,MJ, then [a{iV2}j ^ 2:ki[LiiV][MiiV]. 

Thus O represents the set of lines N such that [Cl{A^^}] = o. 

We can introduce the products [Cl{L,M}]. 

4. Def, If p is a point, L, N lines, tt, p planes, the ‘ outer 

product' of {p^} and {U} is that of is {[Trp]^}, 

that of {L2}, {7^2} is {[L77]2}, that of {L 2 }, N is [L?N] = [LN]L. 
The reader will easily verify that these definitions fit together. 

With Cl as above, we have, as in § 1 14-7, 

[ClN] = + 

[[QiV]M] = [Cl{A^,M)]. 

By the distributive law, we can now use products [a{L 2 }], 
[aO], where a represents a quadric envelope and Cl is a sum of 
line-pairs, as well as [ 3183 ], [ 3183 ©], [ 3183 ©®], [ 310 ], where 
31 , 83 , ©, ® represent quadric loci. 

We shall need [a[b^]^] = [ab^.52]. It is easily shewn. 

5. If we have normal forms 

a = i {«!, ej, b = s {6j, Cj}, c = s {Ci, e,}. b = S K, cj, 


30-2 
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then, as in the plane, 

[oh] = i {[«! - [a^Ai], [e^ ej}, J[a2] = i {[aj aj, [e^ ej}, 

i,k-i i,k= I , . 

(i) 

[obc] = {tii, ej + {772, ^2} + {^3. ^3} + {^4, ^4}, 
where, for example, 

“ ^2> ^3> ^4 

^2> ^3> ^4 

^2> ^3> ^4 

is a determinant whose elements are points. This determinant is 
to be expanded as usual, and the terms regarded as outer products. 
The expansion begins with [^2^3^41 “ [^2^4^31 + •••• Writing (234) 
for TTj, then = -(134), 773 =(124), = -(123). 

Similarly [abcb] can be expressed as a four-rowed determinant 
of points. In particular 

6 [0^] = (a, , e- J + {a2, e^} + 63} + (a^, e^}, (2) 

where a^ = \a2a^a^y = — [a,a3a4], 

®3 ~ [*^1®2^4]» *^4 “ ~[®1^2%]» 

2V == [^l<t2®3®4]' 

If [a^] = 31, the dual of (i) is, by (2), since [£,.65] = |[£re5], 

i,k=i 

= i {[«iak],[fifk]) = -2i[a‘']-Ma^]- 

i,k= I 

Hence [31^] = f [a^] [o^], similarly [31^] = f M M a, 
m = f[aT. [0^31] = I [0^] a. (3) 

In (2) we can take ej = Z'kjjaj, where ky are scalars with 

^ij = kji. 

The polar plane of p for 31 is then 

i[3l/)] = [a2«3«4] [^lP\ - [«1«3«4] M 

+ [«1 «2«4] [63/*] - [«1 «2«3] {^iPl 

Thence 

i [o[3tp]] = - [a, ([e,p] e, + [62^] + [ejp] £3 + [e^p] e^) 

[a[3l/>]] =l[o*]p^p. 
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If Q, = |[a^] = S{A^,E^}, where Eg zre independent 

6 

lines, we can take = 2 where kjj = kjj. (Cf. § ii6-i.) 

Then, if L be any line, and be the edges of 

[OL] = S [A, L] E,, [n[Cl/>]] = [a, a^a^a,] L, 

Thus ‘ [a2[a2L]] = = 

§128. Formulae, 

1. Since [aL^] and [bL^] are sums of plane-pairs, therefore 

[[aL^] [bL-^]], which we write [aL ? . bL^], is the sum of expressions 
like \cfiL^ when a, b are each expressed as the sum of 

squares of points. 

Now \aL.bL'\ = \abL\Ly hence, by § 127, 

[d^L^.b^L^] = [[aLY\bLf] = {[aL.bLf] 

- [abLY{L^} = [d^b‘^L^]{L^], 

Hence, by the addition of such equations, 

[aL2.bL2] = [abL2]{L2}. (4) 

Similarly = [abL2], 

2. If /), TT be incident, [cip-n^^ = [an-]p-\ if L, n be incident, 
[aL27r2] = [a7r2]L2; if Q, lies in tt, then [aCl7r2] = [a7r2]C. 

These follow from §56-13. 

3 . Since \ab . y] = [ay] b — {by\ a, 

if we add the squares of such expressions, our usual process gives 

[ab . S] = [a(£] b + [b6] a - 2 r[ay] [by] (a, b} 

= [a(£]b + [b(£]a-2(aeb), (s) 

where (aKb) is the symmetrical part of the matrix product of 
a, b, formed as in §117-1. 

(aSb) represents the quadric envelope of planes whose poles 
for a, b are conjugate for (S. 

4. Since [ab,yS\ = [aby ,S\, we get, from 3, 

[ab . il^] = [a(£] [b®] + [b(£] [aD] - 2[(a6:b) ®]. 

Dually [g® . ab] = [ag] [b®] + [bg] [a®] - 2[(ga® ) b]. 

Hence [(agb) ®] = [(ga®) b]. (6) 

In particular, J[a2 . g2] = [ag]2 - [(aga) g]. (7) 
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5. By the usual process, we obtain 

[obc . ®] = [0®] [be] + [b®] [ca] + [c®] [ob] 

- 2[(a®b) c] - 2[(b®c) 0] - 2[(c®a) b], (8) 

[obeb] (S = [a®] [beb] + . . . + [b(£] [abc] 

-2[(aeb)cb]-...-2[(c(Sb)ab]. (9) 

Replacing the last terms of (8) by means of (5), we have 

[obc . ' 3 )] = [ab 3 )c] + [bc 3 )n] + [co'Sb] 

- [0®] [be] - [bS] [CO] - [c®] [ob]. (10) 

6. As particular cases of (8), (9), (10), we have 

[0^®] = 3[o®][o2]-6[(o®o)o], 

[a*] e = 4[o($] [o»] - 1 2[(oeo) 0^], 

[0^.®] = 3 [o 2 ®o]- 3 [o®] [o2]. 

Take G = where tt is a plane, then (o{ 7 r^} 0) = [ott]-, 

[a*] { 7 ^ 2 } = 4 [ 07 r 2 ] [(^ 3 ] _ i 2 [o 2 [o 7 r] 2 ]. (1 1) 

Hence 1 2[o2b[o7r]2] = 4[o2b] [07r2] - [0^] [b7r2]. ( 1 2) 


7. If p, q, r, s be points, then the usual process gives 


[3i93M]= [3t/>], m 

mi [» 9 ] 


(13) 


There are similar determinant expressions for ['JlSG[/)9r]] 
and [mmipqrs]]. 

The terms of the expanded determinants arc to be regarded 
as outer products. 

In particular, 


[mpq]] = 2[^p.%ql [W[pqr]] = 6 [Hp.^q.%rl (14) 


Hence [ 2 l^[/> 9 ]] is the polar line of [pq'\ with respect to [ 31 ^] 
(or to [a^] if [a^J^^o). 


8. Since 

{abcd\ 7T = [arr] [bed] — [^tt] [acd] -f [c7t\ [abd\ — [rf/r] {abc\, 
and [a^n . bh^d'^] = [[an] a {[bed]^}] = [an] [abed] [bed], 
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we have, on multiplying the first equation by [abcd\, and em- 
ploying the usual process, 

{[abcdf) n = [d^n . + [b^n . ah'^d'^] 

+ [c^n . a W] + [d'^n . aW], 

[obcb]7r = [oTT-bcb]-!- [1)77. ocb] + [C7r. abb] + [b7r.abc]. (15) 
Similarly, we find 

[obcb] 71 — — [bcb . 077 ] — [ocb . b 77 ] — [abb . C77] — [abc . b 77 ]. 

In particular, 

[a"*] 77 = 4 [a 77 .o*], (16) 

[ab^]77 = [a77.b3]-i-3[b77.ab2], (17) 

Ma 2 b 2]77 = [b 77 .a 2 b]-i-[a 77 .ab 2 ]. (18) 

Similar to (i 5), we have 

[obcb] L = [obL . cb] + [bcZ/ . ob] + . . . + [obL . be] (six terms), 

(19) 

[abeb] p = [abc/) . b] + [bcb/> . a] -f . . . (four terms), (20) 
[a^]L = 6 [d^L.a^l [a^]p = 4 a^pMl (21) 

[a^tV^] L = [a^L . b^] + [b^L . a^] + 4[abL . ab]. (22) 


§ 129. Interpretations, The harmonic complex and surface. 

1. [aU]y if not zero, represents a plane-pair with equation 
[aL'^/)“] = o, or [a[L/)]“] = o. Hence [aL“] represents the pair of 
tangent planes from L to a. 

[a/)“], if not zero, represents the set of lines L such that 
[a/)^/."’] = o, that is, the tangent lines to the cone from p to a. 

2. If [aL^] = o, then [aL-/)^] = o, [a[L/)] 2 ] = o for all points/); 
hence each plane through L touches a. Thus L is a generator 
of a. Conversely, if L is a generator of a, then [oL^] = o. 

Dually, [ 3 l 7 r 2 ], if not zero, represents the lines through the cut 
of 91 and n. 

= o, if, and only if, L is a generator of 91 . 

3. If L = [pq\y then [o?L\ = [a^/) . represents the polar line 

of L with respect to (§ 1287.) 
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4 . If [a"^] = o, then a represents a conic envelope; if [ 0 ?] = o, 
a point-pair. If [a^] 7 *^ 0 , we often write 91 for [a^], and so on. 

If [ 9 ( 4 j = o, then 91 represents a cone locus: if [9P] = o, a 
plane-pair. 

5 . If [a% \b^]^Oy then [ab^] = o implies [9P95] = o. Hence if 
there is a tetrahedron in b self-polar to a, there will be one and 
hence 00 ^ round a self-polar to b; and dually. (§ 126 - 9 .) We say 
a and 93 are 'apolar\ b and 91 are 'apolar\ 

6 . The harmonic complex. Let a = 4- . . . , b - A ? 4- + • • • • 

If [ab] = o, then [a^b^] = [a^b{\, and all point-pairs (a^yb^) are 

collinear; thence a, b represent point-pairs on a line separating 
one another harmonically. (§ 

Dually, if [9193] = o, then 9(, 93 are plane-pairs through a line, 
separating one another harmonically. Now [aL^], [bL^] are pairs 
of tangent planes to a, b respectively through L. Hence if 
[aL^.bZ/^] = o they separate one another harmonically. By ( 4 ), 
this condition can be written [abL^] {L^} = o or [abL^] = o. 
Thus [ab], if not zero, represents the set of lines such that pairs 
of tangent planes through them to a, b separate one another 
harmonically. This set of lines is the 'harmonic complex' corre- 
sponding to a and b. 

7 . If L be a line on a common tangent plane of a and b, and 
through the point of contact of the plane with b, then [b/>^] 
represents that tangent plane repeated. It touches a, hence 
[a[bL2]] = o, that is, [abL^] = o. Hence all such lines are in the 
harmonic complex, 

8 . Y.etpqrs be a self-polar tetrahedron of b, and 

b =p‘^ + q^ + r^ + s^, 

then [ob] = [a/)^] + [o^^] + [or^] + [os^]. 

Let L be a common tangent line to the cones [o/>^], 

WL?] = ... = [(u2L2] = o; hence [abL^] = o. 

Hence all lines touching the four cones tangent to a whose vertices 
are vertices of a self-polar tetrahedron of b are in the harmonic 
complex. 
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9. Let c, b separate a, b harmonically in the pencil a + kb, say, 
a = c-f kb, b = c-kb, then [ab] = [c^] ~k2[b2]. 

Hence the complex contains all common tangents of any two 
quadrics which separate a, b harmonically, 

10. If [a^] = % then, by (3), [^P] = |[a^] [a^]. 

Hence, by use of 9 we have: if [abL^] = o, then [ 9 ( 33 L“] = o. 

The harmonic complex of a and b is the complex of lines cut 
harmonically by 9( and 93. 

1 1 . Outer products in the subspreads. If we have a section of a 
figure by a plane tt, we often wish to form outer products in tt; 
denote these by []„, 

For example, is the harmonic conic of 9t7r- and 

93 regarded as the sections of 91 , 93 by n, (Cf. § 129*2.) 

If TT = [pip.pil then 

[an] = [a/),] [/>./>.,] + [xp.^ [/>,/),] + [xp^] [/>,/).]. 

[an.fin]„ = {[ap^] [/ip^] - [ap^] [p^p^ ./>, 

= {[^^PzPzlPi + [^/i-P^Pi]p2 + [aA/>i/> 2 ]/> 3 ) [P1P2P2] 
= [a/^- [PiPyPz] = 

[an.pn.yn]„ = [x/iy.p^p.,p.^][p,p^.p^p^.p^p2]„ 

= [a/^r />i/>2/»3] [PiPiPill - = 

Hence . '87r2]„ = 

This is the analogue of the Clebsch transference principle in 
invariant theory. 

Dually, a/)“, b/)’, Cp'^ are tangent cones from p\ denoting outer 
products in the spread of elements through /> by [ ]/„ we have 

[o/.2.b/)2], = [Cibpmp^, [Cif.bp-.cp% = [aIic/>2]{/.^>. 

12. The harmonic surface, [abc] denotes the surface of points 
p such that [abc/>^] = o, and hence [a/>^ . b/)^ . c/)^]^ = o. It is 
therefore the locus of points p from which tangent cones to a, b, c 
fonn a nul triad (cf. § 120), and is called the 'harmonic surface' of 
a, b, c. It is a quadric locus. 

Thus [ab^] is the locus of points/) from which the tangent-cone 
locus [(b/)“)^] to [b^] is apolar to the tangent-cone envelope [ap'^] 
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to a. The point of contact qoih and any common tangent plane 
to a, b is on this locus ; for 93^ is the tangent plane and it touches a ; 
hence [o[%]2] = o, [a[b#] = o, [ab2.j2] = o. 

13. Since if p is on [ab^], the cones from p to [b^] and to a are 
apolar, there are triads of planes through p which touch the cone 
to a and are self-polar to the cone to b, and hence self-polar to b, 
and one of these planes can be any arbitrary tangent plane to the 
cone to a. Any of these triads, together with the polar plane of p 
for b, form a self-polar tetrahedron of b. 

14. If [ab^] = o, and [ab“[b7r]2] = o, then, by (12), [UTr-] = o. 
Now hn — /), say, is the pole of tt for b ; [ab^/)'^] = o means p is 
on [ab^]. 

Hence if a, ^ be apolar, and p be on [ab^], then the polar plane 
of p for b touches a. 

Conversely, if a, 93 be apolar, and the plane n touches a, the pole 
of TT is on [ab^]. 

From 13, we now have. 

If a, be apolar, and tt any tangent plane of a, there are 00 ^ 
triads of planes touching a, which, with tt, constitute a self-polar 
tetrahedron ofh, and the vertices of these tetrahedra are on [ab^]. 

15. By ( 1 8), if [a^b^] ^ o, andp^ , p 2 be the poles of the same plane 
TT for a, b, then the polar planes of p^ for ab^, and of p^ for o?h meet 
in a line lying on tt\ ^/[a^b^] = o, these polar planes coincide. 

®y (^7)» ® apolar, and />2 be the poles of the same pla?ie 

TT for a, b, then the polar planes of p^ for and of po for ab^ coin- 
cide*, if a, ® be not apolar, these polar planes meet in a line which 
lies on tt. 

If a, b, c be dependent, then [abc] goes through the cut of [a^b] 
and [ab^]. 

16. The dual to (5) gives us 

[9l2b] = 2[9lb]9(-2(9lb9l). 

By (3), m = 

Hence f [a^] [a^b] = [9tb] 91 - (9lb9l). (23) 

Hence 9t, [a^b], (9lb9l) (the reciprocal of b for 91) are dependent. 

Also, i/9l, b be apolar, the harmonic quadric [a^b] is the reciprocal 
of b for 



ALGEBRAIC PRODUCTS 


XV, 129, 130] 


475 


17. Nul quadruples a, b, C, b of quadrics are defined by 
[abcb] = o. The harmonic quadric of any three quadrics of the 
quadruple is apolar to the fourth. 

By (15), the poles of any plane n for a, b, C, b are such that their 
polar planes for [bcb], [cba], [bab], [abc] meet in a point. 

Thus we have four linearly dependent collineations in space. 


§ 1 30. Sums of products of pairs of rotors. 

1. We denote such sums by D, jQi, 02> • • Each such sum 
can be reduced to the form 

l{^l} + . . . + -f 2kj2{Ej, £2} + • • • + 2k5g{£5, £g}, (i) 

where ---y Eq are the rotors 

~ [^2^3]^ ^2 ~ ^3 ~ [^1^2]* 

= ^5 = [^ 2 ^ 4 ]» ^ 6 =h^ 4 ]* 

We can write C in the form ... + {^g,iPg}, where 

6 

= 2 kij£'j, with suitable scalars ky satisfying ky = kj^. 

j - 1 

2. The equation C = o means [£lL] = o for all lines L. 

If C # o, then O represents the set of lines L such that 0 {L 2 } = o 
(§ 127-2). This set is a 'quadratic complex'. 

If C = {A,y ... +{^g, £g], then = V {[A,p] [E^p]}. 

j- 1 

Thus is a sum of products of plane-pairs through/) and 

represents the locus of points 9, such that = o; these form 
a quadric cone locus with vertex p. Dually, is a sum of 

products of point-pairs on tt, and represents a conic envelope 
in plane n. 

3. If [G{L, M}] = o, the lines L, M are 'conjugate' for G. 

If L is fixed, then [GL] is a screw (§ 127-4) whose nul lines are 
conjugate to L for G. Since (i) can in the general case be expressed 
as the sum of six squares (cf. §91), therefore, in general, there 
are sets of six lines Lj, ..., Lg, such that G = {LJ}+ ... + 
each line L is conjugate to the lines of the linear complex defined 
by the other five lines L. 
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4. A special case of Cl occurs when O = o^, where 0 represents 
a quadric envelope. O then represents the set of tangent lines 
to 0. If M}] = o, the polar line of L for a cuts M and vice 
versa; that is, L, Mare conjugate lines for 0. 


5. By the usual methods employed here we can shew 

[abc . Cl] == [bcCl] a + [coCl] b + [abCl] c 

-2(o[cCl]b)-..., (24) 

[ob . cO] = [ocO] b + [bed] a - 2(o[cd] b). (25) 

Together these give 

[ob . cd] + [be . od] + [eo . bd] 

= [obe . d] + [bed] o + [eod] b + [obd] c. (26) 


6. The outer product [do] is a sum of products of plane-pairs, 
and represents the quadric locus of points p such that [dfl/>^] = o. 
Now [Qp2 [[d0/)2]p2]. 

Hence, if p is on the locus, then the cone locus [£lp‘^] is apolar 
to the cone envelope [a/)^] of tangent lines from /> to a. 

We call [da] the 'harmonic surface' of d and a. 


7. If [di d^] = o, the complexes di, d2 are ‘ apolar' \ then for 

any point/) and plane tt, di{/>^}, d2{7r^} are apolar; that is, the 
envelope in plane n and the conic locus which is the cut 

of 7 T by di(/)^} are apolar. 

If [da^] = o, the set of tangents to a is apolar to d ; the quadrics 
a and [da] are apolar. Dually, we may consider [d9l^] = o and 
derive various theorems from (24), (25), (26). 

If «!, ..., be a self-polar tetrahedron of a, and its edges be 
lines of d, then, with suitable weights, 

a = {a?} -I- ... + {a}}, = 2 {[a; a^f, [do^] = o. 

ij 

8. If d is the square of a screw 5 , d = { 5 ^}, its lines are the 
nul lines of S repeated, [d/)^] = [S^^p^] = [SpY^ the nul plane of 
S repeated. 

If 5 is a rotor, the corresponding complex is a special linear 
complex. 

The equation [a^L . b^L] = o is satisfied by all lines L whose 
polars [c?L\y [b^L] for a, b meet; since L is the cut of the polar 
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planes for 0, b of the point of meeting of these polar lines (or is 
the join of the poles of the plane through the lines), the complex 
of lines L is tetrahedral (§51). If [a^L.b^L] = o, it is clear 
geometrically that [[o^L.b^jL] = o, [[b^L.o^JL] = o. Hence, by 
(22), [[obL.obJL] = o, [abL.abL] = o. Hence the screw [obZ.] 
is a rotor, and the corresponding complex is special. 

9. If a = {52), then 

[Qb/)2] = [52b/)2] = [52/)2b] = [[5p]2b]. 

Hence [Ob] in this case represents the locus of points p whose 
nul planes for S touch b; we call it the ' reciprocal’ of b for S. 
Dually, the reciprocal of 31 for 5 is [S23I]. 

Since S is involutory, the reciprocal of [bS2] should be b ; that 
is, we should have [b52. 52J = This is so, for, if q be any point, 
[qS.S^\=l[SS\q. 

Hence [^252 . 52J = [^5 . 5^2 = ^[sSf {52}, 

[b52.52j,= ^[55]2h = {„ if [55] #0. 

The equation [o52.b] = [a.b52] = [[ob]52] is easily shewn 
and interpreted. 

I o. If [Oj O2] = there are 00*° sets of six lines of Oj mutually 
conjugate for 02- 

If there be one such set, then [CliOr2] = o- 

If Oi, O2 general sums of products of pairs of rotors, we can 
find e,, ..., e^ so that iQ, = Zkjj[e|ej]2, C2 = If then 

[C*i£* 2] = we have = o. 

In particular, if [a^b^] = o, there is an iniinite number of 
tetrahedra self-polar to one of a, b and whose edges touch the 
other. The existence of one such tetrahedron is a sufficient 
condition for this situation. 

If [a^b^] = o, then the harmonic complex [ab] is apolar to 
itself, the harmonic surface [a^b] is apolar to b, and [ab^] is 
apolar to a. 

If [a^b^] = o, and [ab^] = o, then, by (7), 

[a!i8]2 = [(a93a)»]==o, [(b2lb)a[] = o; 
hence each of a, b is apolar to its reciprocal in the other. 
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II. If a = 2 ’kij{c„Cj}, b = 
then [a*] = irkjj kj,{[c, Cj], [e^ cj} 

If a = k,{e»} + . . . + k^{c^}, b = l,{cj} + . . . + \{e^}, 

L = ••• +y«3,e4}, = I, 

then a* = 

ij 

[a^b^] = k,kjl3l^ + k,k 3 l, 1 ^ 4 -...-f ... + k3k^l,l2, 

[n^Z/] — kjk2l3^[^3^^] + kjk3 + . . . . 

These connect up our symbols with the more usual treatment by 
coordinates. 

§131. A fundamental sum of products of pairs of rotors, 

1. If ^1, ^2> ^3> ^4 four base points, let 

® ~ {[^1 ^ 2 ]> [^3^4]} "h {[^ 2 ^ 3 ]> [^1 ^4]} ■f’ {[^ 3 ^l]> [^2^4]}* 

Then @9^0, for if L be any line in the plane [^i^2^3]> have 

2[^L] = [e,C 2 ] [e^e^L] + [e^e^] [e, e^L] + [^ 3 ^,] [C 2 « 4 ^]. 

the other terms vanishing. If [®L] = o for all L in plane [«ie2®3]» 
these lines must cut \_eie^, [^2 ^4]* [^3^4]’ which cannot happen 
since e^, €2, e^, are independent. 

2. lip = X , Cl + X2e2 + ^3^3 + X4e4, then 

[®/)2] = {[«, e2p], [eje^p]} + {[e 2 e 2 p\, [e, e^p]} + {[e^e^p], [e 2 e^p]} 

= {(X 4 e 3 -X 3 e 4 ).(x 2 ei-X,e 2 )} + ... 

“ (* 2 * 4 {®l>® 3 }'l"* 1 ^ 3 {® 2 >® 4 }~^ 2 ^ 3 {^l)^ 4 }~^iy^ 2 >® 3 })"l' •” 

= O. 

Hence, if a, b represent any quadrics, then [®a] = o, [@ob] = o, 
[®o^] = o; @ is apolar to all quadrics and all harmonic complexes. 

3. All lines are in the set represented by ®, for 

[®[/»?]'] = [©/>==•?'] = o. 

Hence, by § i30’io, there are 00^^ sets of six lines mutually conjtigate 
for a given quadric. 
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We shall see that this fact is intimately connected with the 
double-six theorem; now the latter depends on a theorem 
peculiar to quadrics in step six, (§ 107). The corresponding 
peculiarity here is the existence of a product-sum (£ apolar to all 
quadrics, and the structure of that sum is peculiar to step four. 

4. Since [(S[«iC 2 ]] = 

therefore, if 5 is a screw, we have [65] = ^S, 

Hence, if 5,, S 2 are in involution, they are conjugate for (5. 

§ 132. F. Schur’s Theorem* 

If three generators L, M, N of a regulus are mutually conjugate 
for a quadric b, there are co^ triads of such generators. 

We have h\M, N} = L) = b^jL, M] = o. 

If XjL+X27lf +X 3 A^, y,L + y 2 Alf+y 3 A^, ZiL + Z 2 M+z^N be 
lines, then, forming their outer products with themselves, 

X 2 X 3 [MiV] + X 3 X([iVL] + X,X 2 [LAf] = o,' 

y2 + y3 yi [^^] + y I y2[^^] = o. • (i) 

Z2Z3[MA^] + Z3Zj[A/^L] + Z,Z2[LM] = o,^ 
and if they be conjugate in pairs for b, then 

5 j^(yi + y2Z20’^^. M} + y3Z3{Ar, N}) = o, 

b^(Zi x,{L, L] + Z2 X2{A/, M} + z^x^lN, N}) = o, • (ii) 
yii^. ^ + X2y2{M, M} + X3y3{7V, N}) = o._ 

I'he condition for equations (i) to be consistent is 
X 2 ^ 3 > ^1^2 , ^ o* 

y2y3» y3yp yiy2 I 

Z2Z3, Z^Z^y ^ 1^2 I 

The condition for equations (ii) to be consistent is 


yi^i. 

y2Z2> 

ys^s 

ZjXj, 

Z2X2, 

Z3X3 

xiyi, 

^2y2> 

xsys 


• Schur, Math, Ann, i8 (1881), p. i. (The theorem is completed below.) 
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These conditions are each equivalent to 

xf*, yfS zf* =o- 

x^*, y 7 ', z 7 ‘ 

xr*. yr'. 

When X,, Xj, Xj are fixed, we have, from (i), (ii), five linear 
equations in yf *, y2 *, y^‘, zf', z^>; these fix uniquely the 
ratios yi : y2 : ya and z, ; Z2 : Zj. 

Cor. If Lj, Z,2, Lj be generators of the regulus through L, M, N 
and L2, be conjugate for the quadric, and Lj, Lj conjugate, 
then Lj, L2 are conjugate. 

§ 133. Quadrics associated with a hexagon in space.* 

1. Let ab'ca'bc' be the hexagon; let U, SS, SK represent the 
quadrics through the triads of lines [b'c\, [c'a\, [a'b] and 
[aa'], [bV], [cc'] and [be'], [ca'], [ah'] respectively. We may thus, 
by §33-2, take U, to be the expressions 

{[cb'c'], [aba']} -{{be' a'], [cab']}, 
{[aa’b'],[bcc']}-{[cb'c'],[aba']}, 
{[bc'a'],[cab']}-{[aa'b'],[bcc']}. 

As the sum of these vanishes, the quadrics are dependent, as 
was shewn earlier, (§ 32). 

2. Let d = [bca' .cab' .abc'], [abcd] — i, 

[bcd] = a, [eda]--^, [dab] = y, [abc] -- 8 . 
Weight the points so that 

a' = k26+c+d, b' = a -\-V. 2 C-¥d, c' = kja + 6+d, 
and let e = a + b + c + d, /=kja + k26 + k3C + d, 

e = a+yff+7-5, ^4 = k,a + k2yff H-kjy-^. 

3. Substituting in the expressions for U, 33 , 3 B, simplifying, 
and omitting scalar factors, we have 

58 = U-kik2k3a8, 

2 B = kf^a2+k^^yff2 4-kg'^2_^2_^2^ 

* Baker, Journ. Lond, Math, Soc, i (1926). 
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4. The quadric through the lines [6'c], [c'a], [a'6], as an 
envelope, has equation 

[n Mc,c*a.a*b, 7 T\ = o. 

Hence it is represented by the sum of point-products 

[abVd] {c, a'} - [aa'6'c'] {6, c} - [abcc^] {a\ V} - [cac'a^] {b, b'}, 
which reduces to + e^. 

Thus and similarly we find 

u= b^+ — 

t) = (k, - l)2 a2 + (k2 - l)2 62 + (k3 - 1)2 c2 - ^2 
tu= k2a2+ k262+ k2c2~d2^y2^ 

5. If the quadric envelope p reciprocates the opposite sides 
of the hexagon aa*cc'bb' into one another, turning the lines 
aa\ bb'y cc' respectively into bc\ ca\ ab\ and if q does the same 
for the hexagon ab'ca'bc\ and r the same for the hexagon aa'bb'cc\ 
then p reciprocates 3® into t), q reciprocates U into tt), and r 
reciprocates into u. 

We find, as in §99*3, constant factors being arbitrary, 

p == ki(ki - 1) a2 + k2(k2 - i) 62 -f k3(k3 - 1) ^2 -*/2, 

q= k^d^-h k262-f k3r2 — d2^ 

r = —(ki — i)a2— (k2— 1)62— (kj — i)c2 — ^2^ 

6. Comparison with matrices. If p is any point, [Up] is the 

polar plane of p for U ; thus U gives rise to a polarity which 
changes points into planes. Dually, if u is the corresponding 
quadric envelope, so that [U^] = u, then u gives rise to a polarity 
which changes planes into points. The two polarities are inverse 
to each other, when the weights of points are ignored, and in 
any fixed frame the matrices of u, U are inverse matrices, apart 
from a constant factor. We can therefore connect the present 
work with matrices, or linear transformations, if we regard u 
as a matrix, and write for U. Similarly write for 

SB, S£B. 

7. The equations above give at once 

(i)q + r = u, (2)r+p = t), ( 3 )P + Q = ^> 


FCE 


31 



482 ALGEBRAIC PRODUCTS [CHAP. 

and since p reciprocates SB into t), and so on, we have (§ 99, 
128-3) 

(4) to = plu-'p, (5) w = 9U-‘q, (6) u = 

Of these we need only assume (1), (2), (3), (4), and hence we 
can define all the quadrics in terms of p, to. 

For (2), (3), (4) give 

r + p = » = ptt)-'p = p(p + q)-‘p. 

Hence (r + p) p-‘(p + q) p-' = 3 , 

3 = (rp"‘+ 3 )(S+<lP"‘) = 3+rp-* + qp-‘-f rp-'qp-‘, 
rp~‘ + qp-‘ + rp''‘qp-‘ =0, r + q+rp“’q = o, 
p~‘+q“‘+r~‘ = o. 

Hence the loci Q,, 91 are in a pencil. 

The three quadric loci which reciprocate the sides of the hexagons 
aa'cc'bb', ab'ca'bc', aa'bb'cc' into the opposite sides are in a pencil. 

To deduce (5), (6) from (i), (2), (3), (4); we have from the 
last equation written: 

+ = 3 . (q + r)r-‘(r+p)r-’ =3. 

Hence from (i), (2), (3), q-‘uq-‘ = r-'t)r-‘ = U“‘, equi- 

valent to (5), (6). 

8. Since ll, SJ, SB are dependent, so must U“*, be. 

Let lu~‘ = xu“‘ -t-yt)"*. 

By (i). (2), (3). (6), 

tu = u-t-t)-2r = u-2r-i-ru“*r, 

(u - 2t + tu-‘r) (xu-‘ + yt)-‘) = 
(ut-‘-23[+t:u-‘)(xru-*+yrt)"‘) = 3. 

Put ur“‘ = b, then, since rt)“‘ = ur“', we have 

' (b- 2^ + b->) (xb-‘ + yb) = 3, (b -3)2 (x3 + yb2) = b*. 

The equation det (u - Ar) = o, or det (b - A 3 ) = o, is hence of 
fo"" (A-i)2(x + yA2) = A2, 

or yA^ — 2yA2 + (x -f y) A^ — 2xA + x = A*. 

Now det(u — Ar) = o can be written, (p. 293, Ex. 7), 

[u*] -4A[u2r] + 6A2[u2t2] -4A2[ut3] + A^[r^] = 0. 
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XV, 133] 

Comparing coefficients, we find 

[u^][x^] = 4uh][ux^]. 

Similarly [u^] [q^] = 4[u^q] [uq^], 

and the equations obtained by cycling p, q, r and u, t), tv simul- 
taneously. 

9. If three generators of the same system of a quadric u be 
mutually conjugate for a quadric q, we can take c' so that 
b'Cy c'Uy a'b are these generators and bc\ ca\ ab' their polar lines 
for q. Then q reciprocates the quadric through the first triad 
of lines into that through the second triad. 

We can then take q, u to have the equations above. 

Then [u 1 [q 1 = 4 [u'q]M* 

Hence this is the condition that one regulus of u is in the 
Schur relation (§132) to q; as it only involves the quadrics, 

therefore the other regulus of u is also in that relation; and 

further the relation between the quadrics is reciprocal. 

'Fhe following pairs of quadrics are in Schur's relation: 

(n),q), (u,r), (t),p), (u,q), (m,p). 

10. Relation to the double-six theorem. Write Lj = &V, L2 = c'a, 

L3 = a'b. Ml = bc\ M2 = ca\ M3 = ab'. Then L,, L2, are 
generators of a regulus on u ; Mj, M^, M3 of one on tu ; L2^ L^y 

and similarly Mj, M2, M3, is a triad of mutually conjugate lines 
for q. 

Another line L4, which is conjugate to Lo* q> must 

meet the polars Mj, M2, M3 of Lj, L2, />3 for q; and any such 
line is conjugate to Lj, L^. 

When L4 is fixed, if M4 is its polar line for q, there are two 
lines L5, Lg which meet Mj, M2, A/3, M4. As these are conjugate 
to L4, they are conjugate to one another, (§ 132, Cor.), as well as 
to L^y Z/2> -^3* 

Thus we have six lines Li,...,Lg mutually conjugate for q. 
Their polar lines Mi,...,Mg for q are also mutually conjugate 
for q. 

Hence Lj, Mj, (i i, ...,6) form a double-six derived from 
the hexagon ab'ca'bc', and the line L4 meeting be', ca' , ab'. 


31-2 



ALGEBRAIC PRODUCTS 


484 


[chap. XV 


Examples. 46. Call two point-pairs on a sphere 'conjugate' when 
the joins are lines conjugate for the sphere. Then all circles through 
either pair are cut orthogonally by just one circle through the other 
pair. If five point-pairs are mutually conjugate, there is a point-pair 
concyclic with each of the five pairs. 


47. A line Lj in space can be represented by two points />!, 
in a fixed plane such that, if />2^2 parallel, then Lj, L2 
intersect, and conversely. Translate the double-six theorem into a 
theorem on the plane. 


48. Taking eg, e^, e^ as basic points, let 

^ = ^1+^2, * = ^1-^2, ^ = ^ 3 +^ 4 , = 63-^4, 

flj “ ^4 ^2» ~ ^4 ^2* ^1 “ ^1 ^ 3 > ^ 3 » 

^2 “ ^ 3 “”^ 2 > ^2 ~ ^ 3 “^^ 2 > ^2 ~ “"^ 4 » ^2 “ ^1 '^"^ 4 * 

The three tetrahedra, ahcd^ «2^2^2^2 'desmic\ each 

edge of one cuts two opposite edges of the other. Thus hc^ ad cut 
both AjCj and a^^dy Any two of the tetrahedra are in four-fold per- 
spective from the vertices of the third, for example, 

A-Cj = c — hy = rf-haj dy-a^ ag, 

c ' ay ^ a ^ Cy — ^'4 ' by ^ dy b — b^^ 

a — ij = b — ay = d-{-Cy = dy-c = Cg, 

= b + by = c + Cj = dy -d = ^2* 

The vertices of any pair of tetrahedra are associated points, for 
using algebraic products, 

a^ + b^-¥c^ + d^ = d\ + b\ + c\ + d\ = al + bl^c\ + dl 

Deduce geometrical theorems from the following identities in 
algebraic products; 

rf 2 ^^ 2 _^ 2_^2 ^ 2{byCy-aydy) - 2 (^ 2 ^2 ^ 2 ^2)’ 

^2_^2^J2_^2 2{Cyay-bydy) = 2(c2 ^2 ■“ ^2 ^2)» 
d^-a^-V^^-c^ = 2(ayby-Cydy) = 2(^2 ^2*“ ^ 2 ^ 2 )* 

2{bc + ad) = — Cj = 2(/^2^2+^2^2)» 

2(^:0 + M) - d\-‘a\’\-b\-c\ = 2(^2 «2 + ^2 ^2)* 

2{ab-^cd) = d\-a{’-b\'\-c\^ 2(02^2 + ^2^2)* 

2(^c - = 2(^1 r, +«!£/,) = d'l 4 - flg “ ^2 “ ^2> 

2{ca-~bd) = 2(ciai n-Ai^i) = dl-al + bl^cl, 

2{ab ~ = 2(^1 61 4 - Cl dj) = ^2 “ ^2 ~ ^2 + ^ 1 * 
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Acceleration, in plane, i8o, i88; 
in space, 193 

Addition, of bivectors, in plane, 26, 
in space, 80 ; of bivector and rotor 
in plane, 26; of circles, 310; of 
extensives, i ; of forces, 22, 29, 
44, i56ff. ; of leaves, 75, 82; of 
operators, 50; of oriented circles, 
344; of points, 5; of point and 
vector, 3, 5; of rotors, 26, i56ff. ; 
of systems of circles, 353; of 
vectors, 4 

Algebraic product, of points and 
rotors in plane, 424ff. ; of points 
and rotors in space, 462 ff., 466 ff. 

Apolar, conics, 443; nets of conics, 
456; quadratic complexes, 476; 
quadrics, 472 ff. 

Associated, circles, 419; lines, 245; 
points, i53ff., 465 ff. 

Axis, focal, 292; of displacement, 
1 91; of similitude, 329, 347; 

radical, 31 1; Reye, 290 

Bivector, 24, 79, 313; moment of, 
25 ; unit, 25, 313 

Brocard points, 46 

Centre, of acceleration, 189; of 
curvature of plane curve, 18 1; 
of curvature of quadric, 284; of 
instantaneous rotation, 188; of 
similitude, 329, 347 

Circles, 309 ff.; angle between, 315; 
associated, 419; coaxal, 31 1; 
director, 447; foci of, 420; Hart 
systems of, 331; improper, 312; 
in bi-involution, 420; in involu- 
tion, 419; in space, 4i8ff. ; 
Larmor systems of, 336; nets of 
oriented, 348 ; normal form of, 
338; normal systems of oriented, 
355; nul net of oriented, 349; nul 
system of oriented, 353; of flexes, 
189; oriented, 343 ff.; orthogonal, 
in space, 420; paratactic, 421; 
power, 338; power of point for, 
309; power of rotor for, 346; 
proper, 309; systems of oriented, 
352ff.; tangent, 329, 338 


Circle-vectors, 344 
Circular points, 446 
Clifford parallels, 423 
Collineations, as products of polar- 
ities, 387; in plane, 202; in space, 
207 ; non-singular, 208 ; Pasch, 
203 ff., 209 ; singular or degenerate, 
210 

Combination, linear, 217; multiplica- 
tive, 237 

Complexes, apolar, 476; harmonic, 
293, 472; in involution, 162; 
linear, 159; linear and screws, 160; 
nul points, planes of, 160; quad- 
ratic, 475; Reye, 292; special 
linear, 1 60 ; tetrahedral, 2 1 1 ff. 
Congruence, directrices of linear, 
137; linear, 137; of lines defined 
by planar fields, 214 
Congruent, extensives, 12, 224; 

matrices, 384; transformations, 
198 

Conics, I i6ff. ; apolar, 440 ; canonical 
equation of, 122 ; director circle of, 
447; envelope, 119, 428 ff.; focal, 
282; foci of, 447; harmonic, 438; 
net of, 455; non -degenerate, 116; 
nul triad of, 445 ; polar, 442 
Conjugate, lines, (planes) and points, 
for conic, 123, 428; for linear 
complex, 160; for net of conics, 
455; for quadratic complex, 475; 
for quadric, 140, 281; for screw, 
160; points of Hessian of cubic, 
455 

Coordinates, 219, 238; areal, 6, 44; 
of transformation, 265; Plucker, 
157; tangential, 22; trilinear, 44 
Correlation, 210, 383 
Correspondence, projective, 114, 
134, 214; Steiner, 442 
Cross-ratio, 114; Grassmann, of 
lines, 147 

Cubic curves in plane, 205, 453 ff.; 
Cay ley an of, 458 ; double points of, 
453; flexes of, 458; harmonic 
polar of, 454; Hessian of, 455; 
invariants of, 461 ; polar conics 
and lines of, 453; polo-conics of, 
461 ; tangents to, 453 
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Cubic developable, 215 
Cubic, twisted, 132; bisecant of, 
I33i 465 ; osculating plane of, 185 ; 
tangents to, 184 
Curvature of plane curve, 179 
Cylindroid, 167 

Desmic tetrahedra, 484 
Det, 265 

Determinants, 22, 23, 254ff. ; co- 
factors, minors, complementary 
law, 259; law of extensible minors, 
259; theorems, 254!?., 306, 307, 
402, 405, 406 

Diameter of quadrilateral, 16, 450 
Differentiation of extensives, i77fT. 
Displacements, axis of, 191; in 
space, 92, 1 91, 396 

Extensives, i; column-, row-, 251; 
compound, simple, 227; condition 
for simple, 241; latent, 269, 370; 
orthogonal, 294; solution-, 251 

Fields, projective planar, 214 
Frame, normal, 295 

Genese’s rule, 106 
Graphical theorems, 1 2 
Group, 5 1 ; abelian, 5 1 

Harmonic, complex, 293, 472; conic, 
438 ff.; quadric, 474; set of ex- 
tensives, 1 14; surface, 473, 476 
Hyperbola, Apollonian, 451; rect- 
angular, 448 ff. 

Identities, in circles, 48, 49; in 
algebraic products, 433 ff-, 443, 
445, 469 ff.; in points, 18, 19; in 
products, outer and inner, i8ff., 
54ff., 76 ff., I04ff.; in projective 
geometry, 143 ff.; in vectors, 30, 
33, 36, 82, 90, 91; Mobius, 170, 

321, 323 

Infinity, lines and points at, 12, 446 
Inner product, 294ff., 300 ff. ; definite, 
303 ; of bivectors in space, 86 ; of 
circles, 309 ; of circle-vectors, 345 ; 
of systems of circles, 353 ; of 
vectors in plane, 31, in space, 86; 
with respect to conics, 125, 
quadrics, 142 

Inversion, 320, 396ff. ; Laguerre, 
401 


Involution, 128, 198, 378, 392 ff., 
429, 457; biaxial, central, 379; 
circles in, 419; double points, 
199; linear complexes, screws in, 
162; quadrangle, 207; triangle, 
206 

Involutory points of correlation, 383 

Jacobian of net of conics, 455 

Lattices, 364 

Leaf, 73 

Linear dependence, independence, 
of equations, 253; of extensives, 
217; of lines, 137; of points, 72 

Linear homogeneous function of 
extensives, 150 

Mag, 80 

Magnitude, of bivector, 25; of leaf, 
73; of rotor in spread of circles, 
312; of trivector, 80 

Matrices, 250; adjugate, 271; and 
linear equations, 25off. ; canon- 
ical, 375; characteristic root of, 
269; congruent, 384ff., 387; 

diagonal, 268 ; elementary divisors 
of, 375, 376; elemental*)' trans- 
formations of, 361, 366; equi- 
valent, 364, 366; equivalent pairs 
of, 380; invariant factors of, 364, 
366; inverse of, 267; minimum 
equation of, 368 ; non-singular, 
267; normal form of, 363, 366, 
367; of integers, 361; of poly- 
nomials, 365 ; of real and complex 
numbers, 366; orthogonal, direct 
and indirect, 273,394; polynomials 
in, 269; secular, secular equation 
of, secular polynomial of, 269; 
self-equivalence of, 389ff.; square 
root of, 381; symmetric, skew 
symmetric, 270, 367, 384!?.; trans- 
posed, 250, 267; which are pro- 
ducts of involutions, 393 ; A- 
matrix, 366 

Median plane, 84 

Mobius tetrahedra, i7off., 208, 323, 
412, 464, 466 

Motion, of plane over plane, i88ff. ; 
in space, i92fT. ; three-bar, 41; 
under central forces, 185; under 
inverse cube law, 187; under 
inverse square law, 186; various 
theorems, 194, 287 
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Multiplication. See Product, Alge- 
braic product, Inner product. 
Outer product. Progressive pro- 
duct, Regressive product. Sequence 
product 

Orthologic triangles, 42 
Orthopoles, 69 

Outer product, 221, 227; in pro- 
jective geometry, ii2ff. ; of alge- 
braic products, 426 ff., 453, 466, 
473 ; of circles, 3 16 ; of collineations 
in plane, 203, in space, 208; of 
conics, 43 1 ; of extensives of step 
one, 13, 16; of matrices, 271 ff.; of 
oriented circles, 347; of point and 
bivector, 25, 81 ; of point and 
rotor in plane, 17; of point and 
trivector in space, 80; of point and 
vector in plane, 23; of points in 
space, 72 ff.; of projectivities in 
step two, i98ff. ; of two vectors in 
plane, 24; of vector and rotor, 25, 
82 ; of vector and tnvector, 8 1 ; 
of vectors in space, 79, 80 

Parabola, Steiner, 451 
Paraboloid, 290 

Paratactic, circles, 421 ; lines, 422 
Pencil, 1 13; of projectivities, 198; 
of screws, 162; parabolic, 176; 
perspective, 160; projective, 159 
Pentacycle, 419 

Plane, complex, imaginar>% real, 
1 12 

Polar, conic, 442; conic and line for 
cubics, 453; tetrahedron, 143, 
463; triangle, 126; quadrilateral, 
443 

Polarity, 21 1, 383; confocal, 290 ff. 
Pole and polar, for conic, 123, 428; 

for quadric, 140, 281, 463 
Prime, 307, 377 

Problem, of Apollonius, 329, 338; 

of Fermat, 183; of Pothenot, 46 
Product, convention, 65 ; of ex- 
tensive and scalar, 2; of matrices, 
266; pure, mixed, 235 
Progressive product, 55, 229 
Projection of spreads, 220 
Projective, bundles, 134, 216; ranges, 
1 14; spreads of step two, 133 
Projectivities, harmonic, 199; in 
step two, i97ff. ; in step three, 
202; in space, 207 
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Quadratic forms as sums of squares, 
386 

Quadric cone, 129 

Quadrics, i33ff.; and hexagon, 480; 
and screws, 175; apolar, 472; 
central, 279; confocal, 282, 289; 
envelope, 144, 282, 462 ff.; genera- 
tor spreads of, 307 ; generators of, 
139; harmonic, 474; in step «, 
403; normals to, 28 iff.; nul 
quadruples of, 475 ; principal 
axes, planes of, 280; reciprocal of 
one for another, 388 ; reciprocal of, 
for complex, 477; strain, 279 

Range, 113; double points of pro- 
jective, 1 15; in involution, 128 
Rank, of extensive of step tw'o, 243 ; 
of matrix, 251, 268; of twisted 
cubic, 184; of quadratic form, 368 
Regressive product, 229 ; in pro- 
jective geometry, 1 13 ; of bivectors, 
in plane, 67, in space, 87; of leaf 
and rotor, 104; of leaves, 105; of 
rotors in plane, 55 

Regulus, 129; directrices of, 130; 

generators of, 129; opposite, 130 
Rotation, 277, 300 
Rotors, 14; in theory of circles, 312 
Rule of a repeated factor, 231 

Screws, 156; and linear complex, 
160; and quadrics, 175; as ele- 
ments of spread of step six, 406; 
axis of, 165; bundle of, 163; in 
involution, 162; moment of, about 
line, 157; mutual moment of two, 
157, 166; nul lines, planes, points 
of, 160; pitch of, 165 
Self-polar triangle, 128, 430 
Sense of tetrahedron, 73 
Sequence product, 50, 266 
Scxtuply perspective triangles, 65, 

431 

Similarities, 39-41, 50-54; direct, 50 
Spheres in spreads of any step, 409 
Spreads, basis, frame of, 219; cut, 
join of, 220; direct sum of, 220; 
latent, 370; of even and odd step, 
411; of step five, 244 
Star of primes, 377 
Step, 14, 72, 218, 222 
Strain, 274; direct, indirect, 274; 

pure, 276; transposed, 275 
Subspread, 232 
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Supplements, 228; of circles, 316; 
of rotors in plane, 68, in space, 
164; of scalars, 89, 142; of vectors 
in plane, 31, in space, 8$; with 
respect to conics, 123, to quadrics, 

139 

Systems of oriented circles, 352; mid 
circle of, 355; normal, 355; nul, 
353; parameters of, 353 

Tangent, to conic, 120; to plane 
cubic, 453; to quadric, 139; to 
twisted cubic, 184 

Tetrahedra, Mobius, 170, 208, 323, 
412, 464, 466 

Transformation, affine, 225 ; Cayley’s 
form of orthogonal, 394; circular. 


direct and indirect, 296; elemen- 
tary, 224; elementary circular, 
295; identical, 267; inverse, 267; 
linear, 50, 274; non-singular, 267; 
of matrices, 361; orthogonal, 273, 
277, 298, 394; orthogonal, as 
products of inversions, 400; zero, 
266 

Unities, basic, 228 ; of step r, 228 
Univector, 346 

Vector, 2, 79; isotropic, 284; nul, 4 
Weddle quartic, 138 
Z-plane, 209 
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Aitken, 361 
Apollonius, 38, 329 

Baker, 13, 79, 247, 249, 260, 403, 
411, 413, 480 
Baltzer, 8 
Barbilian, 406 
Bazin-Reiss-Picquet, 262 
B^rard, 8 
Bertrand, 184 
Blaschke, 184 
Bobillier, 10, 37 
Brianchon, 62, 119 
Bricard, 64, 65 
Brocard, 46 
Burmester, 190 
Busche, 62 

Carnot, 33, 121 
Casey, 42, 334, 346, 356 
Caspary, 138 
Cayley, 41, 272, 394 
Ceva, 7, 21, 100 
Chasles, 138, 192 
Clebsch, 473 
Clifford, 41, 423, 461 
Coolidge, 418 
Cotes, 187 
Cox, 309, 321, 323 
Cwojdzinski, 306 

Danids, 69, 71, 127 
Delambre, 10 1 

Desargues, ii, 12, 59, 60, loi, 126, 
129, 204, 213, 438 
Duporcq, 196 
Durrandc, 287 

Euler, 37 

Fehr, 184 
Fermat, 183 
Fonten^, 109 
Fr^gier, 289 

Genese, 106, 107 
Gergonne, 329 
Gordan, 204 
Grace, 416 


Grassmann, i, 99, 129, 138, 147, 
t57> 216, 217, 219, 221, 227, 

228, 295, 302, 370 
Grassmann, dj., 197, 202, 451 
Griibler, 190 

Hadamard, 305 
Hamilton, 28, 272 
Hart, 331, 333, 336, 337, 417 
Haskell, 410, 417 
Hesse, 126, 154 

Ivory, 285 

Jacobi, 257 
Jahnke, 66 
Joly, 284 

Kraus, 203, 207 
Kronecker, 306 
Kuhne, 414, 415, 417 

Lagrange, 35 
Laguerre, 359, 401 
Laisant, 39 
Laplace, 255 
Larmor, 336, 337 
Leibniz, 16 
Lie, 213, 415 
Liebmann, 63 
Lotze, 165, 191, 192 

MacDuffee, 361 
Mannheim, 190, 192, 288 
Mehmkc, 13, 21, 63, 94, 129, 131, 
133. 150. I 5 L *92, 214, 306, 309, 
340 

Menelaus, 7, 10, 20, 100 
Metzler, 258-63 
Miquel, 322, 415 

MCbius, 83, 170, 208, 321, 323, 412, 
464, 466 
Morley, 31, 170 
Muir, 258-63, 306 
Muller, 152, 174, 244, 257, 260, 309, 
343 . 357 , 417. 424. 462 
Muth, 207, 387 

Napier, loi 
Neuberg, 23, 40, 15 1 



INDEX OF NAMES 


490 

Pappus, 29, 59, 61, 63, loi, 249, 342 
Parker, 406 

Pascal, 1 18, 121, 128, 138, 205, 206, 
450 

Pasch, 203, 204, 207, 209 
Petersen, 53, 170 
Plucker, 157, 338 
Poinsot, 165 
Pothenot, 46 
Ptolemy, 49, 3^9 

Reye, 290-92 
Richmond, 417 
Rosanes, 444, 445 
Rothe, 242 


Steiner, 171, 340, 359, 442, 45* 
Steinitz, 219 
Stephanos, 419 
Stewart, 35, 100 
Stieltjes, 395 

Study, 101, 103, 104, 241, 309 
Sylvester, 255, 256, 257, 261 

Turnbull, 153, 256, 361 
Tzitzeica, 406 

van Aubel, 40 
van der Waerden, 361 
von Staudt, 116, 319, 378 
Voss, 396 


Schoenflies, 192 
Schonemann, 194 
Schoute, 53 
Schur, 479, 483 
Segre, 244, 409 
Serret, 84, 449, 450 
Simson, 47, 323 
Smith, H. J. S., 287 
Smith, P. F., 396 
Stackel, 192 


Weatherburn, 184 
Wedderburn, 361 
Weddle, 138, 155 
Weitzenbock, 409 
Weyl, 370 
Whitehead, 175 
Wieleitner, 431 

Zeeman, 37, 132 
Zeuthen, 155 
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